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over Q>0 X Q>0
given initially (xo,Yo)

Eloise plays (x;,Y;)
s.t. VO <1<, X > X

oryi >Xxj

AN

(x2,42)

(XO,.U())

(x1,y1)

, i.e. play indefinitely?



If (x0,Yo) # (0,0), then choosing (x;,y;) = (%,g—‘j’)
wins.
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over

given initially (xo,Yo)

Eloise plays (x;,Y;)
s.t. VO <1<, x4 > x;

oryi >Xxj

AN

(x2,42)

(XO,.U())

(x1,y1)

, i.e. play indefinitely?



Assume there exists an infinite sequence
(xj,yj)j of moves over IN?. Consider the pairs of
indices i < j: color (1,j)

purple if x; > x; but y; <y,

red if x; > X; andy; > Yj,

if yi > Yj but x; < Xj.

3,4~ (52 (23

~—_ —
By the , there exists an
infinite monochromatic subset of indices. In all
cases, it implies the existence of an infinite
decreasing sequence in N, a contradiction.



A ONE-PLAYER GAME

» over N x IN

(xo,.yo)
» given initially (Xo,yo)

(x2,u2)

» Eloise plays (x;,y;) EH Ty

S.t.VO<i<j,Xi>Xj
oryi >Xxj

» Can Eloise win, i.e. play indefinitely?

» If no, can she last?



» if (x0,Yo) = (0,0), O turns

» otherwise, an number of turns N: if
xg > 0:

(x0,Y0), (O,LN—1),(0,N—2),...,(0,1),(0,0)
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WELL QuAsi ORDERINGS
Definition (wqo)
A wqo is a quasi-order (A, <) s.t.

w . .
VX = Xg,X1,X2,... € A%, di; < 1, Xi, gxiz .
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WELL QuAsI ORDERINGS
Definition (wqo)
A wqo is a quasi-order (A, <) s.t.

w . .
VX = Xg,X1,X2,... € A%, di; < 1, Xi, SXiZ .

Example (Basic wqos)
> (N) <))
» ({0,1,...,k},<) forany k € N,

> (I,=) for any finite set I, with p elements.
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DicksON’s LEMMA

Lemma
If (A1,<a,) and (A, <a,) are two wqos, then
(A1 X Ap, <) is a wqo,
where < is the
def
(ag,az) <x (b1,b2) & a3 <a, b1 ANax<a, by

Example
(IN¥, <) using the product ordering
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OUTLINE

well quasi orderings (wqo)

generic tools for termination arguments

but also
beyond termination: complexity bounds

contents

WQO Algorithms

Length Function Theorems
A Quick Survey
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A RiCcH THEORY

» multiple equivalent definitions

» algebraic constructions



A RiCcH THEORY

» multiple equivalent definitions: (A, <) wqo iff
» < is well-founded and has no infinite antichains,

» every linearization of < is well-founded,
» < has the Ascending Chain Condition,

» if X =xgXx1--- € AY, then there exists an infinite
sequence ig <11 <--- with xj; <x4, <--,

» etc.

» algebraic constructions



A RiCcH THEORY

» multiple equivalent definitions

» algebraic constructions

>

>

cartesian products (Dickson’s Lemma),
finite sequences (Higman’s Lemma),
disjoint sums,

finite sets,

finite trees (Kruskal’s Tree Theorem),

graphs with minors (Robertson and Seymour’s
Theorem), etc.
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HIGMAN’'S LEMMA

Lemma
If (A,<) is a wqgo, then (A*,<,) is a wgo where
<, is the :

<1< <1 <1,

al...amg*bl...b <:>
/\j:lai <Abij

Example
ba <, baaacabbab
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WQOs FOR TERMINATION

BAD SEQUENCES

» X =Xg,X1,...INA®isa if
iy <o, x4y < X4y,

> a otherwise,

» if (A, <) is a wqo: every bad sequence is finite
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C
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C1:=C3 c1>=10?
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ExXAMPLE

MonNoToNIC COUNTER SYSTEMS

Ci|1

c>>07? c-- c3:=0 .

() ()= (&) =0
C1:=C3 c1>=107?

C3

» A run of M:

(€0,0,1,4)—> —)(@2,1,0,4)—)(@3,1,0,0)
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MonNoToNIC COUNTER SYSTEMS

ci|1

c>>07? c-- c3:=0 1 .

O (— _—O—» -B
C1:=C3 c1>=107?

C3

» A run of M:

(£0,0,1,4) — (£1,1,1,4) — — ({3,1,0,0)
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ExXAMPLE

MonNoToNIC COUNTER SYSTEMS
c>>07? c-- c3:=0
F (o=@
C1:=C3 c1>=10?
» A run of M.

