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BCDEFEGHGIJISLDCJZCDMGkLUFXFISLXFIG]FH�CFXLNDCQ�DCISLUIbkJD�CFTkDXZSLTDXLTFA�ICL��bGCLUFZCL]GULkLU]CGZIGDTD�ISLu§{|u�~D�FTDEULCMFIGDTNSLTUb]SFZSLTDXLTDTGUDEULCMLkA
WSL]DHHL]IGDTD�FHHZDUUGEHLUDbI]DXLω

GU]FHHLkISLzw�sy~zsw|~ ΩA
¶·w�sy~����x~�WSLLaZLCGXLTI]DTUGUIU GTIDUUGT\FkGLDT]LAWSLZDUUGEHLDbI]DXLUFCL
ω = 1, 2, ..., 6 FTkISLUFXZHLUZF]LGUISLULIΩ = {1, 2, 3, 4, 5, 6}A
¶·w�sy~��£ux��uzz~z�WSLLaZLCGXLTIGUFTGTªTGILUL�bLT]LD�]DGTIDUULUADTL]FTIFQL�DCISLUFXZHLUZF]LΩ

ISL]DHHL]IGDTD�FHHUL�bLT]LUω = {xn}n≥1jNSLCLxn = 1 DC0
kLZLTkGT\DT

NSLISLCISLn
ISIDUUCLUbHIUGTSLFkUDCIFGHUA

BCDEFEGHGIJISLDCJFUUG\TUIDFTLMLTIFTbXELCjISLstuvwvxyx{©D�ISLUFGkLMLTIA�DCIL]STG]FHCLFUDTUjISL]DHHL]IGDTF D�LMLTIUISFIFCLFUUG\TLkFZCDEFEGHGIJGUTDIFHNFJUGkLTIG]FHIDISL]DHHL]IGDTD�FHHUbEULIUD�ΩAWSLCL�bGCLXLTIUDTF FCLISL�DHHDNGT\A
@AWSLGXZDUUGEHLLMLTI∅ FTkISL]LCIFGTLMLTIΩ FCLGTFOA ��A GUGTF jUDGUAVA ��A1, A2, ...

FCLGTF jISLTUDGU∪∞
k=1Ak

³TL]FHHUISL]DHHL]IGDTD�UbEULIUF Fzx��w�~y�DTΩjSLCLISLUG\XF�ªLHkD�~�~�{zA��ISLUFXZHLUZF]LΩ
GUªTGILjDTLbUbFHHJ]DTUGkLCUFTJUbEULID�Ω IDELFTLMLTIAWSLUFXLGU\LTLCFHHJICbL�DCF]DbTIFEHLUFXZHLUZF]LA
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�	²w��u�%wtxwvy~z}&t'�w§�̄s�(��
�CFTkDXMFCGFEHLxzw�§�|{xu�­Ω →)z§|�{�w{�utwyya ∈ )̄{�~~�~�{{X ≤ a} = {ω; X(ω) ≤
a} |w�v~wzzx��~�wstuvwvxyx{©̄ {�w{xz̄ {X ≤ a} ∈ F �
��§�|{xu�X : Ω → S *�~t~S

xzw�~�§�~twvy~z~{xz|wyy~�wkGU]CLILCFTkDXMFCGFEHLx��utwyy
i ∈ S ­{X = i} ∈ F �
gDXLIGXLUFCFTkDXMFCGFEHLGU]FHHLkFtw��u��§�v~tAWSGUGUFTGTTD]bDbUSFEGIFUHDT\FUDTLGUFNFCLISFIGIGUTDIF�bT]IGDTX

ISFIGUCFTkDXjEbIISLDbI]DXLωjNSG]SGTIbCTXFQLUISLTbXELCX(ω) CFTkDXA��X(ω)
GUCLFH�DCFHHωjISLTX

GU]FHHLkFt~wytw��u��wtxwvy~A
¶·w�sy~(� [��x~�WFQL�DCX

ISLGkLTIGIJX(ω) = ωA �TISFIULTULX
GUFCFTkDXTbXELC

DEIFGTLkEJIDUUGT\FkGLA
¶·w�sy~+�£ux��uzz~z�,LCLω = {xn}n≥1AdLªTLISLXn

IDELISLCFTkDXTbXELCDEIFGTLk
FIISLn

ISIDUU[Xn(ω) = xnA
�	" -��������������������	.�

WSLstuvwvxyx{©P (A) D� FTLMLTIA ∈ F XLFUbCLUISLHGQLTLUUD� GIUD]]bCCLT]LAFUF�bT]IGDTkLªTLkDTF jISLZCDEFEGHGIJP
GUCL�bGCLkIDUFIGU�JF�LNZCDZLCIGLUjISLw·xu�zu�stuvwvxyx{©A

#�$
����
�	�·xu�zu� ẗuvwvxyx{©}&t'�w§�̄s�+��
�stuvwvxyx{©}�~wz§t~�u�(Ω,F)

xzw�wssx��P : F →)z§|�{�w{
�� 0 ≤ P (A) ≤ 1
�� P (Ω) = 1(� P (

∑∞
k=1 Ak) =

∑∞
k=1 P (Ak)

��~{�xt�stus~t{©xz|wyy~�UG\XFFkkGIGMGIJ���~{txsy~(Ω,F , P )
xz|wyy~�wZCDEFEGHGIJUZF]L̄

utZCDEFEGHGIJXDkLH�



WSLFaGDXUD�ZCDEFEGHGIJFCLXDIGMFILkEJISL�DHHDNGT\SLbCGUIG]GTILCZCLIFIGDTD�P (A) FUISLLXZGCG]FH�CL�bLT]JD�D]]bCCLT]LD�LMLTIAA��n �GTkLZLTkLTI� LaZLCGXLTIUFCLZLC�DCXLkjFXDT\NSG]SnA
CLUbHIGTISLCLFHGhFIGDTD�AjISLTISLLXZGCG]FH�CL�bLT]JF (A) = nA

n

USDbHkEL]HDULIDP (A)
G�GU�Ub�]GLTIHJHFC\L�ARHLFCHJISL�bT]IGDTF UFIGUªLUISLFaGDXUA

WSLFaGDXFIG]ZCLULTIFIGDTD�ZCDEFEGHGIJISLDCJGUTLMLISLHLUUHD\G]FHHJGTkLZLTkLTID� ISL�CL�bLT]JGTILCZCLIFIGDTAYUFXFIILCD� �F]IjGIUUb]]LUUGUkbLIDGIUFZZFCLTIG\TDCFT]LD�ISL�CL�bLT]JGTILCZCLIFIGDTjNSG]SEHbCUISLZG]IbCLEL]FbULISLLXZGCG]FH�CL�bLT]JF
kLLTkUDTIDD

XFTJISGT\U[DTISLTbXELCD�LaZLCGXLTIUFTkDTISLLaZLCGXLTIUISLXULHMLUAWSLFaGDXFIG]ISLDCJD�ZCDEFEGHGIJ]DTTL]IUIDISL�CL�bLT]JGTILCZCLIFIGDTwsuz{~txutx[ISLHFIILCFZZLFCUFU
F{�~ut~�jISL�FXDbUz{tu��yw*u� ywt�~�§�v~tz}°����\GMLTGTgL]IGDT@A@«AWDDEIFGTGIjFHHISFIGUTLLkLkELUGkLUISLFaGDXUD�ZCDEFEGHGIJFTk]HLMLC]DXZbIFIGDTUGUF\DDkkLªTGIGDTD�
NSFIGUXLFTIEJGTkLZLTkLTILaZLCGXLTIUAWSGUkLªTGIGDTNGHHEL\GMLTGTgL]IGDT��A
¶·w�sy~����x~��DCA ⊂ Ω = {1, 2, 3, 4, 5, 6}jISL�DCXbHFP (A) = |A|

6
jNSLCLA

GUISL|wt�x�wy
D�AjISFIGUjISLTbXELCD�LHLXLTIUGTAjkLªTLUFZCDEFEGHGIJP AWSGU]SDG]LUb\\LUIFTbTEGFULkkGLjNSLCLLF]SDbI]DXL1, 2, 3, 4, 5 DC6

SFUISLUFXLZCDEFEGHGIJA
¶·w�sy~��£ux��uzz~z�RSDDULFZCDEFEGHGIJP Ub]SISFI�DCFTJLMLTID�ISL�DCXA = {x1 =
a1, ..., xk = ak}jNSLCLa1, ..., ak

FCLFCEGICFCJGT{0, 1}jP (A) = 1
2k
AWSGU]SDG]L�DCZCDEFEGHGIJPGXZHGLUFTbTEGFULk]DGTFTkGTkLZLTkLTIIDUULUA

�	. 
���������
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��
¡LIx1, x2, · · ·xn

ELISLTbXLCG]FH DbI]DXLUD�N CLZLIGIGDTUD� UDXLLaZLCGXLTIAWSLFMLCF\LD�ISLULDbI]DXLUGUm = 1
N

∑

i xiA�TFkMFT]LD�ZLC�DCXGT\ISLULLaZLCGXLTIUNL]FTCLZCLULTIISLGCDbI]DXLUEJFUL�bLT]LX1, X2, ..., XN
D�CFTkDXMFCGFEHLUjFTkNLUSFHHUbZZDULISFIISLULMFCGFEHLUFCLkGU]CLILNGISF]DXXDTZCDEFEGHGIJkLTUGIJ�bT]IGDTf �≡ P (X = .)

