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—— Abstract

We consider turn-based stochastic two-player games with a combination of a parity condition
that must hold surely, that is in all possible outcomes, and of a parity condition that must hold
almost-surely, that is with probability 1. The problem of deciding the existence of a winning
strategy in such games is central in the framework of synthesis beyond worst-case where a hard
requirement that must hold surely is combined with a softer requirement. Recent works showed
that the problem is coNP-complete, and infinite-memory strategies are necessary in general, even in
one-player games (i.e., Markov decision processes). However, memoryless strategies are sufficient
for the opponent player. Despite these comprehensive results, the known algorithmic solution
enumerates all memoryless strategies of the opponent, which is exponential in all cases, and does
not construct a winning strategy when one exists.

We present a recursive algorithm, based on a characterisation of the winning region, that gives
a deeper insight into the problem. In particular, we show how to construct a winning strategy to
achieve the combination of sure and almost-sure parity, and we derive new complexity and memory
bounds for special classes of the problem, defined by fixing the index of either of the two parity
conditions.
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1 Introduction

Turn-based games provide a simple model for the synthesis of system components satisfying a
given specification. A component is viewed as a player trying to achieve a winning condition
defined by the specification, regardless of the behaviour of other components. Abstracting
the other components as a combination of an adversarial and stochastic environment gives
rise to the standard model of two-player stochastic games played on graphs [19, 20], where
the vertices of the graph are partitioned into system, environment, and stochastic vertices.
Starting from an initial vertex, a play is an infinite path in which the successor of each
vertex is chosen by the player owning that vertex (for system and environment vertices) or
according to a probability distribution (for stochastic vertices). In general, strategies define
the choice of the players, which may depend on the sequence of previously visited vertices,
called the history. The synthesis of a component corresponds to constructing a strategy for
the system that maximizes the probability to win (i.e., to satisfy the winning condition),
regardless of the strategy of the environment.
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We consider specifications described by parity conditions, which are canonical to express
all w-regular requirements on plays [28, 15], with the property that memoryless optimal
strategies exists for both players [12, Theorem 1.2], maximizing the probability to win
without having to remember the history of the game. Deciding which player has a winning
strategy in parity games lies in NP N coNP [12, Corollary 1.1], but no polynomial-time
algorithm is known for that problem, even in non-stochastic games. Improved bounds and
quasi-polynomial algorithms exist though [22, 8, 23, 24].

In component synthesis, a natural requirement is to ensure that the winning condition
holds with probability 1, called almost-sure winning. For example, to send a message over
a network that may lose messages with a fixed probability p, a strategy is to keep sending
the same message until delivery, which is almost-sure winning because the probability of
delivery failure after k attempts is vanishing, as p* — 0 when k& — co. An even stronger
requirement is that all possible outcomes, no matter their probability should, satisfy the
specification, called sure winning. This corresponds to the worst-case scenario where the
choices at both environment and stochastic vertices are purely antagonistic. Sure winning is
typically used for critical requirements, while almost-sure winning is used to ensure good
performance in a stochastic environment. Specifications that combine both a sure and
almost-sure parity condition have been considered recently [5, 13|, as a fundamental instance
of the framework of synthesis beyond worst-case [7]. For such specifications, games are
determined [13, Theorem 5] and the synthesis problem is coNP-complete [13, Corollary 7];
memoryless strategies are sufficient for the environment player [13, Theorem 6], and infinite
memory is necessary for the system player [5, Example 1], even in MDPs (Markov decision
processes, i.e., games with no environment vertices).

Despite these comprehensive results, the picture is not complete. The first issue is
algorithmic. The coNP algorithm [13] is to guess a memoryless strategy for the environment
player, and then to check that the system player is losing in the resulting MDP (using
determinacy), which can be done in NP N coNP [5, Theorem 15]. In practice, enumerating
the memoryless strategies for the environment is always exponential, thus inefficient. Another
related issue is the construction of a winning strategy for the system player, which is central
in the context of synthesis. Only in the case of MDPs, the structure of (infinite-memory)
winning strategies has been described [5, Definition 10]. However, the current solution of
the synthesis problem for games gives no clue about how the system should play in order to
satisfy the specification. We argue that these issues reflect the lack of a deeper insight into
games with a combination of sure and almost-sure parity conditions.

Contribution. We outline the main contributions of the paper.

We present a recursive algorithm for deciding the existence of a strategy that is both sure
winning for a first parity condition, and almost-sure winning for a second parity condition.
The algorithm computes the winning set of the system player in worst-case exponential
time. The correctness is established using characterisations of the winning sets for each
player, and gives a better insight into the structure and properties of such games.

We obtain a precise description of the winning strategies for the system player, and how
to construct them by switching between simple (memoryless) strategies, and repeat them
for long enough using unbounded counters. Intuitively, a strategy that is only almost-sure
winning for both parity conditions may have violating outcomes, but representing a mass
of probability 0. Eventually switching to a sure-winning strategy for the first parity
condition is necessary to ensure all outcomes satisfy that condition, however possibly
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at the price of violating the second condition. The crux is to switch so rarely that
those violating outcomes represent a mass of probability 0, maintaining the almost-sure
satisfaction of the second parity condition. A similar idea works in MDPs, combining
strategies that almost-surely visit certain end-components [5]. However, the extension to

stochastic games is non-trivial as the notion of end-components no longer exists in games.

As a consequence of the new algorithm and analysis, we get new bounds on the complexity
and memory requirement of subclasses of the problem, involving the parity index (i.e., the
number of priorities defining a parity condition). When either of the two parity conditions
has a fixed index, we show that the synthesis problem becomes solvable in NP N coNP;
when both have a fixed index, the problem is in P. When the sure condition is coBiichi,
memoryless strategies are sufficient for the system player, and when the almost-sure
condition is Biichi, finite memory is sufficient. This gives a tight and complete picture,
as it is known that the combination of a sure Biichi and almost-sure coBiichi condition
requires infinite memory, already in MDPs [5, Example 1 & Theorem 18].

A technical result of independent interest is the construction of a deterministic parity
automaton (DPW) equivalent to the intersection of two DPW, with a blow up that is
exponential only in the parity index of either of the two DPW. Beyond the product of

the state spaces of the two automata, the blow up is by a factor \/min(d?,dgl) where
d; (i =1,2) is the parity index of the i-th automaton. Our solution is not particularly
involved, but we could not find a construction with this property in the literature. The
construction is crucial in proving that the synthesis problem is in NP N coNP when one
of the parity conditions has a fixed index.

