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Preface

Model-checking is a well-known approach to verifying belbaal properties of computing sys-
tems that has been very successful in the verification oefisiidte systems, see e.g. [McM93,
CGPO00, BBF01]. The situation is different for infinite-state systeni3espite that numerous
symbolic representations have been proposed to deal with systems (see e.g. timed au-
tomata [AD94]), their formal verification remains a difficpiroblem. Many general formalisms
referring to infinite-state systems have an undecidableetrduecking problem. Sometimes,
decidability can be regained by considering subproblenth@igeneral problem. The class of
counter systems is an example of such a formalism. Coungtersy have many applications
in formal verification. Their ubiquity stems from their usg @perational models of numerous
infinite-state systems, including for instance broadcastogols [FL0O2], programs with pointer
variables (see [BFLS06, BBHD6]) and logics for data words [BM®6]. Even the case of a
single counter has found some applications in the veriboatf cryptographic protocols [LLTO5]
and the validation of XML streams [CR04]. However, numermael-checking problems for
counter systems, such as reachability, are known to be idad#e. This does not end the story
since many subclasses of counter systems admit a deci@alsteability problem such as reversal-
bounded counter automata [Iba78, ISID] and flat counter automata [Boi98, CJ98, FL02]. These
two classes of systems admit reachability sets effectigefinable in Presburger arithmetic (as-
suming some additional conditions, unspecified herein).

This course is dedicated to the presentation of decidalolelgoms for counter systems. We
develop techniques for various classes of counter systeattof addition systems, reversal-
bounded counter systems, counter systems with error$,atd.for various problems including
reachability problems, and model-checking with linearditemporal logics. Mainly, we focus
on decision procedures based on Presburger arithmetibeadiriect analysis of runs and on the
automata-based approach when it is relevant. Becausekoblapace and time, the course does
not deal with: proof techniques based on theory of welledtrted transition systems [FS01] and
decidability proof for the reachability problem on Petri:#\fReu90] (plus many other topics).
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Chapter 1

Introduction to Counter Systems

In this chapter, we present the class of counter systems lhsisveeveral standard subclasses,
some of them being further studied in the rest of the docuntfemtinstance, this includes Min-
sky machines, relational counter systems and other clasgamed by restriction (on the control
graph for example). Several decision problems are alsoetkfiMoreover, this chapter presents
some basic material about Presburger arithmetic, thedigstr theory of the set of natural num-
bers with addition. Indeed, this is a fundamental theory thaot only instrumental to define
counter systems but although it is central to show the deditlaof several problems on sub-
classes of counter systems.

1.1 Introductory Example: Phone Controller

We start by presenting a simple computer system, namely agpbantroller [CJ98], in order to
illustrate the goal we pursue by introducing and studyingnter systems. Figure 1.1 presents the
phone controller from [CJ98, CCO0O].

* Control statey; is the initial and final contro state.
* X7 1S the number of coins which have been inserted.

* Xo measures the total communication time. Herein, we assuateettth coin allows a
communication for exactly one time unit. Total communicatiime is therefore the number
of time units spent for communication.

* xj [resp.x,] is the next value ok, [resp.xs].

* The controller interacts with the environment including fhone box. It can receive or
send messages. Messages followed by a question mark aneecebg the controller and
messages followed by an exclamation mark are sent by theotlent The message 'coin?’
means that the controller receives the information thatiia lsas been inserted. Similarly,
'signal?’ means that a communication time unit has been.usethis example, the mes-
sages are considered in order to clarify the role of the diffetransitions. Nevertheless, a
complete treatment would deserve to introduce channeisnilias objects.

7
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x1 + -+, coin? X9 < X1, Signal?x, + +
x; + -+, coin?
X1 = X9 = 0,lift? P dial? qQ x; > 0,connected?
2 > {3
\J

x5 < X1, X2 + +, coin!

Figure 1.1: Phone controller

* A configuration of the controller is a triplé;, n,,n2) whereq is a control state among
{q1,...,q6} andn; [resp.n,] is the value ok, [resp.x.]. It entirely describes the state of
the controller. The control statg is both an initial state and a final state.

