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Outline

* Continuous valuations on Top, and a Fubini-Tonelli theorem

* Continuous valuations on Dcpo, and the problem

* Why should we care?

* Positive results: minimal valuations, point-continuous valuations

* Minimal ¢ point-continuous < continuous



Continuous valuatons: a quick introduction



Contunuous valuatons

* A topological alternative to measures,
favored in semantics of programming languages since (Jones, Plotkin 1990).

+ A valuation v on a topological space Xisamap v: OX - R . satistying:
« strictness: (@) = 0

+ monotonicity: v(U) < v(V)itUCV

» modularity: Y(UU V) +0v(UNV) =v(U) + v(V)

* A continuous valuation is not just monotonic, but Scott-continuous.
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Conunuous valuations and measures

. Continuous valuationv: 0X — @Jr:
« strict: (@) =0
+ Scott-continuous,
+ modular: v(UU V) 4+0v(UNV)=v(U)+ (V)

* Theorem (Adamski 1977). Given any Borel measure

on a hereditar lly Lindelof Space, (in particular, a second-countable space)
its restriction t 1.

space is 7-smooth.)

Just remember that
* Theorem (de Brecht, G|  .;,tinuous valuations~measures,

on an LCS-cor 1N most cases npact sober space)
extends to a B

aluation

“ A sweet spot: de Brecht’s quasi-Polish spaces (=2nd countable LCS-complete)
Those include all w-continuous dcpos + all Polish spaces



Integration

« For every lower semicontinuous map f: X - R, (i.e., continuous to | +(;)

and every continuous valuation ¢ on X,

there is an integral J f(x)du (or J f du for short)

* The easiest way to define it is bz the Choquet formula:
{ JX)dpu = J u(f~1(t, co])dt

X 0
where the term on the right is a Riemann integral (Tix 1995)



Properties of integration

.. Linearity in f: Jafdpz = dedﬂ, J(f+ g)du = deﬂ+Jg du

.. Scott-continuity in f: J'Supl.T I du = supl.T J f:du (u a continuous valuation)
.. Linearity in u: de(a//t) = Clde,M, [fd(ﬂ + 1) = [fdpt - [fdl/

.. Scott-continuity in u: [ fd Supl.T U = supl.T J fdu;

- I xu dp = u(U) J fdé, = f(x), where 9, is Dirac valuation at x (6, (U) = y(x))



Fubini-Tonelli theorems



Fubini-Tonelli for continuous valuations

+ Theorem (Jones 1989).

Given two continuous dcpos X and ¥,
a continuous valuation u on X,
a continuous valuation v on Y,
there is a unique continuous valuation y @ von X X Y

such that (u @ V)(UX V) = u(U).v(V) forall U € OX,V € OY

+ Moreover, the Fubini-Tonelli formula holds:

J h(x,y)d(u @ v) = J (J h(x, y)dv> dp = J (J h(x, )’)dﬂ) dv
(X, ) X y y X

for every Scott-continuous map 2: X XY — R,
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+ Theorem (folklore).

Fubini-Tonelli for continuous valuations

More generally

Given two topological spazes X and Y,
a continuous valuation y on X,
a continuous valuation v on Y,
there is a unique continuous valuation y @ von X X Y

such that (U @ (U X V) = u(U).v(V) forall U € OX,V € OY

* Moreover, the Fubini-Tonelli formula holds:

j h(x,y)d(u @ v) = J ([ h(x, y)dv> dp = J (J h(x, y)dﬂ) dv
(X,y) X y y X

for every lower semicontinuous map 2: X XY — R,
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Hence surely... right?

which are certainly topological
spaces, in their Scott topology

+ Theorem (?).

Given two eentingous dcpos X and Y,
a continuous valuation u on X,

a continuous valuation v on Y, That much is a conjecture,
there is a unique continuous valuation y ¢ and certainly does not follow
such that (u @ v)(U X V) = u(U) . L from the previous theorem.

?
+ Moreover, the Fubini-Tonelli formula holds: Do you see why?

J h(x,y)d(u @ v) = J ([ h(x, y)dv> dp = J U h(x, y)dﬂ) dv
(X, ) X y X

y
for every Scott-continuous map 2: X XY — R,
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Hence surely... right?

which are certainly topological
spaces, in their Scott topology

Theorem (?).