Related work. Synthesis of strategies that satisfy a combination of multiple objectives that
arises naturally in many applications, such as verification [1], planning [21], and AI [26]. In
non-stochastic games and thus for sure winning, combinations of parity objectives [10] and
of mean-payoff objectives [29] have been considered. In stochastic games, the quantitative
analysis of multi-objective conditions saw very little progress, in particular for Boolean
objectives (such as the parity condition), and the known positive results hold for reachability
objectives or subclasses of games [14, 4]. As observed in [5], combinations of quantitative
objectives is sometimes conceptually easier than Boolean objectives. Almost-sure winning for
multiple quantitative objectives has been studied in the case of mean-payoff conditions [9]. The
framework of beyond-worst-case synthesis was initially studied with quantitative objectives
such as shortest path and mean-payoff [7].

We already discussed the results that are closest to our work [5, 13]. We note that the
notion of limit-sure winning (i.e., winning with probability arbitrarily close to 1) has also been
considered in combination with sure winning, and the synthesis problem is coNP-complete,
where the coNP bound is obtained by guessing a memoryless strategy for the environment
player, and then solving an MDP with sure-limit-sure parity condition, which is shown
to be polynomial-time reducible to the sure-almost-sure problem in MDPs [13]. Boolean
combinations of sure and almost-sure winning have been considered for MDPs [3]. A natural
extension would be to consider arbitrary probability of satisfaction (instead of probability 1)
in combination with sure winning. This question is solved for MDPs [5], and remains open
for games.

Omitted proofs are available in the extended version [16].
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2 Preliminaries

2.1 Basic definitions

A probability distribution on a finite set V' is a function d : V' — [0, 1] such that ) d(v) = 1.
The support of d is the set Supp(d) = {v € V' | d(v) > 0}. We denote by D(V') the set of all
probability distributions on V. Given v € V, we denote by 1, the Dirac distribution on v
that assigns probability 1 to v.

A stochastic game G = (V, (V1, Va, Vo), E, §) consists of a finite set V' of vertices, mutually
disjoint (but possibly empty) sets V1, Va, Vi of respectively Player 1, Player 2, and probabilistic
vertices such that V =V, UVo UV, aset E CV x V of edges, and a probabilistic transition
function ¢ : Voo — D(V). We denote by E(v) = {v' | (v,v') € E} the set of all successors
of a vertex v € V, and we require that every vertex has at least one successor, E(v) # @
for all vertices v € V, and that Supp(d(v)) = E(v) for all probabilistic vertices v € Viy. The
decision problems in this paper are independent of the transition probabilities, and therefore
stochastic games can be specified by giving only the partition (V7, Va, Vi) and the set F of
edges. A Markov decision process (MDP) for Player i is the special case of a stochastic game
where one of the players has no role, that is V3_; = @.

The game is played in rounds, starting from an initial vertex vg. In a round at vertex
v, if v € V; (i = 1,2), then Player i chooses a successor v' € E(v) (which is always possible
since E(v) # @), and otherwise v € Vi, and a successor v' € E(v) is chosen with probability
d(v). The next round starts at vertex v’. A play is an infinite path vg,v1,... such that
(vj,vj1+1) € E for all j > 0. A history is a finite prefix of a play. For 7 = vg,v1,..., v, and
J <k, let |7| = k41 be the length of 7, define Last(7) = v, and 7(j>) = vj,...,v. Given a
function  : V' — Z defined on vertices, define Q(7) = Q(vg), Q(v1),...,2(vk) the extension
of Q to histories.

A strategy for Player i (i = 1,2) in G is a function o; : V*V; — V such that (v, 0;(7v)) € E
is an edge for all histories 7 € V* and vertices v € V;. A play vg,v1,... is an outcome
of o; if vj41 = o4(vg,v1,...,v;) for all 7 > 0 such that v; € V;. We denote by Out(v, o)
the set of all outcomes of a strategy o with initial vertex v, and by Out(v, o1, 02) the set
Out(v,01) N Out(v,02). We denote by Pr7'*?* (or simply Prj! in the case of MDPs for
Player i) the standard probability measure on the sigma-algebra over the set of (infinite)
plays with initial vertex vy, generated by the cylinder sets spanned by the histories [2].

A strategy o; uses finite memory if there exists a right congruence = of finite index (i.e.,
that can be generated by a finite-state transducer) over histories such that 7 &~ 7’ implies
oi(1) = oy (7).

An objective is a measurable set v C V¢ of plays. Given a priority function
Q :V — N, we consider the classical parity objective Parity(Q2) = {vg,v1,--- € V¥ |
limsup,_, ., Q(v;) is even} and denote by Parity®(2) = V¢ \ Parity(2) the complement of
that objective (which can itself be defined as a parity objective, using priority function
OF! where Ot (v) = Q(v) + 1). Biichi objectives are the special case of priority functions
Q:V — {1,2} that require visiting priority 2 infinitely often, while coBiichi objectives are
the special case of priority functions Q : V' — {0,1} that require visiting priority 1 only
finitely often. A key property of parity objectives is prefix-independence: 6 € Parity(Q2) if
and only if 70 € Parity(Q2), for all # € V¥ and 7 € V*. Given a set U C V and priority p € N,
we denote by U(Q,p) = {v € U | Q(v) = p} the set of vertices of U with priority p, and
by ma>,(7) the sequence obtained from Q(7) by removing all priorities smaller than p. For
example, if 7 = vovzv1v3V4v1v3 and Q(v;) = ¢, then To>3(T) = 3343.
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(2,0) (1,0) (1,0) (2,1)

" N " 1-@

Figure 1 An MDP where the combination of sure Biichi and almost-sure coBiichi requires infinite
memory [5]. Each node v is labeled by the pair of priorities (£21(v), Q2(v)), inducing a (sure) Biichi
condition to visit a vertex in {v.,vq} infinitely often, and an (almost-sure) coBiichi condition to
visit vq finitely often.

A strategy o1 of Player 1 is sure winning for objective ¥ from an initial vertex v if
Out(v,01) C ¢, and almost-sure winning if Pr
Note that sure winning for ¢ immediately implies almost-sure winning for ¢ (not the converse),

01,02
v

and that a strategy that is almost-sure winning for ¢; and for 1, is almost-sure winning for
11 N b (here the converse holds).

We consider the sure-almost-sure synthesis problem for parity objectives, which is to
decide, given a stochastic game G with initial vertex v and two priority functions €1, {25,
whether there exists a strategy oy of Player 1 that is both sure winning for objective Parity(€2)
and almost-sure winning for objective Parity(€2). We call such a strategy sure-almost-sure
winning (assuming that the game G, initial vertex v, and priority functions €y, Qs are clear
from the context). We call the set of all initial vertices for which such a strategy exists the
sure-almost-sure winning region, and we call the complement the sure-almost-sure spoiling
region. Sure winning regions and almost-sure winning regions are defined analogously.