�AWSLTjCDb\SHJUZLFQGT\j�DCLF]SZDUUGEHLMFHbLxjFEDbINP (X = x) D�ISLXi
NGHHIFQLISFIMFHbLxAgDISLFMLCF\Lm

GUFEDbIm ' 1
N

∑

x xNP (X = x) =
∑

x xP (X = x) NSLCLISLUbXXFIGDTSLCLGUDMLCFHHZDUUGEHLMFHbLUD�ISLXiAWSGUFMLCF\LGU]FHHLkISL�LaZL]IFIGDT
D�ISLbTkLCHJGT\kGUICGEbIGDTNGISZCDEFEGHGIJkLTUGIJ�bT]IGDTP (X = .)A
#�$
����
"	 ­¶·s~|{w{xu�}®°̄s�����
��~LaZL]IFIGDTu�X

xz�~��~�{uv~E[X] =
∑

x xP (X = x) *�~�~�~t{�xzz§�xzwvzuy§{~y©|u��~t�~�{�
rLCL�bGCL��������]DTMLC\LT]LGTDCkLC ISFIE[X]

ELbT]SFT\LkEJCLDCkLCGT\ISLxiA¥DILISFIjFHISDb\SISLLaZCLUUGDT∑

x xP (X = x) XFJFZZLFCIDELFTbT]DbTIFEHLUbXjDTHJ]DbTIFEHJXFTJD�GIU]DTICGEbIGDTUFCLTDThLCDA��ISLTbXELCUP (X = x) FCLCL\FCkLkFUXFUULUFIZDGTIUx
ISLTE[X]

GU�bUIISLZDUGIGDTD�ISL]LTICLD�\CFMGIJ�NL]FTUZLFQD�X FUSFMGT\FT
�FIDX
DC �ZDGTIXFUU
D�UGhLP (X = x) FIxArLUDXLIGXLUDXGIISLECF]QLIUFTkUGXZHJNCGIL
EX A
������	 }®°̄s���� ¦� X

�wzwstuvwvxyx{©�~�zx{©�§�|{xu�P (X = .) w��g : R → )̄ {�~�
E[g(X)] =

∑

x g(x)P (X = x) *�~�~�~t{�xzz§�xzwvzuy§{~y©|u��~t�~�{�
¶·w�sy~��&~t�u§xyyx�wtxwvy~z}®°̄s�����¡LIX

ELF¤LCTDbGHHGMFCGFEHLjIFQGT\ISLMFHbL@NGISZCDEFEGHGIJp (= 1 − q)AWSLTE[X] =
∑

x xP (X = x) = 0.q + 1.p = pA
¶·w�sy~�� [ �RDbTILCLaFXZHLj gjZÀ _�A¡LIX

SFMLZCDEFEGHGIJkLTUGIJ�bT]IGDTP (x) = A
x2

�DC
x = ±1,±2, .... NSLCLA

GU]SDULTUDISFI∑

P (X = x) = 1AWSLUbX∑

xP (X = x) = A
∑

x6=0
1
xkDLUTDI]DTMLC\LFEUDHbILHJjEL]FbULEDISISLZDUGIGMLFTkISLTL\FIGMLZFCIUkGMLC\LA

WSLLaZL]IFIGDTSFUISLHGTLFCGIJFTkXDTDIDTG]GIJZCDZLCIGLUjFTkISLICGFT\HLGTL�bFHGIJGUICbL[



�HGTLFCGIJ[E[aX + bY ] = aE[X] + bE[Y ]j�DCFHHa, b ∈)Aẗuu�AE[aX + bY ] =
∑

x,y(ax + by)P (X = x, Y = y) = a
∑

x x
∑

y P (X = x, Y = y) +
b
∑

y y
∑

x P (X = x, Y = y) = a
∑

x xP (X = x) + b
∑

y yP (Y = y) = aEX + bEY.
�HGTLFCGIJEGU[E[ag1(X) + bg2(X)] = aE[g1(X)] + bE[g2(X)]jNSLCLa, b ∈)FTkg1

FTkg2
UFIGU�JISLFEUDHbIL]DTMLC\LT]L]DTkGIGDTUA

�XDTDIDTG]GIJ[(∀x g1(x) ≤ g2(x)) ⇒ E[g1(X)] ≤ E[g2(X)]A
�ICGFT\HLGTL�bFHGIJ[|E[g(X)]| ≤ E[|g(X)|]A
#�$
����
.	 %wtxw�|~�
��~MFCGFT]L%wt(X) u� wtw��u��wtxwvy~X

xzE[(X − E[X])2]�
��~z�§wt~tuu{u� {�~�wtxw�|~̄ *tx{{~�σ¯ xz|wyy~�UIFTkFCkkLMGFIGDT�
�CDXISLHGTLFCGIJD�LaZL]IFIGDTjGI�DHHDNU[F̂C(X) = E[(X − m)]2 = E[X2] − 2mE[X] + m2 = E[X2] − m2jNSLCLm

kLTDILUE[X]A
������	 }�wy�� }s�����
�~{{Xn}n≥1

v~wz~�§~�|~u� x�{~�twvy~tw��u��wtxwvy~zz§|�{�w{E[Xn] = E[X1]
�utwyyn ≥

1��~{T
v~w�x�{~�~t��wy§~�tw��u��wtxwvy~z§|�{�w{�utwyy n ≥ 1¯ {�~~�~�{ {T ≥ n}

xz
x��~s~��~�{u�Xn��

�~�E[
∑T

n=1 Xn] = E[X1]E[T ].

�	
 ��
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��-����������������������	��
�TISL�CL�bLT]JGTILCZCLIFIGDTjISLkLªTGIGDTD�GTkLZLTkLT]L�P (A∩B) = P (A)P (B)

�CLFkUjGTCDb\SFTkGXZCL]GULILCXUnA∩B ≈ (nA/n).(nb/n)jDC nA∩B

nB
≈ nAn �SLCL≈ GUF��bhhJ� MLCUGDTD�ISLL�bFHGIJUG\T�AWSLCL�DCLUIFIGUIG]UCLHFIGMLIDA

kDTDIMFCJNSLTZLC�DCXLkDTFTLbICFH
UFXZHLD�ZDZbHFIGDT]SFCF]ILCGhLkEJISLZCDZLCIJBA�DCLaFXZHLjISLZCDZDCIGDTD�ZLDZHLNGISF�FXGHJTFXLEL\GTTGT\NGISH

GUISLUFXLFXDT\FHFC\LZDZbHFIGDTNGISISLUbFHXGaD�XLT
FTkNDXLTFUGINDbHkELFXDT\FHFC\LFHH�XFHLZDZbHFIGDTAWSGUGUMLCJXb]SISLGTIbGIGMLTDIGDTD�GTkLZLTkLT]LAdLZLTkLT]LELILNNLTA FTkB D]]bCUNSLTP (A ∩ B) 6= P (A)P (B)A�TISGU]FULISLCLHFIGML�CL�bLT]JnA∩B/nB ≈ P (A∩B)/P (B)

GUkG�LCLTI�CDXISL�CL�bLT]JnA/nA
#�$
����

	 ­£u��x{xu�wy ẗuvwvxyx{©}s����
��~]DTkGIGDTFHZCDEFEGHGIJu�A �x�~�B

xz{�~�§�v~tP (A|B) = P (A∩B)
P (B)

¯�~��~�*�~�P (B) > 0�

WSL�bFTIGIJP (A|B) CLZCLULTIUDbCLaZL]IFIGDTD�A
ELGT\CLFHGhLkNSLTISLDTHJFMFGHFEHLGT�DCXFIGDTGUISFIB

GUCLFHGhLkA�TkLLkjISGULaZL]IFIGDTNDbHkISLTELEFULkbZDTISLCLHFIGML�CL�bLT]JnA∩B/nB
FHDTLAYUJXXLICG]�DCXGU[

P (A ∩ B) = P (A|B)P (B) = P (B|A)P (A)A
�����"	 ­ }®°̄s�����¢utw�©~�~�{zA w��B¯P (A) = P (A|B)P (B) + P (A|Bc)P (Bc)�
��������	&w©~z�z²§y~z}&t'�w§�̄s�����
�¤FJLU
UCbHLD�CLICDkG]IGDT­*x{�P (A) > 0¯*~�w�~P (B|A) = P (A|B)P (B)

P (A)
�

�¤FJLU
UCbHLUD�La]HbUGMLFTkLaSFbUIGML]FbULU­¢utB1, B2, ....
z§|�{�w{∑∞

i=1 Bi = Ω w���utwyyA¯*~�w�~P (A) =
∑∞

i=1 P (A|Bi)P (Bi)�
�¤FJLU
UUL�bLTIGFH�DCXbHF­¢utw�©z~�§~�|~u� ~�~�{zA1, ..., An¯*~�w�~

P (∩k
i=1Ai) = P (A1)P (A2|A1)P (A3|A1 ∩ A2) · · ·P (Ak| ∩

k−1
i=1 Ai)�

�¤WjO««OjZAOf�rLUIFCINGISISL�DHHDNGT\ISLDCLXjNSG]SGUD�ILTbUL�bH�DC]DXZbIGT\ISLZCDEFEGHGIGLUD�MFCGDbULMLTIUjbUGT\F�kGMGkL�FTk�]DT�bLC� FZZCDF]SA
��������	 }�u{wy ẗuvwvxyx{©��~ut~���~{A1, ..., An

v~�xz	ux�{~�~�{z{�w{�ut�wswt{x{xu�
u� {�~zw�sy~zsw|~}~w|�suzzxvy~u§{|u�~xzx�|y§�~�x�~·w|{y©u�~u� {�~~�~�{zA1, ..., An

�w��
wzz§�~{�w{P (Ai) > 0¯�utwyy i���~�̄ �utw�©~�~�{B¯*~�w�~

P (B) = P (A1 ∩ B) + · · · + P (An ∩ B) = P (A1)P (B|A1) + · · · + P (B|An).