Given two eentinnous dcpos X and ¥,
a continuous valuation x4 on X,
a continuous valuation v on Y,
there is a unique continuous valuation y @ von X X Y

such that (u ® L)(U x V) = u(U) . (V) for al/\U e OX,V € OY

Moreover, the Fubini-Tonelli formula holds:

J hx,y)d(u @ v) = J ([ h(x, y)dy) d Products in Top
(x,)) X

y = products in Dcpo

for every Scott-continuous map h: X x Y 4 (although they coincide on continuous dcpos,
in fact even on core-compact dcpos)
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Products in Top, products in Depo

« Given two dcpos X and Y, X X ¥ may mean two things:

« consider X and Y as topological spaces X _and Y _ in their Scott topologies,
and build the topological product X_ X Y_ ... in the category Top

« build their poset product X X Y ... in the category Dcpo
then equip that with the Scott topology, obtaining (X X V) _

* The two may differ (see next slide), although they coincide in many cases:
— if X_or Y _is core-compact (Gierz et al. 2003, Theorem 11-4.13)

(... in particular if X or Y is a continuous dcpo)

—if X_and Y, are first-countable (de Brecht, 2019)

(see https://projects.lsv.ens-cachan.fr/topoloqgy/?page id=1852)
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https://projects.lsv.ens-cachan.fr/topology/?page_id=1852

Products in Top = products in Depo

« Are there dcpos X, Ysuchthat X XY # (XX Y)? We use:

Theorem (Exercise 5.2.7, JGL 2013). A topological space Z is core-compact
iff (€ ),definedas {(x,U) |x € U,U € 07},
is open in the product topology on Z X (0OZ)

« Take Z = X_where X is a dcpo such that X is not core-compact.
+ Note that ( € ) is Scott-open.

« But ( € )isnot openin X_X (O(X))) , by the theorem above.
SoX XY #(XXY),whereY = 0O(X))

* Hence it suffices to find a non-core-compact dcpo.
14



T'he Johnstone dcpo J

« Johnstone’s dcpo J (1981): a well-known non-sober dcpo
— Points = pairs (m,n) in N X (N U {w})
— (m,n) < (m',n’) itt

—m=m'andn <n’

—orn<mandn’ = w

S = N W o g W O\ ---

©o o o o O O O O ---
o 1 2 3 4 5 6 7---

* Fact (Exercise 5.2.15, JGL 2013).
In O(J ), U is way-below V' if and only if U is empty.
Hence J  is not core-compact.

« Corollary. Let X =J, Y =0(),). Wehave X XY # (XXY),_.
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50 what is the problem with Fubini-Tonelli on Depo?

« In general, there are more open subsets in (X X ¥)_thanin X_XY_

+ Hence there are more Scott-continuous maps 2: X X ¥ - R .
than lower semi-continuous maps
(i.e., jointly continuous maps h: X_X Y. — R +0)

[ ([ h(x, y)dy) du = [ ([ h(x, y)dy) dv
X y y X

for every lower semicontinuousmap : X_ XY, — R,
0]

+ We still have:

but does this holds for Scott-continuous maps 7: XX Y - R, ?
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Why should we care?

A computer scientist's perspective



Higher-order probabilistic programs

* Consider a (toy) language like this, called probabilistic PCF:

Terms M, N, ... :=x variables
MN application
Axs.M  anonymous function
rec M recursive definition
n natural number (constar
succ M add one « choose between M and N

ith probability 1/2
pred M subtract one with probability 1/2 »

ifz MNP condis
M®N « draw M with probability | »

ret M

do xeM; N(X) « sample M, put the result in x,

then compute N(x) »




« [M@® N]=%[M] + % [N]

Denotational semantics

* (Leaving out a few details), We work in a category of
one defines the semantics [M] of terms by: |[...] (pointed) dcpos

« choose between M and N

° ° /
* [[rec M]‘ = least fixed pOlnt SUPneN [M]‘n(l) with probability /2 »

(IM] and [N] continuous valuations)

« draw M with probability | »

* [ret M] = dpumy (IM] an ordinary value, [ret M] cont. val.)