It is known that finite-memory strategies are not sufficient for sure-almost-sure winning,
already in MDPs with a combined sure Biichi and almost-sure coBiichi objective [5], as
illustrated in Figure 1 (in figures, Player-1 vertices are shown as circles, Player-2 vertices as
boxes, and probabilistic vertices as diamonds). There is a strategic choice only in v,. Surely
visiting infinitely often a vertex in {v.,v4q}, and at the same time almost-surely visiting only
finitely often vy can be done by choosing v, from v, more and more often as compared to
choosing vy, in a way such that choosing vy infinitely often has probability 0, yet vq is visited
infinitely often in all outcomes where v, is no longer visited from some point on.

2.2 Subgames and traps

Let SurePre; : 2V — 2V and PosPre; : 2V — 2V be respectively the sure and positive
predecessor operator for Player ¢ defined, for all U C V, by SurePre;(U) = {v € V; |
Ew)NU # @}u{v € V3_;UVy | E(v) C U}, and by PosPre;(U) = {v € VUV, | E(v)NU #
2} U{v e Vas | B(w) C U},

Given a set T C V, the sure attractor SureAttr;(T) for Player 7 is the least fixed
point of the operator X ~— SurePre;(X) U T, thus SureAttr;(T) = (U, SurePre! (T') (where
SurePre? (T') = T') and the positive attractor PosAttr;(T)) for Player i is the least fixed point
of the operator X +— PosPre;(X)UT.

Intuitively, from the vertices in SureAttr;(T') Player ¢ has a memoryless strategy to ensure
eventually (in fact, within at most |V| rounds) reaching a vertex in T regardless of the
choices of Player 3 — ¢ and of the outcome of the probabilistic transitions; from the vertices in
PosAttr;(T) Player ¢ has a memoryless strategy to ensure reaching with positive probability
T regardless of the choices of Player 3 — i. We call such strategies the attractor strategies.

A set U C V induces a subgame of G, denoted by Gy, if E(v) NU # @ for all v €
Un (Vi UW,), and E(v) C U for all v € U NV, that is, the two players can cooperate to
keep the play forever in U. Such a set U is a trap for Player i if, moreover, E(v) C U for

(1) =1 for all strategies oo of Player 2.
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all v € U NV;. For example, the set V \ PosAttr;(T) is always a trap for Player i. A key
property of traps is that if Player ¢ has a sure (resp., almost-sure) winning strategy in Gy
(for some objective 1) from an initial vertex v € U where U is a trap for Player 3 — 4, then
Player ¢ has a sure (resp., almost-sure) winning strategy in G from v for .

Consider a set U C V that only satisfies the condition E(v)NU # @ for allv € UN(V1UVa),
as it is the case for U = V' \ SureAttr;(T'). Let Bnd(U) = {v € UNVy | E(v) € U} be the set
of (boundary) probabilistic vertices in U with a successor outside U. Define the subgame
closure [Gly = (U, (U, Ua,Usg), E',8") by redirecting the (probabilistic) transitions leaving
U to a sink vertex, formally (see also Figure 4):

U’ = U U {Usink}»

U1 = UﬂVl; UQ = UﬂVQ; U<> = (UQVQ) U {Usink}7

E'=EFEn (U X U) U Bnd(U) X {Usink} U {(vs;nk,vs;nk)},

§'(v)(v) = é(v)(v') for all v € Uy and v" € U; 6'(v)(vsink) = -, ey \p 6(v)(v') for all

v € Up; and &' (vsink) = Log,, -

Note that if U induces a subgame of G, then [G]y is the disjoint union of Gy and {vgnk}. We
generally assign priority Q1 (vsink) = Q2(vsink) = 0 to the sink vertex, making it winning for
Player 1. Then the key property is that if Player 1 does not have a sure (resp., almost-sure)
winning strategy in [G]y (for some objective ) from an initial vertex v € U, then Player 1
does not have a sure (resp., almost-sure) winning strategy in G from v for .

3 Conjunction of Parity Conditions

It will be useful in the sequel to consider conjunctions of parity conditions: Our algorithm
(Section 5) needs to compute the almost-sure winning region for the conjunction Parity(£2;) N
Parity(€Q2) of two parity objectives.

We revisit the problem of transforming an objective specified as the conjunction of two
parity conditions into an objective specified by a single parity condition. The transformation
is always possible because the parity condition is a canonical way to express w-regular
objectives, and the class of w-regular objectives is closed under Boolean operations [28].
However, we were unable to find a direct construction in the literature, in particular a
construction that would incur only a polynomial blowup when either of the two priority
functions has a fixed range (i.e., when the number of priorities is fixed in one of the parity
conditions).

Such a construction being of independent interest (e.g., in formal languages and automata
theory), we present it using automata models without referring to objectives and games. A
deterministic automaton over a finite alphabet ¥ is a tuple A = (@, ¢, J, @) consisting of a
finite state space (), an initial state ¢. € @), a transition function § : Q x ¥ — @, and an
acceptance condition (which defines a subset of Q“), here a conjunction of parity conditions.
A run of A on an infinite word w = ogoy ... is a sequence ¢oq; ... such that ¢ = ¢. and
0(qi,04) = ¢+ for all i > 0, hence every word has a unique run. Given priority functions
01,95 : Q@ — N, the set L(A) of all words whose run satisfies the parity conditions Parity(£;)
and Parity(€2s) is called the language of A. We denote such automata by D2PW, and in the
special case where 2; = Q5 by DPW, which is the classical deterministic parity automata.

The blowup in the transformation of D2PW into DPW is inevitably exponential, as
shown in [6, Theorem 9] and confirmed by the fact that games with a conjunction of two
parity objectives are coNP-complete [10], whereas with a single parity objective they are in
NP N coNP [18]. A natural path for this transformation is to view the parity condition as a
special case of Streett conditions [6] which are closed under intersection, then to convert the
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Figure 2 Construction of the priority function 12 for the conjunction of the parity condition
defined by the priority functions €2, and Q2. The offset for an even 2;-priority d is calculated as
% - (d2 + 2). The register rq stores the largest Qa-priority since the last visit to an Q4-priority d.

Streett automaton (obtained from the D2PW) into a DPW. Priority functions with range
[d1] ={0,...,d1} and [d2] = {0, ...,d2} give k = O(dy + d2) Streett pairs, and the blowup
in the conversion to DPW is by a factor in O(k*) [27]. A key observation is that this is an
exponential blowup, even if one of dy or ds is constant. The approach “flattens” the parity
conditions by “merging” them, which also happens when using (nondeterministic) Biichi
automata' [6, Section 3.1].

In contrast, we present a direct construction of DPW from D2PW that is conceptually
simple and with a blowup of at most O(max(dilQ/Q, dgl/Q))
priority functions has a fixed range.