�TIbGIGMLHJjNLFCLZFCIGIGDTGT\ISLUFXZHLUZF]LGTIDFTbXELCD�U]LTFCGDU�LMLTIU�AiAWSLTjISLZCDEFEGHGIJISFIB D]]bCU GU FNLG\SILkFMLCF\LD� GIU ]DTkGIGDTFH ZCDEFEGHGIJbTkLCLF]S
U]LTFCGDjNSLCLLF]SU]LTFCGDGUNLG\SILkF]]DCkGT\IDGIU�bT]DTkGIGDTFH�ZCDEFEGHGIJA³TLD�ISLbULUD�ISLISLDCLXGUID]DXZbILISLZCDEFEGHGIJD�MFCGDbULMLTIUB

�DCNSG]SISL]DTkGIGDTFH
ZCDEFEGHGIGLUP (B|Ai)

FCLQTDNTLFUJIDkLCGMLAWSLQLJGUID]SDDULFZZCDZCGFILHJISLZFCIGIGDT
A1, ..., AnjFTkISGU]SDG]LGUD�ILTUb\\LUILkEJISLZCDEHLXUICb]IbCLA
�������"	�~�w�~

P (A|B) = P (C|B)P (A|B ∩ C) + P (Cc|B)P (B ∩ Cc),

wzz§�x��wyy {�~|u��x{xu�x��~�~�{z�w�~suzx{x�~stuvwvxyx{©�
#�$
����
�	 ��~]DTkGIGDTFH�ZCDEFEGHGIJ�XFUU�bT]IGDTu�X �x�~�swt{x|§ywt~�~�{A xz�~��~�v©

pX|A(x) =�(X = x | A) =
�({X = x} ∩ A)

�(A)
.

#�$
����
�	 ��~]DTkGIGDTFH �ZCDEFEGHGIJ�XFUU�bT]IGDTu�X �x�~�Y
xz�~��~�v©

pX|Y (x|y) =�(X = x | Y = y) =
�({X = x} ∩ {Y = y})

�(Y = y)
=

pX,Y (x, y)

pY (y)
.

#�$
����
�	 ��~]DTkGIGDTFH �ZCDEFEGHGIJ�XFUU�bT]IGDTu�X �x�~�Y = y
xz�~��~�v©

pX|Y =y(x) =�(X = x | Y = y).

�	� ��
�����
��
���������

�Ṕ jZAOc�A�bUIFUNLSFMLkLªTLk]DTkGIGDTFHZCDEFEGHGIJjGIGUbUL�bHIDkLªTLISL|u��x{xu�wy~·s~|{w{xu�D�FCFTkDXMFCGFEHLAWSL�DHHDNGT\kLªTGIGDTGU�bGILTFIbCFHA
#�$
����
�	

E[Y | Z = z] =
∑

y

�(Y = y | Z = z),

*�~t~{�~z§��w{xu�xzu�~twyyy x�{�~tw��~u� Y �

WSLkLªTGIGDTUIFILUISFIISL]DTkGIGDTFHLaZL]IFIGDTD�FCFTkDXMFCGFEHLGUjHGQLISLLaZL]�IFIGDTjFNLG\SILkUbXD�ISLMFHbLUGIFUUbXLUAWSLkG�LCLT]LGUISFITDNLF]SMFHbLGUNLG\SILkEJISL|u��x{xu�wystuvwvxyx{©ISFIISLMFCGFEHLFUUbXLUISFIMFHbLA
-���������
�	¢utw�©tw��u��wtxwvy~zX w��Y ¯

E[X] =
∑

y

�(Y = y)E[X | Y = y],

*�~t~{�~z§�xzu�~twyy�wy§~zx�{�~tw��~u� Y w��wyy u� {�~~·s~|{w{xu�z~·xz{�
ẗuu��∑

y�(Y = y)E[X | Y = y] =
∑

y�(Y = y)
∑

x x�(X = x | Y = y)
=

∑

x

∑

y x�(X = x | Y = y)�(Y = y)
=

∑

x

∑

y x�(X = x ∩ Y = y)
=

∑

x x�(X = x)
= E[X]A
BLCSFZUUDXLNSFI]DT�bUGT\HJjISL]DTkGIGDTFHLaZL]IFIGDTGUFHUDbULkIDCL�LCIDISL�DHHDNGT\CFTkDXMFCGFEHLA

#�$
����
��	 ��~~·st~zzxu�E[Y |Z]
xzwtw��u��wtxwvy~f(Z)

{�w{{w�~zu�{�~�wy§~E[Y | Z =
z] *�~�Z = z�



rLLXZSFUGhLISFIE[Y |Z]
GU�u{FCLFHMFHbL�GIGUF]IbFHHJF�bT]IGDTD�ISLCFTkDXMFCGFEHLZ A

,LT]LE[Y |Z]
GUGIULH�F�bT]IGDT�CDXISLUFXZHLUZF]LIDISLCLFHTbXELCUFTk]FTISLCL�DCLEL

ISDb\SID�FUFCFTkDXMFCGFEHLA
�������.	

E[Y ] = E[E[Y | Z]].

ẗuu��E[Y |Z]
GUF�bT]IGDTf(Z)jNSLCLf(Z)

IFQLUDTISLMFHbLE[Y |Z = z] NSLTZ = zA,LT]L

E[E[Y |Z]] =
∑

z

E[Y |Z = z]�(Z = z).

WSLCG\SI�SFTkUGkLL�bFHUE[Y ]
EJBCDZA@A

WSGUISLDCLXZCDMGkLUbUFbUL�bHXLISDk�DC]FH]bHFIGT\E[Y ]jUGT]LGIFUULCIUISFI

E[Y ] =
∑

x

E[Y |X = x]�(X = x).

-���������
�	 }°§||~zzx�~|u��x{xu�x���

E[E(X | Y1, Y2) | Y1] = E[X | Y1].
�������
	 }�u{wy¶·s~|{w{xu���~ut~���~{A1, ..., An

v~�xz	ux�{~�~�{z{�w{�ut�wswt{x{xu�
u� {�~zw�sy~zsw|~̄ w��wzz§�~{�w{P (Ai) > 0¯�utwyy i���~�̄

E[X] =
n

∑

i=1

P (Ai)E[X|Ai].

��������	�~{A1, ..., An

v~�xz	ux�{~�~�{z{�w{�ut�wswt{x{xu�u� {�~w�~�~�{B¯w��wzz§�~{�w{P (Ai ∩ B) > 0¯�utwyy i���~�̄

E[X|B] =

n
∑

i=1

P (Ai|B)E[X|Ai ∩ B].

WSLIDIFHLaZL]IFIGDTISLDCLXEFUG]FHHJUFJUISFI�ISLbT]DTkGIGDTFHFMLCF\L]FTELDEIFGTLkEJFMLCF\GT\ISL]DTkGIGDTFHFMLCF\LU�A
�	� �
����������	���
WSLx��x|w{ut�§�|{xu�D�FTLMLTIA[

1A(ω) =

{

1
G�

ω ∈ A
0
G�

ω 6∈ A

WSLCFTkDXMFCGFEHLX = 1A
IFQLUISLMFHbL1 NGISZCDEFEGHGIJP (X = 1) = P (A) FTkISLMFHbL

p(X = 0) = P (A) = 1 − P (A)AWSLCL�DCLjE[X] = 0 × P (X = 0) + 1 × P (X = 1) = P (X = 1) =
P (A)jISFIGUIDUFJj

E[1A] = P (A).�TZFCIG]bHFCjE[1] = 1A�

�	� ����������������
��������	 �~y~z|us~¢ut�§yw}��¯s�(���¢utwtw��u��wtxwvy~X

{w�x��x{z�wy§~zx��¯E[X] =
∑∞

i=1 P (X ≥ i)�
ẗuu��∑∞

i=1�(X ≥ i) =
∑∞

i=1

∑∞
j=i�(X = j) =

∑∞
j=1

∑j
i=1�(X = j) =

∑∞
j=1 j�(X = j)

= E[X].
WSLGTILC]SFT\LD� �ZDUUGEHJ�GTªTGILUbXXFIGDTUGU�bUIGªLkjUGT]LISLILCXUELGT\UbXXLkFCLFHHTDTTL\FIGMLA
����	
��
�

�����������

�E[1A|Y ] = P (A|Y )��

�����������
���



�	� ��
��
���
��������
-���������
"	 }��¯ s��+� ¦� w�§�|{xu�f : )→ )xz |u��~· }x�~�̄ f(λx1 + (1 − λ)x2) ≤
λf(x1) + (1 − λ)f(x2)¯�utw�©x1, x2

w��0 ≤ λ ≤ 1
�̄ {�~�

E[f(X)] ≥ f(E[X]).