(£0,0,1,4) — (£1,1,1,4) — ({5,1,0,4) —

Cl



ExXAMPLE

MonNoToNIC COUNTER SYSTEMS

C1
c>>07? c-- c3:=0
© [0
2
Ci: c1>=10? l

1=C3

» A run of M:
(£0,0,1,4) — (£1,1,1,4) — ({»,1,0,4) — ({5,1,0,0)

> configurations: (£,,0,0,0) < (¢1,0,1,2)
but (£1,0,0,0) £ (£5,0,1,2)

> a as a product of wqgos: (Loc,=) x (IN3,<,)



ExXAMPLE

MonNoToNIC COUNTER SYSTEMS

c>>0? cr-- c3:=0
© g0
2
C1:=C3 1>=10? l

C

> configurations: (£1,0,0,0) < (£1,0,1,2)
but (21101010) £ (€2101112)

> a as a product of wqgos: (Loc,=) x (N3, <)

> between configurations: if c < d
andc —c¢/,then3dd’ >c¢’,d = d’
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ExXAMPLE

DEcIDING WHETHER A MCS TERMINATES

input a MCS and an initial configuration cg
in Loc x IN¥
question are all the runs starting from ¢ finite?
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ExXAMPLE

DECIDING WHETHER A MCS TERMINATES
input a MCS and an initial configuration cg
in Loc x IN¥
question are all the runs starting from ¢ finite?

» termination is semi-decidable: explore all runs

» non-termination is semi-decidable: finite
witness

» generalizes to many classes of systems:
(WSTS)



Y

FROM TERMINATION TO COMPLEXITY

» wgqgos for termination: bad sequences are finite

> ... but how long can they be?
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AN EXAMPLE

SIMPLE (a,b)
c+—1
whilea>0Ab >0
(a,b,c) «— (a—1,b,2¢c)
or
(a,b,c) «— (2¢,b—1,1)
end



AN EXAMPLE

SIMPLE (a,b)
c+—1
whilea>0Ab >0
(a,b,c) «— (a—1,b,2¢c)
or
(a,b,c) «— (2¢,b—1,1)
end

> in any run, {(ag,bo),...,(a,,by) is a bad
sequence over (IN?, <),
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AN EXAMPLE

SIMPLE (a,b)
c+—1
whilea>0Ab >0
(a,b,c) «— (a—1,b,2¢c)
or
(a,b,c) «— (2¢,b—1,1)
end
> in any run, {(ag,bo),...,(a,,by) is a bad
sequence over (IN?, <),

» (IN?,<y) is a wgo: all the runs are finite

» How long can sSIMPLE run?
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A COMPUTATION OF SIMPLE(2,3)

SIMPLE (a,b) (a,b,c) ‘ loop iterations

2,3,20
whilea>0Ab >0 (23,25 0

(a,b,c) «— (a—1,b,2¢c)
or
(a,b,c) «— (2¢,b—1,1)
end
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A COMPUTATION OF SIMPLE(2,3)

SIMPLE (a,b) (a,b,c) ‘ loop iterations

c+—1 0
] (2,3,2%) 0
while a>0/Ab >0 <1’3’21> 1

or
(a,b,c) «— (2¢,b—1,1)
end
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A COMPUTATION OF SIMPLE(2,3)

SIMPLE (a,b) (a,b,c) | loop iterations
c+—1 0
2,3,2 0
while a>0/Ab >0 < 1>
(1,3,21) 1
(a,b,c) «— (a—1,b,2¢c) (22,2,20) >

or

end
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A COMPUTATION OF SIMPLE(2,3)

SIMPLE (a,b) (a,b,c) loop iterations

c+—1
whilea >0/Ab >0 : :
(22,2,29) 2
or .

(a,b,c) +— (2¢,b—1,1) : -
end <1;2,222_1) 24221
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A COMPUTATION OF SIMPLE(2,3)

SIMPLE (a,b) (a,b,c) loop iterations

c+—1
while a>0/Ab >0 : :
(a,b,c) «— (a—1,b,2¢c) <1)2)222—1> 24221
or <222,1,1) 242

end
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A COMPUTATION OF SIMPLE(2,3)

SIMPLE (a,b) (a,b,c) loop iterations

c+—1
whilea>0Ab >0 : :
(22°,1,1) 2422
or . .
(a,b,c) «— (2¢,b—1,1) " :
end (1,1,22° -1y | 2422422 1
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A COMPUTATION OF SIMPLE(2,3)

SIMPLE (a,b) (a,b,c) loop iterations

c+—1
whilea>0/Ab >0

. :
(1,1,22° 1y | 2422422 1

°r 222 2 22
(a,b,c) «— (2¢,b—1,1) (0127 ) | 2+2°+2

end



A COMPUTATION OF SIMPLE(2,3)

SIMPLE (a,b) (a,b,c) ‘ loop iterations

c+—1

while Ab >0 : :
(a,b,c) «— (a—1,b,2¢c) <0’1’2222> 21224 p2?

or

(a,b,c) «— (2¢,b—1,1)

end

> complexity

» derive (matching) upper bounds for termination
arguments based on (IN?, <) being a wqo
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CONTROLLED SEQUENCES

» bound the length of bad sequences over (A, <)

» recall our game: choose any N, and consider
the bad sequence

(3,3),(3,2),(3,1),(3,0),(2,N),(2,N —1),...
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CONTROLLED SEQUENCES

» bound the length of bad sequences over
(A, <5000)