, thus polynomial if either of the

The construction

Given a D2PW where the largest priority in the two parity conditions are d; and dy, we
construct an equivalent DPW where the largest priority is O(d; - d2). We informally refer to
priorities defined by a priority function §2; as €2;-priorities. It will be convenient to assume
that do is even, which is without loss of generality (we may increment ds if do is odd).
Intuitively, given a finite run 7 = qoq . . . gx on some finite word w in the D2PW, where
the priorities are Q;(7) = apay . .. ax and Qo(7) = bob; ... by, the run of our DPW on w has
priority sequence cq ... cp with the following properties (see also Figure 2):
(P1) if the Q;-priority ay is odd, then ¢ is odd and the value of ¢; depends only on ay;
(P2) for all runs 7" on some finite word w’ in the D2PW, with Q4(7') = af,...a}, if a; < a},
then ¢;, < ¢}, (where ¢}, is the priority of the last state in the run of our DPW on w’); this
is achieved by allocating disjoint segments where the value of ¢, may lie. The segment
associated with aj has range [do] if ay is even, and it is a single odd value if a;, is odd;
(P3) if the Qi-priority aj is even, then the value of ¢y is calculated as the sum of an
offset v(ay) corresponding to the origin of the segment associated with ay, and the largest
Qo-priority since the previous visit to the Q;-priority ay (or since the beginning of the
run if ay, is visited for the first time in 7). That is, ¢, = v(ax) + max{b;, bi11,...,bx_1}
where i is the largest index smaller than k such that a; = ay, (or, i = 0).

L There is a quadratic translation of DPW into nondeterministic Biichi automata, the intersection of Biichi

automata gives a Biichi automaton with polynomial blowup, but going back to DPW is exponential [25].

This approach also “flattens” the parity condition in the sense that the exponential is in both d; and da.
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In order to satisfy (P3), the DPW automaton maintains, for each even -priority d,
a register ry that contains the largest {2o-priority since the previous visit to a state with
Q4 -priority d (or since the beginning of the run).

Given a D2PW A = (Q, ¢, 0, &) where the acceptance condition « is a conjunction of
parity conditions defined by two priority functions ; and s, let A" = (Q’,¢., ¢, a’) be the
DPW defined as follows:

Q' = Q x [dy]#leven where [di]even = {0,2, .. .,QL‘%J}; a state (g,7o,72, . .. ,T2Ld71j) eqQ

consists of a state g of A and, for each even i-priority d, a register rq4 Wiéh range

[d2] ={0,...,d2};

¢ = (¢:,0,0,...,0);

for every state (g,79,72, ... ’T2L%1J) € Q" and o € X, define 6((q, ro,72, - .. ’T2Ld71j)’0) =

(¢, ri,rhy ... ’T;L%j) where ¢’ = 6(q,0) and for every d € [di]even:

v {max(rd,m(q)) if () # d
T () if 21 (q) = d

the acceptance condition ' is a parity condition defined by the priority function Q1o

)=

such that Qi2(q,70,72,...,7 d-(ds42)
2

2|4 . .
2 +rq ifd=Q(q) is even

The value v(d) = M is called the offset corresponding to even ;-priority d (see
Figure 2).

» Example 1. In Figure 3, on the left side, we have an input D2PW A with states Q
and alphabet {a,b}. To accept a word, it must visit ¢3 infinitely often. In the figure,
above every state ¢ € Q, we write the priorities 2;(¢) and Q3(¢) in parentheses. Thus
Q1(q0) = Qu(q1) = 0, N(g2) = 2, N(gs) =1 and Q2(qo) = 5, Qo(q1) = 3, Qa(q2) = 1,
QQ(q:),) = 6.

In the figure on the right, we show the constructed automaton A’ with states Q'. Note
that the only even priorities that appear on the first dimension for automaton A are 0 and 2.
As stated above, the initial state of A" is ¢{, = (¢o,0,0). As the automaton A reads a letter
and moves to state g; from ¢, then the maximum priority seen on the second dimension
since the last visit to a state ¢ with Q1(¢) = 0 is 5 and the maximum priority seen on the
second dimension since the last visit to a state ¢ with Q;(g) = 2 is also 5. Hence A’ moves
to a state (q1,5,5) from the initial state (go,0,0). The automaton .4 then reads another
letter to move to g2 from g;. For d = 0, we have that q; is the last state ¢ visited before the
current visit to go such that 4(g) = 0. Since Q3(¢1) = 3, we now move to the state (gz,3,5)
in A'. From ¢y, if A now reads a letter and moves to g, since 21(g2) = 2 and Qs(g2) = 1,
we move to the state (go,3,1) in A’. The other states in A’ can be defined similarly.

Now we describe the priority function £215. Note that ds = 6. Since Q1(go) = 0 which is
even, we have that 12(qo,0,0) = O—f + 79 =040 =0. Again, since Q1(q1) = 0, we have
that Q12(¢1,5,5) = %—8 + 179 =0+ 5 = 5. For the state (g2, 3,5), since Q1(g2) = 2, we have
that Q12(ge,3,5) = % + 1o =84 5 = 13. For the state (g3, 3,1), since ;(g3) = 1 which is
odd, we have that we have that Q;2(g3,3,1) = L;G = 7. For the other states in @', the
parity function 215 can be defined analogously. The priority corresponding to each state in
A’ appears above the state in the figure. Further, for every transition from a state (g, r2,74)
to a state (¢/,r5,7}) in A’, we have a corresponding transition from state ¢ to ¢’ in A and
the letter labelling the transition in A’ is the same as the letter labelling the transition in A.
To avoid clutter, we did not add these letters on the transitions in the figure describing A’.
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(0,5) (0,3) 0 5 13 3
)

Figure 3 An example of a D2PW (left) and the DPW constructed (right).

The number of priorities in A’ is in O(d; - d2) and the blowup in the number of states is
by a factor dgl/ 2, By exchanging the two priority functions in our construction, we obtain
a blowup factor of d(f2/ ?, and we can choose the construction with the smaller of the two
factors.

» Theorem 2. Given a D2PW A, we can construct a DPW A’ such that L(A) = L(A’), the
number of priorities in A’ is O(dy - d2), and the blowup in the number of states (of A’ as

compared to A) is by a factor \/min(d{2, d3").

As a corollary, the transformation in Theorem 2 is polynomial when either of the priority
functions in the D2PW has a fixed (but arbitrary) range. In particular, it follows that the
complexity of the synthesis problem for games with a conjunction of two sure (or almost-sure)
parity conditions, which is coNP-complete in general, becomes NP N coNP when either of the
priority functions defining the parity conditions has a fixed range, as it reduces in polynomial
time to a standard parity game.

Note that the same construction can be used to transform a disjunction of two parity
conditions into a single parity condition. This follows since ¥; U e = (¢$ N 5)¢ and
because the complement of a parity condition defined by a priority function € is also a parity
condition, defined by the priority function Q+1!.

4  Winning Strategy and Winning Region

We describe informally a sure-almost-sure winning strategy for Player 1. We start by playing
an almost-sure winning strategy for the conjunction of parity objectives Parity(2;)NParity({22).
Conjunction of parity objectives can be expressed as a single parity objective over an
exponentially larger game graph (Theorem 2) and therefore we can assume that the almost-
sure winning strategy uses finite memory.