ẗuu�� �RFULf
SFUFWFJHDCLaZFTUGDT�A¡LIµ = E[X]A¤JWFJHDC
UISLDCLXjISLCLGUFMFHbLcUb]SISFI

f(x) = f(µ) + f ′(µ)(x − µ) + f ′′(c)
(x − µ)2

2
≥ f(µ) + f ′(µ)(x − µ),

UGT]Lf ′′(c) > 0
EJ]DTMLaGIJAWFQGT\LaZL]IFIGDTUD�EDISUGkLUFTkFZZHJGT\HGTLFCGIJD�LaZF]IF�IGDTUJGLHkUISLCLUbHI[

E[f(X)] ≥ E[f(µ) + f ′(µ)(X − µ)] = E[f(µ)] + f ′(µ)(E[X]− µ) = f(µ) = f(E[X]).�

�	�� �������	�����
�����
������������	."�
YUL�bLT]L{Zn}n≥1

D�CLFHCFTkDXMFCGFEHLUGUUFGkID]DTMLC\LB�FHXDUIUbCLHJ�B�FAUA�IDISLCLFHCFTkDXMFCGFEHLZ
G��(limn↑∞ Zn = Z) = 1A�BFCFZSCFUGT\[�DCFHHω DbIUGkLFULIN D�TbHH

ZCDEFEGHGIJjHGXn↑∞ Zn(ω) = Z(ω)
�A

��������	 ­£tx{~txu�u��y�uz{�°§t~£u��~t�~�|~�}&t'�w§�̄s�+(��
�~{{Zn}n≥1

w��Z
v~tw��u��wtxwvy~z�¦�∑

n≥1 P (|Zn − Z| ≥ εn) < ∞
�utzu�~z~�§~�|~u�

suzx{x�~�§�v~tz{εn}n≥1
|u��~t�x��{u0¯ {�~�{�~z~�§~�|~{Zn}n≥1

|u��~t�~z �̈w�z�{uZ �
��������	dDXGTFILkRDTMLC\LT]L�}®°̄s�����¦� {Xn}

xzwz~�§~�|~u� �wtxwvy~z*x{�Xn → X w�z� }x�~�̄ Xn(ω) → X(ω)
�utwyyω ∈ Ω ~·|~s{

suzzxvy©u�zu�~�§yy~�~�{�w��∀n, ω |Xn(ω)| ≤ Y (ω) w�z�w��E(Y ) < ∞¯{�~�̄E(Xn) → E(X)�

�	�� ���������
����������	.
�
���������	PFCQDM
UGTL�bFHGIJ��~{X v~wtw��u��wtxwvy~*x{��wy§~zx�)̄f : R →)+¯w��a > 0��~{�~��w�~

P (f(X) ≥ a) ≤
E[f(X)]

a
.

ẗuu���CDXISLGTL�bFHGIJf(X) ≥ a1{f(X)≥a}jGI�DHHDNUEJIFQGT\LaZL]IFIGDTUISFI

E[f(x)] ≥ aE[1{f(X)≥a}] = aP (f(X) ≥ a).

�		�
�X ����

���
�
�������������
����
�����

��
�������
������
� f 

�
��������� �
�
���x1, x2, . . . , xn

���λ1, λ2, . . . , λn �

��Pn

i=1 λi = 1�(
Pn

i=1 λixi) ≤
Pn

i=1 λif(xi). �
����
��
��
�
�

E[f(X)] ≥ f(E[X])�
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rLNGUSID\GMLFZCDEFEGHGIJXLFUbCLIDkLU]CGELFTLaZLCGXLTINSG]SIFQLUZHF]LGTUIF\LUA
WSLDbI]DXLFIISLn

ISUIF\LGUFHHDNLkIDkLZLTkDTISLDbI]DXLUD�ISLZCLMGDbUUIF\LUA�IGUFUUbXLkjSDNLMLCjISFIISLZDUUGEGHGIJ�DCLF]SZDUUGEHLDbI]DXLFIFZFCIG]bHFCUIF\LGUQTDNTNSLTISLDbI]DXLUD�FHHISLZCLMGDbUUIF\LUFCLQTDNTA�CDXISGUQTDNHLk\LNLUSFHH]DTUICb]IFZDUUGEGHGIJUZF]LFTkXLFUbCL�DCISLDMLC�FHHLaZLCGXLTIArLCL�bGCLISFIISLCLELFªTGILTbXELCD�ZDUUGEHLDbI]DXLUFILF]SUIF\LFTkISFINLQTDN
ISLZCDEFEGHGIGLU�DCFTJZFCIG]bHFCDbI]DXLFIISLj�ISUIF\Lj\GMLTISLQTDNHLk\LD�ISLDbI]DXLU�DCISLªCUIj − 1 UIF\LUA�DCLF]Sj NLDEIFGTFICLLTj AWSLULID�ZFISUD�ISGUICLLULCMLUFUFZDUUGEGHGIJUZF]L�DCFTJUIFILXLTICLHFIGT\IDISLªCUI j LaZLCGXLTIUA³TISGUICLLNLFUUG\TFXLFUbCLIDISLULID�FHHZFISUArLªCUIFUUG\TECFT]SZCDEFEGHGIGLUAWSLTISLNLG\SIFUUG\TLkIDFZFISGUISLZCDkb]ID�FHHECFT]SZCDEFEGHGIGLUDTISLZFISAWSLICLLXLFUbCLUFCL]DTUGUILTIGTISL�DHHDNGT\ULTULAYUIFILXLTINSDULICbISMFHbLkLZLTkUDTHJDTISLªCUI j UIF\LUXFJEL]DTUGkLCLkFUIFILXLTICLHFIGMLIDFTJICLLTi

�DCi ≥ j AµF]SD�ISLULICLLUSFUGIUDNTICLLXLFUbCLFTkISLZCDEFEGHGIJD� ISLUIFILXLTI]DbHkEL�DbTk�CDXFTJDTLD� ISLULXLFUbCLUA
,DNLMLCjGTLMLCJ]FULISLUFXLZCDEFEGHGIJNDbHkELFUUG\TLkAYUUbXLISFINLSFMLFICLL�DCFTn UIF\LLaZLCGXLTIA¡LIXj

ELF�bT]IGDTNGISkDXFGT
ISLULID�ZFISUTn

FTkMFHbLISLDbI]DXLFIISLj�ISUIF\LAWSLT�bT]IGDTUX1, X2, . . . , Xn
FCL

]FHHLkISLu§{|u�~�§�|{xu�zAWSLULID� �bT]IGDTUX1, X2, . . . , Xn

GU]FHHLkFz{u|�wz{x|stu|~zzA��TPFCQDM]SFGTISLDCJGIGU]DTMLTGLTIIDkLTDILISLªCUIDbI]DXLEJX0
GTUILFkD�X1A�

WSLCLGUFUGXZHL]DTTL]IGDTELINLLTISLECFT]SZCDEFEGHGIGLUFTkISLDbI]DXL�bT]IGDTUAWSLECFT]SZCDEFEGHGIGLUFIISLªCUIUIF\LUFCL[
�[X1 = i]FIISLUL]DTkUIF\L
�[X2 = j | X1 = i]FIISLISGCkUIF\L
�[X3 = k | X2 = j, X1 = i]LI]A
YUID]SFUIG]ZCD]LUU�DCNSG]SISLDbI]DXL�bT]IGDTUFHHSFMLCFT\LUNSG]SFCLUbEULIUD�F

\GMLTªTGILULIGU]FHHLkF��x{~z{u|�wz{x|stu|~zzA

WSLCL�DCLj�DCFªTGILUID]SFUIG]ZCD]LUUNLSFMLFICLLFTkFICLLXLFUbCLFTkFUL�bLT]LD�DbI]DXL�bT]IGDTUXn, n = 0, 1, 2, . . . AWSLkDXFGTD�Xn

GUISLICLLTn
FTkISLCFT\LGUISLULI

Sn
D�ZDUUGEHLDbI]DXLU�DCISLn�ISLaZLCGXLTIAWSLMFHbLD�Xn

GUj
G�ISLDbI]DXLD�ISLn�ISLaZLCGXLTIGUj AYªTGILUID]SFUIG]ZCD]LUUGUFTx��~s~��~�{stu|~zzG�

(I) �DCFTJUIFILXLTIp NSDULICbISMFHbLkLZLTkUDTHJDTISLDbI]DXLUEL�DCLISLn�IS[

�[Xn = j | p] =�[Xn = j].