« sample M, put the result in x, then compute N »

. [do x<M; N(x)] = (U open — [ [IN()I(U) dI[M]]) (a continuous valuation)

X



T'he practutioner’s view

* The denotational semantics is a theoretical computer scientist’s view
of what the program M computes

“ The practitioner’s view is an implementation:
a machine that effects the computation, namely
how the program M computes

“ [ will give an idea of what that machine is next



Implementation (abstract machines)

Exploration rules

C-E[M] = CE-M (F elem. context) [ ] retis M = [retin |- M
< 11+ > 2 Computation rules
A prObablllstlc PCF maChlne C| N| - xo.M e e C-rec, M = C - M(rec, M)

C.-MoNYco M C-MoNXc. N

Clbind,» N| -rete M >C-NM Clp |'n>C-n—1 C[s |'n>C-n+1
Clif =O0then N elseP]-05C-N C[if =0then N elseP]-n—>C-P (n#0)

works as a transition system

working on configurations

o

“ Let us see how the following program runs:
rand3 =rec (Ap . (ret0 @ ret1) ® (ret2 @ p))

1//. [ret 10 v (prob. 1/4)

% ———3 “[ret |-l v (prob. 1/4)
1 /2

__‘rand3 ——
1
>A i ee 13 Y PORA

1\. _ - rand3 Recursion: start all over again

L



Implementation (abstract machines)

* rand3 =rec (Ap . (ret 0 @ ret 1) ® (ret2 @ p))

V [ret _]-0 v (prob. 1/4)

V —p [ret ]| v (prob. 1/4)
] 1
_rand3 —> %

1/\A i; [ret ]2 v (prob. 1/4) V [ret _]-0 v (prob.1/16)

\ V _> [ret _]-1 ¥ (prob.1/16)
1, & - rand3 1.

1\‘ ¢ 1.9 Y (prob.1/16)
8 et 1 /_> [ret ]-1 v (prob. 1/64)
>‘_ rand3 —>

I/\A Yy fret 1.2 Y (prob 16y A e )

/ [ret _]1-0 v (prob. 1/64)

1\‘ | //v — [ret _]-1 ¥ (prob.11256)
e = Cirrobiliang s Lret
* rand3 terminates with probability 1 ~ <: = o f/: ret
returns 0 with probability 1/4+1/16+1/64+...=1/3 s s el
returns 1 with probability 1/4+1/16+1/64+... =1/3 e

returns 2 with probability 1/4+1/16+1/64+... =1/3



Back to denotational semantics

“* rand3 =rec (Ap . (ret0 @ ret1) ® (ret2 ® p))

* rand3 terminates with probability 1

returns 0 with probability 1/4+1/16+1/64+... =1/3
returns 1 with probability 1/4+1/16+1/64+... =1/3
returns 2 with probability 1/4+1/16+1/64+... =1/3

* Compare this with the denotational semantics:

1 1 1 1
rand3] = least fixed pointofv — —o6, + —0; + —0, + —L
e i b e

] 1 1
. There is just one fixed point: —6y + —06; + —6, (no need to sum a series!)

3 3 3



Bugs, and verification

* A central problem in computer science is bugs

* How do you make sure that a program M:

— computes what you want?

— computes something that satisfies a given property P?
— computes the same thing as another program N?

* E.g., do the following two programs compute the same thing?
do x<—rand3; (do y<—ret 0 @ ret 1; ret (x—v))
do y<—ret 0 @ ret 1; (do x<—rand3; ret (x—v))



Equivalence of programs

* Theorem. If [M]=[N] then M and N compute the same thing
— formally, if [M]=[N] then M and N are observationallv equivalent

i.e., for every context C (of basic type), T
Whence our initial question:
is there a Fubini-Tonelli theorem
for continuous valuations
on Dcpo?

* Let M £ do x<—rand3; (do y<—ret (0 @ ret 1; re
N £ do y<—ret 0 @ ret 1; (do x<—rand3; re

“ Are M and N observationally equivalent?

. [M]=[[N] 1s Fubini-}melli: J (J 5x—y(U)dV) du = J (J 5x—y(U)d//t) dv
, A y 55

y
... on Dcpo for every open set U; where y = [rand3], v = [ret 0 @ ret 1]




A question by Jung and Tix

« Let VX be the dcpo of continuous valuations on X, ordered by < (pointwise)

+ Is there a Cartesian-closed category (in order to give meaning to MN, A x,. M)
closed under V (...and to M ® N, ret M, do x<M: N(x))
of continuous deOS (then Fubini-Tonelli will holds, see Jones 1990)
?