* An execution is a (possibly infinite) sequence of configoraj constrained by transitions
of the controller. Observe that different executions aresgae, depending for instance on
the received messages (signals). Here is one execution:

(QIJ 070)7 (q27 070)7 (Q27 17 0)7 (q27 270)7 (Q2737 0)7 cee

For the sake of simplicity, the described system has no bawmntthe number of inserted
coins.

* The system presented in Figure 1.1 is a finite and conciseseptation of an infinite la-
beled transition system (its interpretation). Moreowveis ts obviously an abstraction of a
more complex system and refinements are still possibleniiance the system could be
completed in order to take into account situations when akboé communication occurs.

Here are examples of properties that one may wish to spebdytathe system, assuming
that the initial configuration iq;, 0,0). For each property, we provide a specification in natural
language and in some temporal logic (dialect close to Q.TL

* Total communication time is never greater than the numbersgfrted coins (true):

AG _|(X2 > X1).

* For all the executions, the number of coins is infinitely ofégjual to zero (false):

AGF(X1:0)
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* There is an execution of the controller such that the totatroonication time is always
equal to zero (true):

EG (xo = 0).

Fromgq,, it is sufficient to reacly, (in one step) and then to loop gn

* Whenever the communication is over, eventually the coletiraan reach the initial config-
uration (true):

AG (g5 = Fq).
* Whenever the control statg is reachedx; = x, = 0 and conversely (false):

AG(ql ~ (Xl =0Axy = 0))

The systems introduced in the sequel can be viewed as fiaite-sutomata augmented with
counters (variables interpreted as natural numbers).sitrans are labelled by arithmetical con-
straints on counters, and possibly by letters from a finpaabet. So, the phone controller (with-
out messages) shall be clearly an instanceoointer systemBefore defining the class of counter
systems, and fragments allowing us to get decidable verditéasks, we present the Minsky ma-
chines that use elementary operations and guards on toarsdiut still they are Turing-complete.

1.2 Minsky Machines

A Minsky machingMin67] can be viewed as a finite-state automaton with twontets. Each
counter stores a nonnegative integer. The operations arntexsare the following

* Check whether the counter is zeme(o-tesk.
* Increment the counter by onm¢remeny.
* Decrement the counter by one if nonzede¢rement

A Minsky machine is defined as a setrointructions on two counter§; andC,. Thelth instruc-
tion has one of the form below € {1,2},! € {1,...,n}):

I: C,:=C;+1;gotol
I: if C; =0thengotd’ elseC; := C; — 1; gotol”.

Configurationsare elements of1,...,n} x N x N and the initial configuration i1, 0, 0).
A computations a sequence (finite or infinite) of configurations startirogf the initial configu-
ration and such that two successive configurations respechstructions. Consider the Minsky
machine described by the two instructions below:

1. ¢,:=C,+1;9g0to2

2: C:=Cy+1;goto 1
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Here is the unique computation:
(1,0,0) — (2,1,0) — (1,1,1) — (2,2,1) — (1,2,2) — (2,3,2) ...
We present below a classical decision problem for Minskyhirees.
HALTING PROBLEM
Input: a Minsky machine\/;

Question: is there a finite computation that reaches the instruet®n

An alternative way to define the halting problem is to assuha instructionn halts the
machine (and therefore it has a special instruction).

Theorem 1.2.1. [Min67, pp. 255-258] For every Turing machine, there is aa$ky machine
that simulates it.

Here are the different steps of the simulation (see also deteels att t p: / / en. wi ki pedi a.
or g/ wi ki / Count er _machi ne or in [Min67]).

1. A Turing machine can be simulated by two stacks: the iditajpe is cut in half. For
instance, moving the head left or right is equivalent to pog@ bit from one stack and
pushing it onto the other.

2. A stack over a binary alphabet can be simulated by two epsintOne counter contains
the binary representation of the bits on the stack. For me&tgpushing a 1 is equivalent to
doubling and adding 1, assuming that in the binary reprasentthe least significant bit is
on the top. To do so, the second counter is auxiliary. Siftgjlpapopping a zero is equivalent
to dividing by two.

3. Four counters can be simulated by two counters. The coualees(a, b, c,d) € N* are
encoded by the counter val@&3°5°7¢. For instance, checking the third counter is zero
is equivalent to dividing by 5 and see what the remainder & Jecond counter is again
auxiliary.

As a consequence, we get the following undecidability tesased on the undecidability of
halting problem for Turing machines [Tur36].