�DCUb]SFZCD]LUUISLQDNHLk\LD�ISLDbI]DXLD�FTJZCL]LkGT\LaZLCGXLTIkDLUTDIF�L]IISLQTDNHLk\LD�ISLDbI]DXLD�FTJZCL]LkGT\LaZLCGXLTIkDLUTDIF�L]IDbCZCLkG]IGDTU�DCISLTLaI
LaZLCGXLTIA�DCFPFCQDMZCD]LUUNLNLFQLTISGUIDFHHDNISLQTDNHLk\LD�ISLGXXLkGFILZFUIIDGT�bLT]LISLULZCLkG]IGDTUA
#�$
����
��	�ªTGILPFCQDMZCD]LUUxzw��x{~z{u|�wz{x|stu|~zzz§|�{�w{}¦¦�¢utw�©z{w{~�~�{p *�z~{t§{��wy§~�~s~��zu�y©u�{�~u§{|u�~zv~�ut~{�~n�{�̄

�[Xn = j | Xn−1 = i, p] =�[Xn = j | Xn−1 = i].



rLUSFHH CL�LCID]DTkGIGDTII FUISL�wt�u�stus~t{©A�DCFPFCQDMZCD]LUUjQTDNGT\ISLDbI]DXLD� ISLHFUILaZLCGXLTINL]FTTL\HL]IFTJDISLC GT�DCXFIGDTNLSFMLFEDbIISLZFUIGTZCLkG]IGT\ISL�bIbCLA �IGUGXZDCIFTIIDCLFHGhLISFIISGUGUISL]FULDTHJG�NLQTDNLaF]IHJISLDbI]DXLD�ISLHFUILaZLCGXLTIA�DCLaFXZHLjG�NLQTDNDTHJISFIISLDbI]DXLD�ISLHFUILaZLCGXLTINFULGISLCi DCk
ISLTQTDNHLk\LD�ISLICbISMFHbLD�FUIFILXLTIp CLHFIGT\IDLFCHGLCLaZLCGXLTIUXFJF�L]IDbC�bIbCLZCLkG]IGDTUA

#�$
����
��	 ��~n�ISUILZICFTUGIGDTZCDEFEGHGIGLU�utw�wt�u�stu|~zz̄ �~�u{~�v©pij(n) wt~

pij(n) =�[Xn = j | Xn−1 = i].

#�$
����
�"	�ªTGILPFCQDM]SFGTxzw��x{~�wt�u�stu|~zzz§|�{�w{{�~{tw�zx{xu�stuvw�vxyx{x~zpij(n) �u�u{�~s~��u�n�¦�{�xz|wz~{�~©wt~�~�u{~�v©pij ��
�~~y~�~�{zu�suzzxvy~

u§{|u�~zu� {�~~·s~tx�~�{z}~y~�~�{zu�S
�wt~|wyy~�z{w{~z�

#�$
����
�.	 ��~ICFTUGIGDTXFICGa�utw�wt�u�|�wx�xz{�~�w{tx·P *x{�~�{tx~zpij ��
�~

GTGIGFHZCDEFEGHGIJML]IDCxz{�~�~|{utπ0 = {p
(0)
j } = {�[X0 = j]}�

�DC FPFCQDM]SFGTNLXFJMGUbFHGhLFZCD]LUUNSG]SXDMLU �CDXUIFILIDUIFILA �I UFCIUGTj NGISZCDEFEGHGIJp
(0)
j
A �� FIFTJIGXLGI GU GTUIFIL j j ISLTGIXDMLUDTISLTLaI�UILZ� ID

j NGISZCDEFEGHGIJpij AWSLGTGIGFHZCDEFEGHGIGLUFCLISDb\SID�FU\GMGT\ISLZCDEFEGHGIGLU�DCISLMFCGDbUZDUUGEHLUIFCIGT\UIFILUAWSLGTGIGFHZCDEFEGHGIJML]IDCFTkISLICFTUGIGDTXFICGa]DXZHLILHJkLILCXGTLISLPFCQDM]SFGTZCD]LUUjUGT]LISLJFCLUb�]GLTIIDEbGHkISLLTIGCLICLLXLFUbCLAWSbUj\GMLTFTJZCDEFEGHGIJML]IDCπ0
FTkFTJZCDEFEGHGIJXFICGaP j ISLCLGUFbTG�bLPFCQDM]SFGT�La]LZIZDUUGEHJ�DCCLTFXGT\ISLUIFILU�NSG]SNGHHSFMLISLπ0

FUGTGIGFHZCDEFEGHGIJML]IDCFTk
P FUICFTUGIGDTXFICGaA

�	�  ������������
�
�
�������
#�$
����
�
	 }PFCQDMPDkLHU�

���wt�u�|�wx��u�~y xzzs~|x�~�v©x�~�{x�©x��­}w�{�~z~{u� z{w{~zS = {1, ..., m}¯}v�{�~z~{u�suzzxvy~{tw�zx{xu�z̄ �w�~y©̄ {�uz~swxtz(i, j)
�ut*�x|�pij > 0¯w��̄}|�{�~�§�~tx|wy�wy§~zu� {�uz~pij

{�w{wt~suzx{x�~�
���~�wt�u�|�wx�zs~|x�~�v©{�xz�u�~y xzwz~�§~�|~u� tw��u��wtxwvy~zX0, X1, X2, ...,{�w{{w�~�wy§~zx�S¯w��*�x|�zw{xz�©
�(Xn+1 = j|Xn = i, Xn−1 = in−1, ..., X0 = i0) =�(Xn+1 = j|Xn = i) = pij ,�utwyy {x�~zn¯wyy z{w{~zi, j ∈ S¯w��wyysuzzxvy~z~�§~�|~zi0, ..., in−1

u� ~wtyx~tz{w{~z�
YHHISLLHLXLTIUD�FPFCQDM]SFGTXDkLH]FTELLT]DkLkGTF{tw�zx{xu�stuvwvxyx{©�w{tx·jNSG]SGUUGXZHJFIND�kGXLTUGDTFHFCCFJNSDULLHLXLTIFIISLi�ISCDNFTkj�IS]DHbXTGUpij

[
















p11 p12 · · · p1m

p21 p22 · · · p2m

. . . .

. . . .

. . . .
pm1 pm2 · · · pmm

















.

�IGUFHUDSLHZ�bHIDHFJDbIISLXDkLH GTISLUD�]FHHLk{tw�zx{xu�stuvwvxyx{©�tws�jNSDULTDkLUFCLISLUIFILUFTkNSDULFC]UFCLISLZDUUGEHLICFTUGIGDTUA¤JCL]DCkGT\ISLTbXLCG]FHMFHbLUD�
pij
TLFCISL]DCCLUZDTkGT\FC]UjDTL]FTMGUbFHGhLISLLTIGCLXDkLHGTFNFJISFI]FTXFQLUDXLD�GIUXF�DCZCDZLCIGLUCLFkGHJFZZFCLTIA



¶·w�sy~�� T́LaLXZHLLUIkDTT¬LTª\bCL@j]DCCLUZDTkFTI�HFXFICG]LkLICFTUGIGDTUbGMFTIL[

T =

















0 1
2 0 1

2 0 0
0 0 1

4
1
8

1
8

1
2

0 0 0 0 0 1
0 1 0 0 0 0
0 0 0 0 1 0
0 0 1

2 0 0 1
2

















s1 s2

s3
s4

s5
s6

���

���

������

���

����
�

���

�
���

���	
	������������������
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¶·w�sy~���rL]DTUGkLC,LCXFT
UXbIbFHLa]HbUGDTFH\DCGISX���AWSLIDZDHD\JGUF]J]HG]\CFZS�CGT\�D�N MLCIG]LUjFTkISLU]SLkbHLCUJT]SCDTDbUAWSLULID�UIFILUGUQ = {0, 1}jFTkISLTbXELCD�XF]SGTLUN
GUDkkAYILF]SUILZjISLUIFILD�LMLCJXF]SGTLx(i) (1 ≤ i ≤ N

�GU]SFT\LkGTID
x′(i) FU�DHHDNU[
�G�x(i) 6= x(i − 1)

ISLTx′(i) = ¬x(i)j
�G�x(i) = x(i − 1)

ISLTx′(i) =

{

0 NGISZCDEFEGHGIJ1/2j
1 NGISZCDEFEGHGIJ1/2A

�rSLTi = 1j(i − 1) UIFTkU�DCN AYUbUbFHj¬0 UIFTkU�DC@jFTk¬1
�DC«A�

�DCINDIDQLTUjISL,LCXFTXFICGaGUD�ISL�DCX[
























1 0 0 . . . 0
1
4

1
2

1
4

0 1
4

1
2

1
4

. . . .
. . .