To guarantee sure winning for the first objective, the crux is then to avoid outcomes that
violate Parity(€21) (which is possible, though with probability 0) by switching from time to
time to a strategy that ensures a visit to a large even priority for €21, ignoring the second
objective thus possibly at the price of visiting a large odd priority for {25, then switching back
to an almost-sure winning strategy for the conjunction of objectives. The switching should
be so rare that the probability of switching infinitely often, thereby potentially violating
the second objective Parity(£22), would be 0. On the other hand, the switching should still
guarantee in all cases to eliminate the possibility of a single outcome violating Parity(£2;).
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\
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SureAttrd (V(Qu,d))” PosAttrS (V (1, d))

Figure 4 Decomposition of a winning region with Figure 5 Decomposition of a winning region

an even largest €);-priority d, into the sure attractor with an odd largest ;-priority d, into the
A (for Player 1) to d and the subgame closure of positive attractor A (for Player 2) to d and
B=V\A. the subgame induced by B =V \ A.

Intuitively, a condition for switching is to have seen in the play a long sequence of odd
priorities, without seeing any larger priority. Given odd priority p and integer N, let

Unlucky(p, N) = {p € V* | the first N elements of g, >,(p) are p}

be the event that at least IV priorities > p occur and the first N such priorities are p.

In the MDP obtained after fixing an almost-sure winning strategy for Parity(€2;) in the
game G, it becomes unlikely to be unlucky (i.e., to observe Unlucky(p, N)) as N grows to
infinity.

» Lemma 3. Consider an MDP with a priority function Qy defining the parity objective
¥ = Parity(Q1), such that Pr] (¢) = 1 for all vertices v € V' and all strategies o. Let p be an
odd priority in the range of Q1. Then for all € > 0, there exists N such that for all strategies
o and all vertices v, we have Pr (Unlucky(p, N¢)) < €.

Intuitively, since Unlucky(p, N) happens with positive probability, and if Player 1 switches
from an almost-sure winning strategy whenever the event Unlucky(p, N) happens, using
Borel-Cantelli lemma [17], Player 1 will then switch (even infinitely often) with probability 1.
This holds for all fixed N even though the probability to be unlucky can be made arbitrarily
small by choosing N appropriately (according to Lemma 3). It is undesirable to switch
infinitely often, as this may cause the violation of the second parity objective. However, if we
increase N upon seeing N priorities > p (whether unlucky or not), the probability to switch
infinitely often may be reduced to 0, which is acceptable.

For all i > 0, let N; = N. where N, is defined by Lemma 3 for ¢ = 27%. Using this
sequence (IV;), we show that the probability to never be unlucky from some round ¢ can
be (lower) bounded by the expression [] i>i (1 —277 ) Simple calculations show that this
expression tends to 1 as i — co (e.g., see the proof of [5, Lemma 12]).

Characterisation of the winning region

We present two lemmas giving characterisations of (1) the sure-almost-sure winning region W
(for Player 1) when its largest Q-priority is even, and (2) the sure-almost-sure spoiling
region V' \ W (for Player 2) when its largest 2;-priority is odd. These are the base cases
required to establish the correctness of the recursive algorithm that we present in Section 5.
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The symmetric cases, where the largest €;-priority is odd in the winning region or is even
in the spoiling region, are solved by recursive calls on subgames with a smaller number of
Q1 -priorities.

In Lemma 4, we show that the sure-almost-sure winning region W, which is a trap for
Player 2 (inducing a subgame in which all vertices are winning), is characterised, when its
largest Qq-priority d is even, by the existence of (see also Figure 4):

an almost-sure winning strategy o g for Player 1, for objective Parity(£21) N Parity(£22);

a sure-almost-sure winning strategy og,, for Player 1 for the parity objectives

Parity(€21) and Parity(€22) in the subgame closure [G]p, where B = V \ A and

A = SureAttry (V(Q1,d)).

It is easy to show that these conditions are necessary for Player 1 to win in W, and the
crux of Lemma 4 is to show that they are sufficient as well, by constructing a sure-almost-sure
winning strategy oy from o4g, 0sup, and the attractor strategy o asu- in A. We describe o4
informally when the sure winning objective is a Biichi condition, namely the priorities are
{1,2}: a sure-almost-sure winning strategy first plays like o045, and sets a horizon N by
which priority 2 should be visited at least once. The larger is N, the more likely this would
happen (Lemma 3). Nevertheless, in order to ensure the stronger objective of sure winning
for Parity(€2;), the strategy o; deviates from 045 in the unlucky event that priority 2 is not
visited within horizon N: as long as the history remains in B, we follow the sure-almost-sure
winning strategy os.p, and whenever the history enters A we follow the attractor strategy
0 A until priority 2 is visited and then continue with c4g5. The attractor strategy may
endanger the (almost-sure) satisfaction of the second parity objective, for instance by visiting
a large odd Qs-priority. We ensure that the probability that this happens infinitely often
is 0 by increasing the horizon N as described after Lemma 3. The generalization of this
construction to a sure parity objective is technical, requiring to track each §2;-priority, but
conceptually analogous.

» Lemma 4. Let G be a stochastic game with sure-almost-sure parity objective induced
by the priority functions Q1,Qs, such that the largest Q-priority d in G is even. Let
A = SureAttry (V(21,d)) and let B=V\ A.

All vertices in G are sure-almost-sure winning for Player 1 for the parity objectives
Parity(Q1) and Parity(Q2) if and only if:

all vertices in G are almost-sure winning for Player 1 for the objective Parity(€21) N

Parity(Q2), and

all vertices in [G|p are sure-almost-sure winning for Player 1 for the parity objectives

Parity(Q1) and Parity(Q2).

Proof. We first show that the conditions in the lemma are sufficient to ensure that all vertices
in G are sure-almost-sure winning for Player 1.

Let 045 be an almost-sure winning strategy for Player 1 for the objective Parity(£21) N
Parity(22), let o a4 be the sure-attractor strategy to V (€21, d), and o, be sure-almost-sure
winning strategy for Player 1 for the parity objectives Parity(;) and Parity(Q22) in [G] 5.

We define a strategy o1 for Player 1, and then show that it is sure-almost-sure winning.
The strategy uses a Boolean flag unlucky and integer variables kp, %, for each odd priority p
occurring in G. The variable &, is a pointer to a position in the history, and i, is the phase
number associated with priority p. Initially unlucky = L (false) and k, =4, = 0 for all odd p.