Theorem 1.2.2. [Min67] The halting problem is undecidable.

It is also possible to design nondeterministic Minsky maekiby allowing nondeterministic
choice after incrementation and decrementation. Theuastns are of the forms below:

I: C;:=C;+1;gotol’ or gotol”
I: if C; = 0then gotd’ elseC; := C; — 1, gotol; or gotoly.

Another classical decision problem for nondeterministiodky machines is the following.
RECURRENCE PROBLEM

Input: a nondeterministic Minsky maching;
Question: is there an infinite computation with instructi@roccurring infinitely often?
Theorem 1.2.3. [AH94] The recurrence problem 1s!-complete.

¥1-hard problems in the analytical hierarchy are understedughly undecidable [Rog67].
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Toward counter systems. Even though Minsky machines have a strong computationaépow
it is unlikely that one may wish to solve decision problemspoggramming Minsky machines.
Moreover, undecidability of the halting problem preverd$rom encoding decidable problems by
Minsky machines without designing subclasses of Minskyimraes with desirable computational
properties. That is why, we shall introduce the class of teusystems (subsuming the class of
Minsky machines) that is of more practical use, in particlig allowing more flexibility and
by admitting a richer set of instructions (in the same wayna@kes sense to design convenient
programming languages). Nevertheless, we shall imposectems on such counter systems in
order to design classes with decidable problems.

1.3 AFundamental Decidable Theory: Presburger Arithmetic

Roughly speaking, Presburger arithmetic is the first-otbdeory of the structuréN, +) shown
decidable in [Pre29] (which contrasts with Peano arith@)efThis logical formalism is used to
define sets of tuples of natural numbers. Moreover, in thigs® it will serve two purposes.
Firstly, in the definition of counter systems, Presburgé@haretic is used as a language to de-
fine guards and actions (updates on counter values) onticanssi Secondly, each formula from
Presburger arithmetic defines a set of tuples (related tsg¢hef valuations that make true the
formula) and Presburger arithmetic is therefore a mearegi@sent and manipulate symbolically
infinite sets of tuples of natural numbers. This section dicked to the basics on Presburger
arithmetic and to the main properties we shall use in theedequ

1.3.1 Basics on tuples of natural numbers

We write N [resp. Z] for the set of natural numbers [resp. integers] andm'] with m, m’ € Z
to denote the seftj € Z : m < j < m/}. Given a dimensiom > 1 anda € Z, we writed to
denote the vector with all values equaldoFor ¥ € Z", we writeZ(1), ..., Z(n) for the entries
of Z. ForZ,ij € Z", & = ¢ & fori e [1,n], we havei(i) < 7(i). We also writef < 7 when
¥ 2 yandr # y.

In the sequel, we shall regularly use Dickson’s Lemma [Djabat states that for any-
sequencey, 71, . . . of tuples inN", there are < j such thatr; < 7.

1.3.2 Definition

Let VAR = {x,y,z, ...} be a countably infinite ofariables Termsare defined by the grammar
below:
to=01]1|x]|t+t

wherex € VAR and0 and1 are distinguished constants (interpreted by zero and specévely).
Fork > 1, we writekx instead ok + - - - + x (k times). Presburger formula@are defined by the
grammar below:

pu=t=pt | t<t| @ | oAy | Ixp | ¥xp
wherek > 2. As usual, an occurrence of the variakli@ the formulay is freeif it does not occur
in the scope of eithetix or Yx. Otherwise, the occurrenceb®und For instance, ix; < x», all
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the occurrences of the variables are free(drx; x2 x; < x2) A X1 < X9, €ach variable has a free
occurrence and a bound occurrence.

A valuationval is a mapVAR — N and it can be extended to the set of all terms as follows:
val(0) = 0, val(1) = 1 andval(¢t+t") = val(t) +val(t'). The satisfaction relation for Presburger
arithmetic is equipped with a valuation witnessing thatsBueger formulae are interpreted over
the structureéN, +).

x val =t =, t' & thereisn € Z such thaten + val(t) = val(t'),
*x val =t <t & val(t) < val(t)),

*x val = —p & val l£ o,

x val = o A & val = g andval |= ¢/,

x val = 3x ¢ & there isn € N such thatval[x — n] = ¢ whereval[x — n] is equal to
val except thak is mapped to,

* val = Vxp & foreveryn € N, we haveval|x — n] |= ¢.