. .
1
4

1
2

1
4

1
4

3
4

























¶·w�sy~���rL]DTUGkLCISLZCDEHLXD�ISL�ILCFILkBCGUDTLC
UdGHLXXFjFUXDkLHLkGT���AWSLIDZDHD\JGUF]J]HG]\CFZS�CGT\�D�N MLCIG]LUjFTkISLU]SLkbHLCCFTkDXGhLk]LTICFHAWSLULID�UIFILUGUQ = {−, +}AYILF]SUILZjFMLCILai �1 ≤ i ≤ N
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x x x x
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� ũ 
��� S̃ 

���� �
� r 
�S̃ ��� r������ ũr
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������
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(P (µ))ij = pij(µ(i)).
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vµ
i = Eµ

i [
X

0≤k

cµ(Xk)],

�
����cµ �
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S \ L 
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���� cµi = c(i, µ(i))�
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�
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� �
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�
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���:D
µ∗�
�������

vµ∗

i ≥ vµ
i ,

�
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�
�
�
µ�����������
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��������

������������

�
������

�v∗ : S → R 
�������

v∗i = supa∈A{
X

j∈S

pij(a)v
∗
j + c(i, a)}

�
���� i ∈ S \ L���
�

v∗i = 0
�
���� i ∈ L���

��������
��������
���������
����
�a = µ∗(i)�
�
�

�� 	���
������������

�

µ∗ : S → A�����µ∗ 
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����	��������

���


�
�����
�����
��
�������v∗ ≥ vµ �
�����
���
�
µ�F�

v = vµ∗ ���������
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�
f : C 7→ [0, 1] 
�������P

x∈C f(x) = 1�
���������A
	I
CB�(S,Acts, A, p) :�
������* �'	*����<�
4:�(
�
	
��0
J ��
��	�	�S �* ����	��
J��
��	�	�Acts �* �:���
��
J�*8
:���
A : S 7→ 2Acts �'������:���	�<��'	�:'i ∈ S ��
��	�	�A(i) ⊆ Acts �* �:���
��5������	��s�
J�*8
:���
p : S×Acts 7→ D(S)

�'������:���	�<��'	�:'i, j ∈ S �
;a ∈ A(i)
�'	
���������Dp(i, a)(j)!��(	��(	�<����	
pij(a)!�

* ����
�����
*��(i
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JS = {1, 2, 3, 4} 
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• 1
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� ��������
 �����
������
�
�
�����

�
���
 ��
������
 ��
���������
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J�
���
��i ∈ {2, 3, 4}A(i) = {Un,Opp,Adj}�A(1) = ∅�
J����
�
�������
�


����
���
�
��
�

j = | 1 2 3 4

p2,j(Un) | 1/4 0 1/4 1/2
p2,j(Opp) | 0 1 0 0
p2,j(Adj) | 0 1 0 0
p3,j(Un) | 0 1 0 0
p3,j(Opp) | 1 0 0 0
p3,j(Adj) | 0 0 0 1
p4,j(Un) | 0 1 0 0
p4,j(Opp) | 0 0 0 1
p4,j(Adj) | 1/2 0 1/2 0

���������A@	 ��5	
�
CB�(S,Acts, A, p)!��8��	�L �* ����	�����

���*0
∀i ∈ L, a ∈ A(i) : pij(a) > 0 ⇒ j ∈ L=
�������

��
��L 

��������
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�����
��1��

�
������1
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�
CB�(S,Acts, A, p) �
;�:���	;�	�L �
���:Dµ ��
���
�
�
��������L �
*!*��

��� i ∈ S 0�µ
i (TL < ∞) = 1!<'	�	TL = min{t : Xt ∈ L}

���'	���� ���
;�(%��(	�* 	
���
:	�
L �������
4*��(X0 = i 8
;	�
���:Dµ%=
�
������
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��L������
����PolP ������
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c : S × Acts 7→ 	��
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�
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�

������
����i ����������

�

a ∈ A(i)
���
�����c(i, a) 
�

���
��
ci(a) �
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����

i ������

�a 
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�����
��t�����

�
�������

ci(a)�
	
�

������
�
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������

�
µ �������
����
i 
��
���

�
µ(i) ∈ A(i)��

���

���
���

PolD = {µ | µ(i) ∈ A(i), i = 1, . . . ,m}.

���������������µ �
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����a ∈ A(1), c1(a) = 0
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�����
���
�����

�����	�
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������� ����T{1} = min{k | Xk = 1}
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�
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	����������

�vµ
i
�* �
���:Dµ ��i ∈ S\{1}

��;	�
	;�D

vµ
i = Eµ

i [

T{1}−1
X

k=0

c(Xk, µ(Xk))] = Eµ
i [

∞
X

k=0

c(Xk, µ(Xk))].
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vµ
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1 ≤ i ≤ m

�
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����vµ
1 = 0�

���������AH	 ��5	
�
CB�<��':��� (S,Acts, A, P, c)! �8

��	�'�� �'	�	�� �:���2*�		����	! ��D����	"!<'�:'���������
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��������;	�	�(�
	!*����� i ∈ S\{1}

v∗i = inf
µ∈PolP

vµ
i
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c = 1
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�����c = −1
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[P (µ)]ij = pij(µ(i)),
�
�i, j = 1, ...,m.
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cµ =

0

B

B

B

B

@

c1(µ(1))
.
.
.

cm(µ(m))

1

C

C

C

C

A

�
��������
�

�
�	���
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�
��µ�
������(Xt = j | X0 = i, ��

�
µ


�
��) = [P t(µ)]ij ��
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�
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�
vµ

i
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vµ

1 , ..., v
µ
n ��

������vµ = limk→∞

Pk
t=0(P

t(µ))cµ�
��

�
����������
�

�
��
�
��µ� 
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�
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��� �
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�����������
��
Lµ : 	m 7→ 	m ���

L∗ :	m 7→	m ��
������
Lµ(v) = cµ + P (µ)v�
L∗(v)
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�mina∈A(i)[ci(a) +
Pm

j=1 pij(a) vj ]�
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�v := c+ Pv 
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��c ���P ����������

cµ ��
�
P (µ)��

�
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�
��������(Lµ)k(v) = P k(µ)v +
Pk

t=0[P
t(µ)]cµ�
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�
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L∗ �
;Lµ ��
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�	�'��L∗(v) ≤ L∗(v′)�
;Lµ(v) ≤ Lµ(v′)
*�����v, v′ �8:'�'��v ≤ v′
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P

t c(Xt, µ(Xt))] =
P

t E
µ
i [c(Xt, µ(Xt))] =

P

t(
P

j

�
i(Xt =

j)c(j, µ(j))) =
P

t(
P

j [P
t(µ)]ijc

µ
j ) =

P

t(P
t(µ)cµ)i��

����vµ =
P

t(P
t(µ))cµ���
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����p11(a) = 1 ��
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����i ∈ S\{1} 
�������vµ
i = limk→∞[

Pk
t=0 P

t(µ)cµ]i = ∞�
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>�//?�	
	�I��8(
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	�µ ��������	�
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vµ ���'	8
�78	�)	;
��
��*Lµ <��'�
V =
���%
	�µ ��������	�
4;	�	�(�
����:
���:D=&'	
limt→∞(Lµ)t(v) = vµ *�����v ∈ V =
��%
	�µ �	�;	�	�(�
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���������
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�������
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�V ��������
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�������v = L∗(v) = Lµ(v) ��
�
v′ = L∗(v′) = Lµ′

(v′)�
��������(b)��

�
��������µ ���µ′ ���
���
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�
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��v = vµ ���v′ = vµ′ �������v = (L∗)t(v) ≤ (Lµ′

)t(v)
�
���� t ≥ 1���

���������(a2)��
�
���
�v ≤ limt→∞(Lµ′
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��������
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0
������v ∈ V ! limk→∞ Lk(v) = vµ∗

����*=
����

�
��

���(L∗)t(v) → vµ∗ �
����v ∈ V �
���

∆
���������
��
�

��

��
����


∆i =



0

�
i = 1

δ

�
i 6= 1,

�
����δ > 0
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������������v∆ ���������
�
�V 
��

��
��
Lµ∗

(v∆) = v∆ −∆.
[�����

���
���
�������
������
���������

�v∆ = cµ

∗

+ ∆ + P (µ∗)v∆(= Lµ∗

(v∆) + ∆)
��
�

��
���

���

��
�
�
�V ����������
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�������]�
��� v∆ 

����

�����
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���
�
��
���
µ∗ �
� cµ
∗ ����������cµ∗

+ ∆��
�����v∆ ≥ vµ∗ �

��������
����
����v ∈ V ��
������

�
∆ > 0 
�������v ≤ v∆��

������

vµ∗

= L∗(vµ∗

) ≤ L∗(v∆) ≤ Lµ∗

(v∆) = v∆ −∆ ≤ v∆.
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�
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��
�L ����������
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���
��

vµ∗

= (L∗)t(vµ∗

) ≤ (L∗)t(v∆) ≤ Lt−1(v∆) ≤ v∆, ∀t ≥ 1
�

������(L∗)t(v∆) �
������
�


��ṽ ∈ V ���
����
��
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��
�L∗��

���
�����ṽ = vµ∗ ���
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�������������vµ∗