Given a history 7 € V*V, the value o1 (7) and the update of the variables are defined by
executing the following instructions sequentially, and terminating when an instruction play
is executed (where the sequence (IV;) was defined after Lemma 3):
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1. if Qy(Last(7)) = d, then set unlucky = | and play o45(7);
2. if unlucky = 1,
a. if |mq, >, (7(kp>))| < Ny, for all odd p, then play o45(7);
b. else, for each odd p such that |mq,>p(7(kpy>))| > N;,,
i. if the first V; elements of 7q,>,(7(kyr>)) are all p’s, then set unlucky = T;
ii. increment i,, and set k, = |7[;
3. if unlucky = L, then play oas(7);
4. if unlucky = T,
a. if Last(7) € B, then play oy (7’) where 7’ is the longest suffix of 7 that is entirely in
B;
b. else Last(7) € A, and play oA, (7).

Note that a play of G that remains in B is also a play in [G]p, hence using the strategy
osup in Condition 4a is well-defined.

We show that o; is sure-almost-sure winning. First show that o is sure winning for
objective Parity(€2;). Consider an arbitrary outcome p of o1, let pmax be the largest priority
(according to £21) occurring infinitely often in p, and consider a position k in p after which no
priority larger than pyax occurs. We show that pp.x is even. We proceed by contradiction,
assuming that ppax is odd (hence ppax < d). Then along p, the variable unlucky must be
infinitely often equal to T, since condition 2(b)i holds infinitely often (after position k, that
is, when &, . > k). Condition 1 never holds after position k, Condition 4 holds infinitely
often. After position k, Condition 4b does not hold, because otherwise priority d > pmax
would occur. Hence Condition 4a always holds after position k and thus the suffix of p is an
outcome of the sure-almost-sure winning strategy os.s(7’), hence pmax is even and not odd,
which establishes the contradiction. Hence pp.x is even and o is sure winning for objective
Parity ().

Second, we show that o is almost-sure winning for objective Parity(€22). Note that, under
the event that always unlucky = | from some point on, the strategy o; plays like 045, and
thus the parity objective Parity(€22) holds with probability 1 thanks to prefix independence
of parity objectives. To complete the proof, we show that the event that unlucky = 1 always
holds from some point on has probability 1. By the choice of N; (see Lemma 3), for all
strategies of Player 2 the probability that unlucky = L always holds after round 7 is at least
1> (1 —279), which tends to 1 as i — oo (e.g., see the proof of [5, Lemma 12]).

We now prove the converse. Consider a game G where all vertices are sure-almost-sure
winning for Player 1 for the parity objectives Parity(€2;) and Parity(€s). First, since sure
winning implies almost-sure winning, the first condition holds. Second, a sure-almost-sure
winning strategy for Player 1 can be played in [G] 5, and either the play always remains in B,
or it eventually stays in the winning vertex vgnk. In both case, Player 1 is sure-almost-sure
winning for the parity objectives, showing that the second condition holds. |

The sure-almost-sure spoiling region V' \ W may not induce a subgame in general, since
probabilistic vertices may “leak” in the winning region. Lemma 5 gives a characterisation of
the spoiling region in the case that it induces a subgame, which is sufficient for proving the
correctness of our algorithm.

If Player 2 has a spoiling strategy (from every initial vertex) in the game obtained from a
game G with an odd largest Q;-priority d by removing the positive attractor (for Player 2)
to d, then he has a spoiling strategy in the original game G as well (see also Figure 5). The
standard composition a spoiling strategy in the subgame with a (positive) attractor strategy
gives a spoiling strategy in the original game, as shown in the proof of Lemma 5.
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» Lemma 5. Let G be a stochastic game with sure-almost-sure parity objective induced
by the priority functions 1, Qs, such that the largest Qq-priority d in G is odd. Let A =
PosAttry (V (1, d)) and let B =V \ A.

The sure-almost-sure winning region for Player 1 in G for the parity objectives Parity(£21)
and Parity(Q2) is empty if and only if the sure-almost-sure winning region for Player 1 in
Gip for the same objectives is empty.

5 Algorithm

We present an algorithm for the sure-almost-sure synthesis problem that computes the
winning region of Player 1 by a recursive procedure in the style of Zielonka’s algorithm [30].
The base case is when the game is empty or contains only the sink vertex vsnk. Then, two
cases are possible:
if the largest Q-priority d in V' is even, the first step is to compute the almost-sure
winning region Wag for the conjunction Parity(€;) N Parity(£22) of parity objectives, which
is a trap for Player 2 and an over-approximation of the sure-almost-sure winning region.
This can be done by expressing the conjunction of parity objectives as a single parity
objective over an exponentially larger game graph (Theorem 2), and using standard
algorithms for almost-sure parity [11, 12]. In the subgame Gw, induced by V = Wyg,
compute the sure attractor A for Player 1 to the vertices with priority d, then solve
(recursively) the subgame closure [G]y\ 4. If all vertices in the subgame closure are
winning for Player 1 (line 9), then by the characterisation of Lemma 4 all vertices in G
are also winning for Player 1. Otherwise, some set B C V' \ A of vertices in the subgame
closure is not winning for Player 1, and by the key property of subgame closures, those
vertices are also not winning in G. Removing the positive attractor for Player 2 to B, it
remains to solve (recursively) the subgame Gy p (line 13).
if the largest Q1-priority d in V' is odd, the algorithm proceeds analogously, computing the
positive attractor A for Player 2 to the vertices with priority d, then solving (recursively)
the subgame G\ 4, using the characterisation in Lemma 5 if no vertex is winning for

Player 1 (line 20), or the key property of traps and subgame closures otherwise (line 24).

We prove the correctness of Algorithm 1 by induction on the size of the game, defined as
the number |V \ {vsink }| of vertices excluding the sink vertex. Consider a stochastic game
G = (V,E,§), and in the base case where there is no vertices other than vgnk, the winning
region is V (line 1 of Algorithm 1).

Now let the number of vertices other then vgn be n+ 1 (n > 0) and assume Algorithm 1
computes the winning regions in all games of size at most n. Let d be the highest Q4-priority
assigned to a vertex in V.

First, consider the case that d is even. The algorithm removes the vertices that are not
almost-sure winning for the conjunction Parity(€2;) N Parity(Qs) of parity objectives, as they
cannot be sure-almost-sure winning. Then let V' = Wy (line 5), let Z C V be the set of all
vertices with priority d, and let A = SureAttr,(Z). Since Z # & and Z C A, the set V\A
has strictly fewer vertices (other than the sink) than V' and by the induction hypothesis we
get that W/ (line 8) is the winning region of Player 1 in the subgame closure [G]y\ 4) (and
W3 =V \ W] that of Player 2). We now consider the following two cases.

1. if W} = @, then Wi =V by the characterisation of Lemma 4, that is Player 1 wins from

every vertex in G.
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Algorithm 1 solve(G) to compute the sure-almost-sure winning region for parity objectives.

Input: Stochastic two-dimensional parity game given by G = (V1, V5, E) and (91, s)
Output: Sure-almost-sure winning region W7, and losing region Ws, for the parity objectives

Parity(£21) and Parity(€s).