* See Jung and Tix (1998)
Bc-domains, Scott domains, algebraic domains: not closed under V.
RB-domains, FS-domains: closed under V? (unknown)

* New direction: do not insist on having continuous dcpos,
rather look for Fubini-Tonelli on larger Cartesian-closed categories of dcpos



Positive results:
minimal and point-continuous valuations



Simple valuations

n
. A simple valuation is a finite sum Z a.o,, with a; < oo

i=1
n
. Fubini-Tonelli on Dcpo holds if one of the valuations is simple, say y = Z a0, ;

=i
J (J f(x,y)dl/) du = Z%’J S, y)dv

Y =

= J i a; f(x;, y)dv

e

= J (J J(x, y)dﬂ> dv
y X



Minimal valuations

* Let VanX be the subset of VX consisting of simple valuations

“ The smallest subdcpo MX of VX containing VgnX
is the dcpo of minimal valuations

* Explicitly, a minimal valuation is
a directed supremum of directed suprema of ... of simple valuations
(iterated transfinitely)

“ Prop. Fubini-Tonelli holds on Dc¢po if one of the valuations is minimal.

“ Proof sketch: integration commutes with directed suprema.



Poimt-continuous valuations

« The pointwise topology on [X — Y] is the coarsest that makes
f— f(x) continuous, for eachx € X Notation: [X — Y],

« Let S be Sierpinski space {0 < 1}

« By equating OX with [X — S]
through U = y,, yields pointwise topology on OX
(coarser than Scott on (0X),) Notation: (0X),

« Definition (Heckmann 1996). A valuation v is point-continuous
iff it is continuous from (OX )p (not (OX),)

to R,



Properties of point-continuous valuations

+ Prop. Simple = Minimal = Point-continuous = Continuous.

. Prop. g —> J g(x)du continuous:
X
— from [X - R, | to R, for every continuous valuation yu

— trom |[X — R, |, to R, for every point-continuous valuation y

* Many other properties: see Heckmann 1996.



T'he weak topology, and the Schroder-Simpson theorem

* The weak topology on VX is the coarsest that makes

v | flx)dv continuous from VX to R,

X

for every continuous map f: X — R

« Let VX be VX with the weak topology (coarser than Scott on VX)
We will use:

* Theorem (Schréoder and Simpson 2005; JGL 2015).
Every linear continuous map F: V_ X - R

+0

is equal to u — | h(x)du for some unique h € [X - R, ]

X

(explicitly, h(x) = F(5,))



Fubini-Tonelli on Depo for point-continuous valuations

* Why do we care about point-continuous valuations?
Prop (Jia, Lindenhovius, Mislove, Zamdzhiev 2021). Fubini-Tonelli holds
on Dcpo if one of the valuations is point-continuous.

_ Proof. Withf, v fixed, G: y — j (J fx, y)dpt) dv is the composition of:
y X

VX 5 R Y- R,], — R,
and
y— (y = [ Jx, y)dﬂ) e J g(y)dv
7% Y
\/\/\/ Vv\/

continuous by definition

G continuous if v point-continuous
of the topologies involved P



Fubini-Tonelli on Depo for point-continuous valuations

* Why do we care about point-continuous valuations?
Prop (Jia, Lindenhovius, Mislove, Zamdzhiev 2021). Fubini-Tonelli holds
on Dcpo if one of the valuations is point-continuous.

* Proof. Fix f and a point-continuous valuation v, and let

F(u) = J (J S, y)dV) du G(u) = j (J J(x, y)dﬂ) dv
X y y X

+ F and G are linear and continuous fromV Xto R,

(We have just proved continuity for G; F is continuous by definition of the weak topology)

+ Hence...



Fubini-Tonelli on Depo for point-continuous valuations

* Why do we care about point-continuous valuations?
Prop (Jia, Lindenhovius, Mislove, Zamdzhiev 2021). Fubini-Tonelli holds
on Dcpo if one of the valuations is point-continuous.

+ Proof. Fix f and a point-continuous valuation v F(u) = ( fx, y)dv) dp
LA,

F and G are linear and continuous from V, Yto R, _

G(u) = < f(X»Y)dM> dv
vy

v X

“ We use the Schroder-Simpson theorem:

hF (X ) o5 J' f (X > Y )dl/ = h G(‘x) Theorem (Schréder and Simpson 2005; JGL 2015).

y Every linear continuous map F: V, X —» R,

for ever y X e X is equal to y — J h(x)du for some unique h, € [X - R__]

X

(explicitly, hp(x) = F(6,))

* so = G.