» associate a l.lA : A — IN to each
wqo (A, <)
. def
» assume || is & foralln

Ao Zix € A||x|a < n}is finite

Example (Normed wqos)

KN=k  lalr, €0 [{a,b)axp = max(]ala, blp)



Y=
CONTROLLED SEQUENCES

» bound the length of bad sequences
over (A, <;[a)
» fixa g:N— NN

(strictly increasing)
» X =Xg,X1,... over A'is iff

Vi, [xila < g'(n)
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CONTROLLED SEQUENCES

» bound the length of bad sequences
over (Al < )||A)

» fixa g:IN— N

» X =Xg,X1,... over A'is iff

Vi, [xila < g'(n)

Example (sIMPLE(2,3))
A=IN?n=4,g(x)=2x



CONTROLLED SEQUENCES

» bound the length of bad sequences
over (A,<;l.[a)
» for fixed A, g,n, there are many bad

(g,n)-controlled sequences over A

» maximal

LA,g (T‘L)
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| ENGTH FUNCTION THEOREMS

Bound La 4 by some functions for various A.

Example
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Bound La 4 by some functions for various A.

Example

» for (I}, =; I, ): tLp,g(n)=p



Y=
| ENGTH FUNCTION THEOREMS

Bound La 4 by some functions for various A.

Example

» for (I},,=;|.Ir,): Pigeonhole principle: L 4(n) =p

> for (IN) <1||]N)
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| ENGTH FUNCTION THEOREMS

Bound La 4 by some functions for various A.

Example
> for (I, =;1r,): L, g(n) =p
» for (N, Glin): Ing(n) =m:

n—-1,n-2,...,1,0



Y=
| ENGTH FUNCTION THEOREMS

Bound La 4 by some functions for various A.

Example
> for (I, =;1r,): L, g(n) =p
» for (N, Glin): Ing(n) =m:

n—-1n-2,...,1,0

» recall sSIMPLE: not every length function is that
‘small’...



| ENGTH FUNCTION THEOREMS

Bound La 4 by some functions for various A.

Example

» for (IN%, <; .| ): let g be in FE, fory > 1, then
Lk (1) is bounded by a functlon in FFy. 4«

» for (F;,é*;|.|r5): let g be primitive-recursive and
p = 2, then Lrg,g(n) is bounded by a function in
FFw‘pfl

» more on FF, soon...
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UsING THE LENGTH FUNCTION

Example (MCS Termination)

» control function g(n) =n+ 1 in FF;
> any run of length Lp,., Nk g(T0) + 1 is

» new algorithm for termination: try to find such a
run

» complexity in Fy.»> when k is fixed, F,, when not



BEYOND ELEMENTARY

ExpPTIME
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BEYOND ELEMENTARY

F3

Ty =
ELEMENTARY

2-ExPTIME

EXPSPACE

ExPTIME
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BEYOND ELEMENTARY

F e

Ur %
K7k
PRIMITIVE-RECURSIVE

Ty =
ELEMENTARY
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FAST-GROWING FUNCTIONS

(L&B AND WAINER, 1970)

def def

Fo(x) Ex+1, Far(x) EF(x), FAZ=Fy (x).

where A, is the xth element of a fundamental sequence
(Ayx)x for the limit ordinal A

Example
Fl (X): 2X
F> (X): x- 2"

Fs is non elementary
F., is non primitive-recursive
Fyo is non multiply-recursive
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FAST-GROWING COMPLEXITIES

=2 F, = U FSpace(FE(n))

c<w

x>3: Fo= U Space(Fu(p(n)))
P6U6<ayﬁ

Example

F5 complexity bounded by a
of elementary height,

F, complexity of some
primitive-recursive function,



SoME F,-CoOMPLETE PROBLEMS

Decision of problems on
» monotonic counter systems (Finkel and Schnoebelen,
2001), e.g.
» finite VASS containment (Mayr and Meyer, 1981; Jan&ar, 2001)
» lossy counter systems termination (Schnoebelen, 2010),
» relevance logics (Urquhart, 1999),

» data logics (Demri and Lazi¢, 2009; Figueira and Segoufin,
2009), ...



SoME Fww-COM PLETE PROBLEMS

Decision of problems on

» lossy channel systems (Chambart and Schnoebelen,
2008),

» Post embedding problem RatEP (Chambart and
Schnoebelen, 2007),

» 1-clock alternating timed automata (Lasota and
Walukiewicz, 2008),

» Metric temporal logic (Ouaknine and Worrell, 2007),

» finite concurrent programs under weak
(TSO/PSO) memory models (Atig et al., 2010)

» alternating register automata over ordered
domains (Figueira et al,, 2010),. ..



SUMMARY

» wqgos for termination of algorithms

» length function theorems: out-of-the-box
complexity upper bounds

» matching lower bounds for many problems

Course material at


http://www.lsv.ens-cachan.fr/~schmitz/teach/2012_esslli/

PERSPECTIVES

Some big challenges ahead, for instance:
» complexity of VASS reachability

» decidability of BVASS reachability

Also easier problems: internships within

Y=


http://www.lsv.ens-cachan.fr/projects/anr-reachard

Y
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