1 if V=g or V = {vgn} then return V

2: d = max,ey 1 (v)

3: if d is even then

4: G =Gwa.s > Wag is the almost-sure winning region for Parity(y) N Parity(22).
5: V =Was

6: Z={wveV]|MNkW) =d} > Z may be empty.
7: A = SureAttr(2)

8: Wi, W5 = solve([G]y\4a)

9: if W) =@ then

10: ‘ return Wy, =V, Wy =9

11: else

12: B = PosAttry (W3)

13: Wi, Wy = solve(Gv\ )

14: return Wy = W/ Wy = WY UB

15: else

16: Z={veV]|NUk) =d} > Z is nonempty.
17: A = PosAttry(Z)

18: Wi, W5 = solve(Gyy\ a)

19: if W] =@ then
20: ‘ return Wy, =g, Wy =V

21: else

22: B = SureAttr; (W)

23: Wi, Wy = solve([G]v\B)

24: | return Wy = BU W'\ {vgink }, Wo = WY/

2. if Wi # @, then let B = PosAttro(WV3) in G, and since venk ¢ Wy we can apply the

induction hypothesis to conclude that W/ is the winning region of Player 1 in the
subgame G\ p (line 13). Since V\B is a trap for Player 2, the key property of traps
(see Section 2.2) ensures that W], returned by the algorithm, is also winning for Player 1
in the game G.

We now consider the case that d is odd. Thus the set Z C V all vertices with priority d is

nonempty, and let A = PosAttrs(Z) # &. By the induction hypothesis, the set W/ (line 18)
is the winning region of Player 1 in the subgame G\ 4. We now consider the following two
cases.

1.

2.

if W{ = @, then W7 = & by the characterisation of Lemma 5, that is Player 1 wins from
nowhere in G.

it W{ # @, then let B = SureAttr;(W{) in G. We can apply the induction hypothesis
to conclude that Wi’ is the winning region of Player 1 in the subgame closure [G]y\ 5
(line 23). To show that B U WY/’ is the winning region of Player 1 in G, note that W7 is a
trap for Player 2 in the subgame G\ 4 and that B is a trap for Player 2 in the game G.
Consider the strategy of Player 1 defined as follows: (1) in W7, play like a sure-almost-sure
winning strategy in the subgame Gy 4) (which exists and is also a sure-almost-sure
winning strategy in G); (2) in B\ W/, play the (sure) attractor strategy to reach Wfj;
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(3) in WY, play like a sure-almost-sure winning strategy in the subgame Gy 4) (which is
well-defined in the game G). It is immediate that this strategy is sure-almost-sure winning
from B and we show that it is also the case from W{’'. To show sure winning for the first
parity objective, consider an outcome of the strategy from W7’, and either the outcome
remains in W{" and thus satisfies the parity condition by (3), or the outcome eventually
leaves W', thus reaching B from where it follows some path that satisfies the parity
condition by (1) and (2). Prefix-independence ensures that the outcome from W7’ also
satisfies the parity condition. To show almost-sure winning for the second parity objective,
the argument is similar, considering the conditional probability that the play eventually
remains in Wy’ or leaves W]’ and showing that in both cases, the parity objective is
satisfied almost-surely.

The structure of Algorithm 1 is similar to Zielonka’s algorithm for parity games [30], and
so is the complexity analysis. The main difference is that we also need to solve stochastic
games with a conjunction of almost-sure parity conditions (line 4). Using the construction in
Section 3, and denoting by ASPG(N, d) the time complexity of solving almost-sure parity
games with N vertices and largest priority d, this can be done in time ASPG(N, d; - d3) where

N =n-y/min(d{2,dd") and n is the number of vertices in the game.

Let T4 be the running time of Algorithm 1 on a game with n vertices and largest
Qq-priority dy. The running time also depends on the largest {2o-priority ds, but we keep
this parameter implicit, as it does not change through the recursive calls.

The crux of the analysis is to see that in the recursive calls [G]y\ 4 (line 8 and 18),
the largest €2;-priority in the game [G]yn 4 is at most d; — 1, and in the recursive calls
solve([G]y\ ) (line 13 and 23), the number of vertices in the game [G]y\ g is at most n — 1.
Hence there is at most n recursive calls for a given largest €2;-priority d;.

Besides the recursive calls and the solution of almost-sure parity games, the other
computation can be done in polynomial time (such as computing attractors), thus bounded
by ASPG(N,d). Hence we obtain the condition 79 < n - (T% | + ASPG(N, d; - ds)), which
gives the (crude) bound T2t € O(nt - ASPG(N, d; - d3)).

6 Special Cases

We derive from Algorithm 1 several results for subclasses of the sure-almost-sure synthesis
problem, giving a refined and more complete view of the problem. The results are presented
in Table 1 where the rows (resp., columns) denote the sure (resp., almost-sure) satisfaction for
Biichi, coBiichi, parity with fixed number of priorities (Parity®), and parity condition. For each
cell, we give (1) the smallest class of strategies that are sufficient for sure-almost-sure winning,
according to the classification types of memoryless, finite-memory, and infinite-memory
strategies, and (2) the complexity of solving the decision problem. All results are tight, in
particular the complexity bounds: either the lower and upper bound match (completeness
result), or the upper bound is the same as in a special case of the problem for which no
matching lower bound is known, such as games with a (single) parity objective (with an
NP N coNP bound).

The new results in Table 1 appear in blue. The other results are either known from
previous works, or trivially follow from the new results.

It is known that the general synthesis problem for sure-almost-sure winning is coNP-
complete [13] and that infinite memory is necessary for the conjunction of sure Biichi and
almost-sure coBiichi, already in MDPs [5]. It is immediate from the running-time analysis
of Algorithm 1 that the problem is in P when both d; and ds are constant. The remaining
results of Table 1 are established below.
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Table 1 Memory requirement (0 stands for memoryless) and complexity bound for the special

cases. New results appear in blue.

/;Si " | Biichi coBiichi Parity® Parity
Biichi finite, P oo [5], P oo, P oo, NP N coNP
coBiichi 0,P 0, P 0, P 0, NP N coNP
Parity® finite, P oo, P oo, P oo, NP N coNP
Parity finite, NP N coNP 00, NP N coNP | co, NP NcoNP | oo, coNP-C [13]
Wy Wi
A\ U i
| Wi\ A L
N Ry
d i \\\ d : U,
! A — 1 Uy !

Figure 6 Decomposition in a certificate for
winning region Wi with largest priority even.

Figure 7 Decomposition in a certificate for
winning region W with largest priority odd.