So where are we now?

Prop. Simple = Minimal = Point-continuous = Continuous.

Prop. Fubini-Tonelli holds on Dcpo
if one of the valuations is point-continuous.

Conjecture. Every continuous valuation on a dcpo is point-continuous.
That would imply Fubini-Tonelli for all continuous valuations on D¢po.

We will see (briefly) that this conjecture is wrong.

(JGL, X. Jia. Separating minimal valuations, points-continuous valuations, and continuous valuations.
Math. Struct. Computer Science 31(6), 2021, pages 614—632 https://doi.org/10.1017/50960129521000384)

In fact, all the implications above are strict.


https://doi.org/10.1017/S0960129521000384

Separating minimal
from point-continuous valuations



A funny valuation on J

« On Johnstone’s dcpo J, there is a continuous valuation y
defined by:
u(U) = 1 for every non-empty Scott-open set U
u(@) =0

+ Modularity y(UU V) +u(UNV) = u(U) + u(V) (1)
comes from the fact that J  is hyperconnected: o124 s 6T
any two non-empty open sets intersect.

(Check it! Observe that every non-empty open set contains all points (m, @) for m large enough.)

= We will show that u is not minimal.



Discrete and good valuations

+ A bounded valuation v on X is good iff it extends to a Borel measure

. Every bounded discrete valuation Z a0, (infinite sum, in general)

is good (Alvarez-Manilla, Edalat, Saheb-Djahromi 2000)

+ Every subset of J _is Borel.

# One can show that every bounded continuous valuation v on J

is of the form @ + r. u, where <[
— 0 is discrete (hence good) Namely, 0 = Z v(1x}) - 0,

r=u) - ) v{x})

x€J




Good valuations on J are Scott-closed

+ Lemma. If 0 + r. pu is bounded and a directed supremum
of good valuations 6, on J , then r = 0.

« Proof. We assume r # 0.
Wilog., we also assume total mass (0 + r. u)(J) = 1

© = N W A W O ---

« Let D,={k leftmost columns} (in green)

01 23 456 7
} D, is closed (green+ ); let U, be its complement =

T D, green+blue



Good valuations on J are Scott-closed

+ Lemma. If @+ r. u is bounded and a directed supremum

of good valuations 6, on J _, then r = 0.

« Wehave (@+r.u)J)=1=sup,6(J) > 1—-r/4
so 0(J) > 1 — r/4 for i large enough;

S = N W A W O ---

1
= Uk : 1 D,, union of a countable chain of Borel sets
&

Since 6, is (extends to) a measure, for k large enough, D,

01 D) > 1 —r/4

« We have (0 +r.u)(U,) > r > 3r/4
For j large enough, 8(U,) > 3r/4 (and 6, > 6, 50 6 1 D) > 1 — r/4)

» Total mass ofé} <1, so 6’].( T1D,NU)>A—-r/4)+3r/4—-1=7r/2



Good valuations on J are Scott-closed

+ Lemma. If @ + r.pu is bounded and a directed supremum

of good valuations 6, on J , then r = 0.

+ 01T DenUp) > rl2

¢ Let My, = {(k, @), (k + L), -, (£ = L)} 1  IRRRR

+ Since 0, is a measure, 0(M, ) > r/2 for some £ > k o s e s e
+ Etc.
+ Similarly, for some j, such that 6, > 6, there are £, > k, > ¢ Eventually,
such that 6, (M), ) > r/2 6’]'N(Mkl G .- U MkaN)
> Nr/2

¢+ Then, for some j; such that 6, > 0, , there are 5 > k; > 7,
such that 0, (M, , ) > r/2

> 1 : contradiction.




N/
%

1 1s not minimal

Lemma. If 6 + r. u is bounded and a directed supremum
of good valuations &, on J , then r = 0.

Hence directed suprema of good valuations 6,
of total mass < 1 are good valuations €

By transfinite induction, everv minimal valuation on J
of total mass < lisgood.| = u(@)=0

But y itself is not good: otherwise u ( ﬂk <
=

Theorem. y is not minimal on J .

Ve

Uk) r inf,teN u(Up)



¢ 1s not minimal

+ Theorem. p is not minimal on J . «* ' MNNALA

+ However,
M 1s point-continuous:
[t suffices to show that it is continuous from (0X), to [

+0

S = N W A W N ---

+ We assume u(U) > r, so U is non-empty, and r < 1. BEERREEESE
+» Pickx€ U. Then[xe | ={Ve0OJ | xe& V}isopenin (0X),
and forevery V € [x € ], u(V) > r (since V is non-empty).