1 = 0��
���

vµ∗

−∆ = L∗(vµ∗

) −∆ ≤ L∗(vµ∗

−∆) ≤ L∗(vµ∗

) = vµ∗

,

vµ∗

−∆ ≤ limt→∞(L∗)t(vµ∗

−∆) ≤ vµ∗ ��
�
�������
����
���
��
��
�
����limt→∞(L∗)t(vµ∗

−∆) = vµ∗ �
�
����v ∈ V ��

����
��δ > 0 
�������

vµ∗

−∆ ≤ v ≤ v∆.
���
�
�
�
�
��
�L∗��

���������
(L∗)t(vµ∗

−∆) ≤ (L∗)t(v) ≤ (L∗)t(v∆), ∀t ≥ 1,
���

���limt→∞(L∗)t(vµ∗

−∆) ≤ (L∗)t(v) ≤ (L∗)t(v∆) = vµ∗

�
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�
�

���limt→∞(L∗)t(v) = vµ∗ �
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	�I��8(
���
�'��;=&'	
0
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�<��'�
�'	�8��
�:	V = {v ∈	m|v1 = 0}=
���%&'	�		)������������	�
4;	�	�(�
����:
���:Dµ∗ �8:'�'��v = Lµ∗

(v)
��
v = L∗(v)=&'���'�<��'���L∗ '���8
�78	�)
��
�!<'�:'��	78�� ��vµ∗ =

���%������v ∈ V ! limk→∞ Lk(v) = vµ∗

���%&'	8
�78	�)
��
�vµ∗ �*L∗ ��	78�� ���'	(�
�(8(:���5	:���v∗ =
�:%I;	�	�(�
����:
���:Dµ ���
��(�� �* �
;�
�D�*Lµ(v∗) = L∗(v∗)=

�8��'	�(��	!�'	�		)�����
�
��(�� �;	�	�(�
����:%�������	�
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���:D=
F
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�������������������
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µ′(i) = ��
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b
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9/10

1/2
c

B

1 U = R

1/10

9/10 1/2

1/10

a

���	
	����������
������
��������
������
�
���

	�����
�
��
�
��
����
�
�������

���

�v∗A, v∗B
	����ci(α) = −1 �
��i = A,B

��
α = a, b, c, d

�
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�
������
���������
�
���������v∗i �
����
��������

���
������
����������������������
�
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�
�
��vA = vB = 0�
+�
��
�����
�
�����

vn+1
A = pAA(a)vn

A − 1 = 1
10
vn

A − 1
vn+1

B = minα∈{b,c}[pBB(α)vn
B + pBA(α)vn

A] − 1 = min[ 1
2
vn

A,
9
10
vn

A + 1
10
vn

B] − 1.������������������v0
A, v

0
B = (0, 0)�
���
����

v1
A = −1, v1

B = −1
v2

A = − 11
10
, v2

B = min{− 1
2
,−1} − 1 = −2

v3
A = − 111

100
, v3

B = min{− 11
20
,− 119

100
} − 1 = − 219

100

· · ·F������
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���vn
A�

����������
�����
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9
,− 20

9
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x ∈	n 


�������L∗(x) ≥ x��

���v∗ ≥ x��
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�
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���v∗ 
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�
��β′x

�������
c(i, a) +

Pn
j=1 pij(a) xj ≥ xi, i = 1, ..., n, a ∈ A(i),
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����β 
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��L∗ �;(���	)�:��D�
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�v• �8:'�'��v• = L∗v• =
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�v• �*L ���'	��
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��(�����8���
�* �'	*����<�
4��
	��
��4��((�
4
����	(�
�'	�	�{vi}i6=1

�* 5������	�0C�)�(�		P

i6=1 vi
�8��	:���

vi ≤
X

j∈S

pij(a) vj + c(i, a) i ∈ S\{1}.

J1�
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DC��G�5��

���:Dη �'���	�	:����	5	�Di 6= 1 �
�D�:���
�a �'��(�
�(�		P

j∈S pij(a) vj+
c(i, a)=&'	
!
���:Dη ���������	�
4!�
;<	'�5	0vη

i = v∗i = v•i
*����� i 6= 1=
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��f : S 7→�
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;�(5������	τ ��G�
4���5��8	��
�∪ {∞} �
;�8:'�'��*����� �
�	4	��m ≥ 0! �'		5	
�{τ = m} :�
�		)
�	��	;�
�	�(��*X0, X1, ...,Xm =
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���
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���������
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�{τ = m} ∈ Xm
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τ1 = Ti, τ2, ...
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�������
����
�F�

�����
��
��


�����
�����


�
��
���
�	��
�����
 ����Xn
�����
���
�

���������
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�������
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��:	��{Xn}!�
;�	�T �	����

�
4��(	�
*
{Xn}
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��	
�'�����	����
	�* �'	*����<�
4:�
;����
�'��;�0
�α%�2��!T ≤ n0

*����(	n0 ≥ 0!��
�β%�2��!T <∞∧ (n < T ⇒ |Mn| < K <∞)!&'	
E[MT ] = E[M0]=
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�	" ���������������
���������
�����
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�����������
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�N �
�
����
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�����
�����{S2

n − n : n ≥ 0}
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������
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E[S2
n+1 − (n+ 1) | Sn] =

E[(Sn +Xn+1)
2 − (n+ 1) | Sn] =

E[S2
n | Sn] + 2E[Sn ×Xn+1 | Sn] + E[X2

n+1] − (n+ 1) =
S2

n + 2SnE[Xn+1] + E[X2
n+1] − (n+ 1) =

S2
n + ( 1

2
+ 1

2
) − (n+ 1) =

S2
n − n�
�
����Xn
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����n������
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�����
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E[S2
0 ] = E[S2

T − T ] = N2�(ST = N) − E[T ],

��������E[T ] = NE[S0] − E[S2
0 ] �
����
���

	�

��������������(ST = N) = E[S0]/N ��
�
�������
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�
��
�����
����
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����(T <∞) = 1���
�
�

���
�

��

�
n < T ��

������|S2
n − n| < K <∞

�
�K = N2 −N �

�.���������A
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��	�'��D = (Dt)
∞
t=0

���
�

	4���5	���:'����:
��:	���
{0, 1, · · · , B} �8:'�'��
E[Dt+1|Dt] ≤ βDt �<��'0 < β < 1

%=&'	
�* τ ���'	������(	�'��Dt = 0!<	'�5	0E[τ ] ≤ B/(1 − β).

����*=�����
��

Z(t) = (B − Dt) − (1 − β)min(t, τ)


�
������
�����

���E[Z(t + 1)] − Z(t) =

Dt − E[Dt+1] − (1 − β) ≥ (1 − β)(Dt − 1) ≥ 0�
�
��
����τ 

�
�
��
���
���
�Z ��������
�������


Z(t+ 1) − Z(t) ��
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���������+��

�����
��
��������
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�
������
�����
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���������
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�E[Zτ ] ≥ Z0�


���B − (1 − β)E[τ ] ≥ 0��
�����E[τ ] ≤ B

1−β
�
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��	�'��D = (Dt)
∞
t=0
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	4���5	���:'����:
��:	���
{0, 1, · · · , B} �8:'�'��
E[Dt+1|Dt] ≤ Dt =�8��'	�(��	�8

��	�'���(Dt+1 6= Dt) ≥ α �<��'α > 0

%<'	
Dt > 0=&'	
�* τ ���'	������(	�'��Dt = 0!<	'�5	0E[τ ] ≤ B2/α.
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Z(t) = (B −Dt)

2 − αt
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���E[(Dt+1 −Dt)

2] ≥ α�
	
�������E[(Dt+1 −

Dt)
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�
((Dt+1 − Dt)

2 ≥ 1) =
�

(Dt+1 6= Dt) ≥ α�
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���� τ 
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E[Zτ ] = B2 − αE[τ ] ≥ Z0 = (B −D0)

2�������

E[τ ] ≤ 1
α
(B2 − (B −D0)
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α
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�����������
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��� 
�
��
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���� E[S0] = E[ST ] =
0 ×
�

(ST = 0) +N ×
�

(ST = N) = N
�

(ST = N)�
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Mt
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(Xt, Yt)

�
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�:	S × S <��'�'	
��
	���	�
"= 6�:'�* �'	
��:	��	�(Xt)

�
;(Yt)
���*���'*8� :�
D�*Mt

��
�= �*Xt = Yt! �'	
Xt+1 = Yt+1 =
F���
�������
� (Xt)� (Yt)��
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������������������
��
�

���

��

���
��
���
��
�����
���
��(Xt, Yt)

��(X,Y ) 7→ (X ′, Y ′)
	����
��������
������
�

(X,Y ) ∈ S × S��
���
���
���
�
��
�(Xt, Yt)

�
(Xt+1, Yt+1) �

���

(Xt+1 = X ′|(Xt, Yt) = (X,Y )) =
pXX′

����(Yt+1 = Y ′|(Xt, Yt) = (X,Y )) = pY Y ′

�
�

���������

	 ��5	
�:�8
��
4(Xt, Yt)! �'	
	����������
���
���
����0

T = maxi,j∈S E[Ti,j ],<'	�	Ti,j = min{t : Xt = Yt | X0 = i, Y0 = j}.