6.1 One of the parity objectives has a fixed number of priorities

We show that the sure-almost-sure synthesis problem can be solved in NP when one of the
two parity objectives has a fixed number d of priorities. Formally, an instance of the problem
is now a stochastic game G and two priority functions 7 : V' — Nand Qs : V — {0,...,d},
or vice versa, that is, Q1 : V — {0,...,d} and Q3 : V' — N. An NP algorithm is to guess the
winning region Wi of Player 1 and some of the sets that Algorithm 1 would compute when
executed on [G|w, as a witness and verify that the guess is correct. Executing Algorithm 1
on a game where all vertices are winning sounds useless (we already know that all vertices
are winning anyways), but it will be essential in order to define and prove the existence of
certain sets (used by Algorithm 1 in intermediate computation) that we use to construct
certificates in our NP algorithm.

We now give some intuition of how to define certificates of correctness for a guessed
(winning) region Wi. The certificates are defined inductively for Wy with largest Q;-priority
d, based on certificates for subsets of W5 with largest Q;-priority at most d — 1 (following the
recursive structure of Algorithm 1). The formal proof shows that the inductive certificates
can be checked in polynomial time. First the region W must be a trap for Player 2 (which
can be checked in O(E), and ensures that the subgame [G]y, is well defined).

1. If the largest Q;-priority d in W is even (see Figure 6), the certificate consists of (1) a
certificate that the region Wj is almost-sure winning for the conjunction Parity(£2;) N
Parity(Q22) of parity objectives (such a certificate exists and can be verified in polynomial
time by the remark at the end of Section 3), and (2) (inductively) a certificate that the
region Wi \ A is sure-almost-sure winning, where A = SureAttr;({v € W7 | Q1(v) = d})
(see also lines 6,7 in Algorithm 1). The inductive certificate for Wj \ A exists by the
characterisation given in Lemma 4.
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2. If the largest Q;-priority d in W7 is odd (see Figure 7), the certificate consists of (1) a
partition Uy, ..., Uy of Wy into k < |Wi| blocks; (2) nonempty sets Ry, ..., Ry such that
R; CU; \{v e Wy | Q(v) =d} is a trap for Player 2 in [Gw,\(v,u...uu,_,) that contains
no vertex with Qq-priority d and such that U; = SureAttr;(R;) (defined in the subgame
[Glwy\(vyu--uu,_y)), for all 1 < i < k; and (3) (inductively) k certificates showing that
each region R; (i = 1,...,k) is sure-almost-sure winning in the game [G|w,\ (v, u..uv;_,)-
Here, the certificate corresponds to the sets computed by Algorithm 1 in the subgame
[Glw, as follows: the set R; is the value of W (line 18 of Algorithm 1), the set U; is
the value of B (in the else-clause at line 22 of Algorithm 1), and the sets R; and U; for
i =2,...,k are obtained in a similar in way in the (¢ — 1)-th recursive call (at line 23 of
Algorithm 1). Note that the set U; is well defined because the then-clause at line 20 is
never executed when the entire state space V = W; # & is sure-almost-sure winning for
Player 1, since if W{ was empty, then W; would be empty by the characterisation given
in Lemma 5.

» Theorem 6. The sure-almost-sure synthesis problem can be solved in NP when one of the
two parity objectives has a fired number d of priorities.

Now we analyze the amount of memory in winning strategies for relevant special cases of
parity objectives.

6.2 No memory for sure coBiichi and almost-sure parity

For the conjunction of sure coBiichi and almost-sure parity objectives, memoryless strategies
are sufficient for Player 1. To see this, consider the correctness proof of Algorithm 1 in the
case the largest 2;-priority d is odd (which is the case for the coBiichi objective). The proof
constructs a sure-almost-sure winning strategy in the winning region, defined over the three
subregions W{, B\ Wy, W{'. In W], the largest Q;-priority is 0 and the sure parity objective
is therefore trivially satisfied. Hence an almost-sure winning strategy for the second parity
objective is good enough, and thus can be chosen memoryless [12]. In the region B\ W/, a
sure attractor strategy is used, which is memoryless. Finally, in W{’ we can use an argument
by induction over the number of vertices (memoryless strategies trivially suffice in empty
games) to show that memoryless strategies are sufficient for Player 1.

» Theorem 7. Memoryless strategies are sufficient for combined sure coBiichi and almost-sure
parity objectives.

6.3 Finite memory for sure parity and almost-sure Biichi

For the conjunction of sure parity and almost-sure Biichi objectives, we show that finite
memory is sufficient for Player 1, namely memory of size O(n - dy) where n is the number of
vertices in the game and d; is the largest {2;-priority. The proof is by induction on d;. The
case d; = 0 reduces to just almost-sure parity (the sure parity objective is trivially satisfied),
and the case d; = 1 corresponds to the conjunction of sure coBiichi and almost-sure parity
(Biichi) objectives. In both cases, memoryless strategies are sufficient, thus memory O(1)
(see Section 6.2 for the latter).

We proceed by induction for dy > 2. First, if d; is even, then we construct a sure-
almost-sure winning strategy as follows. Using the characterisation of Lemma 4, the winning
region W; must be almost-sure winning for both the parity and Biichi objectives, and it
can be decomposed into the sure attractor A to the vertices with ;-priority d;, and the
complement B = W7 \ A that induces a sure-almost-sure winning subgame closure [G|p. By
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induction hypothesis, there exists a sure-almost-sure winning strategy in [G]p with memory
O(n-(dy —1)). A sure-almost-sure winning strategy in W7 is defined informally as follows:
as long as the current vertex is in B, play according to the sure-almost-sure winning strategy
in [G]p. Whenever the current vertex is in A, play the sure attractor strategy until reaching
a vertex with ;-priority dy, and then play for n = |W;| rounds a (memoryless) almost-sure
winning strategy for the Biichi objective. The memory of the strategy is n 4+ O(n - (dy — 1))
thus O(n - d;) and we argue that the strategy is sure-almost-sure winning. To show that the
(first) parity objective is satisfied surely, consider an arbitrary outcome of the strategy, and
either it visits A infinitely often, and the also Q;-priority d; infinitely often, or it eventually
remains in B = W \ A and thus follows a the sure-almost-sure winning strategy in [G]p. In
both case the outcome satisfies the (first) parity objective. To show that the Biichi objective
is satisfied almost-surely, notice that, (1) conditional to visiting A infinitely often, there is a
bounded probability at least v™, where v is the smallest non-zero probability in the game,
to visit a Biichi vertex after each visit to A, and thus probability 1 to visit a Biichi vertex
infinitely often; (2) conditional to visiting A finitely often, the play eventually remains in
B where the Biichi objective is satisfied with probability 1. Hence in both cases, the Biichi
objective is satisfied almost-surely.

Second, if dy is odd, then the strategy construction in the correctness proof of Algorithm 1
gives a sure-almost-sure winning strategy with memory Zle O(n;-(dy—1)) where Zle n; =
n, and thus memory O(n - d;) is sufficient.

» Theorem 8. Finite-memory O(n-dy) strategies are sufficient for combined sure parity and
almost-sure Biichi objectives, where n is the number of vertices and dy is the largest priority
in the sure parity objective.
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