+ In fact:

+ Theorem. Every continuous valuation on J  is point-continuous.



Separating point-continuous
from continuous valuations



Lebesgue 1s not point-continuous

Reminder

“ An easy to find an example of a
nOn—pOint—COntinuous - Continuous Valuation *  Theorem (Adamski 1977). Given any Borel measure

on a hereditarily Lindelof space,
(in particular, on a second-countable space)
its restriction to open sets is a continuous valuation.

+ Consider Lebesgue measure Aon R —
(with its metric topology)

+ Heckmann showed that a valuation v is point-continuous iff
for every open set V, if r < (V) then

g . , Can we find a similar
there are finitely many points x;, ..., x, in V such t

counter-example

for every open neighborhood U of x|, ..., x,, ona depo?
r < v(U)

0

€ €
This is wrong for 4: 4 U |x; = —,x;, + —] | < € arbitrarily small

=



T'he Sorgentrey line R ,

* A tamous counterexample in topology:
Sorgenfrey topology on R generated by basic open sets [a, b|

(topology of convergence from the right)

Still not a depo,
so we will consider its
Smyth powerdomain

] Reminder e =
Nice

paracompact, T, *  Theorem (Adamski .197.7). (.Slven. any Borel measure
on a hereditarily Lindel6f space,
its restriction to open sets is a continuous valuation.

zero-dimensional

Choquet-complete, hen

first-countable, with countable/dense subset |

hereditarily Lindelof Additionally, R and R, have the same Borel o-algebra
completely quasi-metrizable So there is a Lebesgue continuous valuation 4 on R,



T'he Smyth powerdomain of R ,

« For every topological space X,

the Smyth powerdomain QX = {compact saturated subsets of X},
ordered by 2 X =~ Max @X

« @X is a depo if X is well-filtered
... and R, is well-filtered, since Hausdorff

* x > {x} is a topological embedding of X into QX
it X-tstocally compact Tr———-but R sisnotlocally compact—

or if X is T1, well-filtered and first-countable (He, Li, Xi, Zhao 2019)
... and R, is first-countable




T'he Smyth powerdomain of R,

« Proposition. @R, is a dcpo model of R :

through x — {x},

« Explicitly, the open subsets of R ,
are the intersections Z N R,
where % is Scott-open in QR ,

+ The Lebesgue valuation 4 on R, induces

» embeds as a topological subspace of @ R,

a continuous valuation A on @R , by

NU) = NUNR))

(the image continuous valuation through the embedding R, — QR /)

Max QI




T'he elements of QR ,

+ We will show that / is not point-continuous.
To this end, we need:

+ Proposition. The compact (saturated) subsets of I

the well-founded subdcpos of (R,
They are all countable.

Kt e e 2o e A @l N s ety e et | 5O A T oG e

» are exactly
> ).

X D=t G e (O = 6 |

X0



A 1S NOL poINt-continuous

+ Proposition. 4, defined by (%) = A(% N R ), is not point-continuous.

« [t suffices to show that given any finite set {Q;, -+, O, } of points of QR ,,
we can find Scott-open neighborhoods % of those points,

such that A(%) is arbitrarily small

|
« Enumerate the countably many points of O, U --- U Q, as x;, k € N

€ €
“Tot U]xk—?xﬁ?[,and%: (Qe @R, | QCU)

keN

Reminder

Heckmann showed that a valuation v is point-continuous iff

& Then /’t_(% ) iz /’{( U) < 4 € for every open set 7/, if r < v(7") then

there are finitely many points Qy, ..., Q, in 7" such tl

for every open neighborhood % of x;, ..., x

r < uv()







Conclusion, open problems, and a comment

* Fubini-Tonelli for continuous valuations: holds on Top
Open: Does Fubini-Tonelli for all continuous valuations on Dcpo?

* Holds for minimal and even point-continuous valuations on Dcpo

+ Simple = Minimal = Point-continuous = Continuous,
all strict implications

* Fubini-Tonelli also holds (essentially by definition)
for the even larger class of central valuations (Jia, Mislove, Zamdzhiev 2021)
Open: Are there any non-central continuous valuations on a dcpo?

* The greater picture: questions from computer science
(reasoning about computer programs).