�
������Ti,j
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4(X,Y ) 7→ (X ′, Y ′)!�*8
:���
δ�
S×S <'�:'��G	�5��8	��
{0, 1, ..., B}!�
;�
�����5	:�
���
�β < 1 �8:'�'��!*�����(X,Y ) ∈ S×S 0

J δ(X,Y ) = 0
��
X = Y !�
;

JE[δ(X ′, Y ′)|X,Y ] ≤ βδ(X,Y ). (1)

&'	
�'	:�8
��
4��(	������	�0T ≤ B
1−β

.
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i, j ∈ S���
�����
���
��(Xt, Yt)


����
����
�(X0, Y0) = (i, j)�
���

Dt�������
��

��
�����Dt = δ(Xt, Yt)
�
�t ≥ 0�

�
���δ(Xt, Yt) = 0

�
Xt = Yt�

��������
��Ti,j
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���� i, j ∈ S�E[Ti,j ] ≤ B/(1 − β)�
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4(X,Y ) 7→ (X ′, Y ′)! �*8
:���
δ �
S×S <'�:'��G	�5��8	��
{0, 1, ..., B} �
;�:�
���
�α > 0 �8:'�'��!*�����(X,Y ) ∈ S×S 0

J δ(X,Y ) = 0
��
X = Y !�
;

JE[δ(X ′, Y ′)|X,Y ] ≤ δ(X,Y ) ∧
�

(δ(X ′, Y ′) 6= δ(X,Y )) ≥ α. (2)

&'	
�'	:�8
��
4��(	������	�0T ≤ B2

α
.
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 i, j 

�
S ��
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���
��(Xt, Yt)

� 
�
�
�� ������� (X0, Y0) = (i, j)�

���

Dt = δ(Xt, Yt)
�
�t ≥ 0�

�
���δ(Xt, Yt) = 0

�
Xt = Yt�

��������
��Ti,j
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�Dt

�

�����0�������
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�
���� i, j ∈ S�E[Ti,j ] ≤ B2/α�
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��������������������E����(Xt+1 = i′ | (Xt, Yt) = (i, j)) =
�

(Mt+1 = i′ | Mt = i) ��
�

�
(Yt+1 = j′ | (Xt, Yt) = (i, j)) =

�
(Mt+1 = j′ | Mt = j)�
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���� �
�
���Xt(i) = Xt(i − 1)
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Yt(i) = Yt(i − 1)
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i ��Xt

��
Yt
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Xt+1(i)

��
Yt+1(i)
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Xt+1(i) = Yt+1(i) =



0 ������
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��1/2�
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	;�
S × S <'�:'��G	�5��8	�
{0, ..., B}=

	�U �	��8��	��* S × S �8:'�'��!*����� (X,Y ) ∈ S × S 0�'	�		)�����
��'X = Z0, Z1, ..., Zr = Y

�	�<		
X �
;Y�8:'�'��(Zi, Zi+1) ∈ U
*��0 ≤ i < r �
;Pr−1

i=0 δ(Zi, Zi+1) = δ(X,Y ). (3) 8

��	�'	�		)����:�8
��
4(X,Y ) 7→ (X ′, Y ′)
*���'	C��G�5:'��
(Mt)

�
���
����(X,Y ) ∈ U !�
;�:�
���
�β ≤ 1 �8:'�'��!*�����(X,Y ) ∈ U 0
E[δ(X ′, Y ′)|X,Y ] ≤ βδ(X,Y ). (4)&'	
�'��:�8
��
4:�
�		)�	
;	;���:�8
��
4*��(Mt)

�
S×S!<'�:'������	�(4)
*�����(X,Y ) ∈ S×S =

�������������

�
��������δ(X,Y ) = 0

�
X = Y ���

�
δ(X,Z) ≤ δ(X,Y ) + δ(Y,Z)�

�
����X,Y,Z ∈ S�
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�0 ≤ i < r
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i=0 δ(Zi, Zi+1) = δ(X,Y )��
�����

E[δ(X ′, Y ′)] ≤
Pr−1

i=0 E[δ(Z′
i, Z

′
i+1)]

	����
�������
������
������
����
��
���������
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Pr−1
i=0 βδ(Zi, Zi+1)
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J∀(Xt, Yt) ∈ S × S (<��'Xt 6= Yt) :
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(δ(Xt+1, Yt+1) 6= δ(Xt, Yt)) ≥ 1/2.
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`
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�β < 1 �8:'�'��!*�����(X, Y ) ∈ S × S 0
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X = Y !�
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n}n≥0 �
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µ(Xn) = µ(X ′
n)
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����n ≥ 0���
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��������

�
��
������
��

{X ′

n}n≥0

�������µ(X ′′

n) = π
�
����n ≥ 0��

����
���������
����
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�
�
π

�
��
�

��
�
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�
n↑∞ dV (X ′
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′′
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��T 
�������X ′

n = X ′′
n

�
���� n ≥ T ����
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�
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�

������
�������� 	
�������

���
�
���������

dv(X ′
n,X

′′
n) ≤

�
(T > n). (1.10)
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�
�n↑∞
�

(T > n) = 0���
�������
��(1.9)
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=���2���% ��5	
�<�;������8���
�µ �
;ν �
�����	�
�:	S!
	�Z = (X,Y )

�	
���
;�(5������	�
S × S =<'	�	X ��;������8�	;�::��;�
4���;������8���
µ �
;Y ��;������8�	;�::��;�
4���;������8���
ν =&'	
0

dV (µ, ν) ≤
�

(X 6= Y )=C��	�5	�! �'	�		)��������
� ;������8���
Z = (X,Y )!<'	�	X ��;������8�	;�::��;�
4��µ �
;Y ��;������8�	;�::��;�
4��ν!*��<'�:'	78����D'��;�=
����*=�
�����s ∈ S��

�����
�

(X = Y = i) ≤ min(
�

(X = i),
�

(Y = i)).
������

(X = Y ) ≤
P

i∈S min(
�

(X = i),
�

(Y = i))�
���������
��
�

(X 6= Y ) ≥ 1 −
P

i∈S min(
�

(X = i),
�

(Y = i))
P

i∈S(
�

(X = i) − min(
�

(X = i),
�

(Y = i)))�
������

�����
��
��
����
�
�

dV (µ, ν) =
P

i∈S(
�

(X = i) − min(
�

(X = i),
�

(Y = i)))�
	���������(X = i) − min(

�
(X = i),

�
(Y = i)) = 0 �

���µi < νi���
�
�
���µi ≥ νi
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i mi = 1��
���X ���Y
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�����Z = (X,Y )
����
�����

�
(X = i, Y = j) =

(

mi

�
i = j �

(µi−mi)(νj−mj)
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P

z mz
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P

i mi = 1 − dV (µ, ν).
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�Z ��(X = i) = µi
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������������


���
���
��(Y = j)�
��mi = µi

�����(X = i, Y = i) = mi
����(X = i, Y = j) = 0 �

���x 6= y�

�(X = i) = µi��
�

mi = νi�
����

�
(X = i) =

P

j

�
(X = i, Y = j)

= mi +
P

y 6=x

(µi−mi)(νj−mj)

1−
P

z mz



= mi +
(µi−mi)

P

y 6=x(νj−mj)

1−
P

z mz

= mi +
(µi−mi)(1−νi−(

P

z(mz−mi))

1−
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z mz

= mi + (µi −mi)
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4��(	τ(ε) �* �
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��C��G�5:'��
������	�0τ(ε) ≤ T dln ε−1e!<'	�	T = min{t :

�
(Ti,j > t) ≤ e−1 *����� i, j}=
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dV (Xt, π)) ≤
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(Ti,j > t)F�
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(����)�
S =������
���������D;������8���
�µ �
;ν �
S!

limn→∞ dV (µPn, νPn) = 0=
�

����:8���!�* ν ���'	������
��D;������8���
π! limn→∞ dV (µPn, π) = 0!�
;<��'µ = δj ! �'	
���������D;������8���

8���
4��� ���(����
j!

limn→∞

P

i∈S |pji(n) − πi| = 0=
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�πx = b(x)/B��
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x ∈ S �
�����b(x) > 0 ��
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P

x∈S b(x)
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�.���������A�	��� ��
��	����	�
�:	S �
;
	�4'���'��;���8:�8�	{N(X) | x ∈ S}! �	�N =
maxx∈S |N(x)|=
	�M �	�
D
8(�	��8:'�'��M ≥ N =��� ��� x ∈ S! �	� πx > 0

�	�'	;	���	;

���������D�* ����	x �
�'	������
��D;������8���
=1�
��;	��C��G�5:'��
<'	�	

Px,y =

8

<

:

(1/M) min(1, πy/πx)
�*
x 6= y �
;y ∈ N(x)�

0
�*
x 6= y �
;y 6∈ N(x)�

1 −
P

y 6=x Px,y
�*
x = y=

&'	
! �* �'��:'��
�����	;8:���	�
;�
	���;�:! �'	������
��D;������8���
��4�5	
�D�'	
��������2��	�πx =