Equality between two terms, written= ¢’, can be expressed by(t < ¢ V¢’ < t). Observe
also that =, ¢’ is equivalent to the formula below {s a variable that does not occurtiandt’):

Ix(t=kx+t V' =kx+1t)

As an exercise, we invite the reader to check that and < can be removed from the above
definitions without changing the expressive power of thenidae.

In the sequel, we assume that the variablegAR are linearly ordered by their indices. So,
any valuation restricted toe > 1 variables can be viewed as a tupleNh.

Given a Presburger formula, we write free(y) to denote the free variables occurringgn
Any formula withn > 1 free variablex, .. .,x, defines a set of-tuples as follows:

REL(p) = {(val(x,),...,val(x,)) € N" : val |= ©}.

For instanceREL(x; < x3) = {(n,n’) € N* : n < n’}. Similarly, the set of odd natural numbers
can be defined by the formula below:

Jdyx=y+y+1

The set{0} can be defined by the formuka= x + x.

A formula ¢ is satisfiable(in Presburger arithmetic) whenever there is a valuati@ihsuch
thatval = . Similarly, a formulay is valid (in Presburger arithmetic) when for all valuations
val, we haveval = ¢. Wheny has no free variables, satisfiability and validity are egléwat
notions. Moreover, assuming thahas at least one free variable, satisfiability is equivaietite
nonemptiness oREL(y). Furthermore, a formula with n free variablexy, ..., x, is valid iff
VX, ---V x,p is valid/satisfiable.

Two formulae areequivalent(in Presburger arithmetic) whenever they define the samef set
tuples.
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Theorem 1.3.1. [Pre29] (I) The satisfiability problem for Presburgerlamietic is decidable. (II)
Every Presburger formula is equivalent to a Presburgerdtamwithout first-order quantification.

Theorem 1.3.1(ll) takes advantage of atomic formulae ofdh@ ¢t =, ¢’ that contain an im-
plicit quantification. Removing atomic formulae of the fotre,, ¢’ does not change the expres-
sive power but the equivalence in Theorem 1.3.1(ll) wouldhmdd in that case. Moreover, in (ll)
above, the equivalent formula can be effectively built wgsing the quantifier elimination prop-
erty. Here are a few known tools dealing with satisfiabiliagbd on automata: MONA [BKR96],
LASH [BJWO01] and TAPAS [LPQ9] to quote a few of them. In subseqt developments, we
mainly consider quantifier-free Presburger formulae, Wigices not restrict the expressive power
but may modify complexity issues. Itis worth noting that finst-order theory ofN, x) is decid-
able too (known aSkolem arithmetjcwhereas the first-order theory @¥, x, +) is undecidable
(see e.g. [Tar53]). Observe also tli@t <, +) is decidable [Pre29].

Satisfiability problem for Presburger arithmetic can b&esdin triple exponential time [Opp78]
by analyzing the quantifier elimination procedure describe[Co072]. Besides, satisfiabil-
ity problem for Presburger arithmetic is shown@H IME-hard in [FR74] and in 2EPSPACE
in [FR79]. An exact complexity charaterization is providadBer80] (double exponential time
on alternating Turing machines with linear amounts of al#ions). Due to the wide range of ap-
plications for Presburger arithmetic, computational ctaxipy of numerous fragments has been
also characterized, see e.g.,[Gra88]. Moreover, itsictisih to quantifier-free formulae is NP-
complete [Pap81] (see also [BT76]).

As mentioned earlier, Presburger arithmetic will be showbé an essential logical formal-
ism to define the class of counter systems, providing syrolwolnstraints between counter val-
ues. Furthermore, it is used in many occasions, for instemeerify infinite-state systems (see
e.g., [Ler03, Sch07]), to express constraints on the nurabewent occurrences [BEH95], on
XML documents [ZL03, SSMO07], to define linear-time tempdagic LTL with counters [CCOO,
DGO08] (see Chapter 2) or graded modal logics and descrifigics (see e.g. [Fin72, HB91,
DL10]). This list is certainly not exhaustive.

1.3.3 Semilinear sets

A linear setX (of dimentionk > 1) is defined as a subset b for which there exists basis
b € N¥ and a finite set operiodsP = {p1, ..., Pn} C N¥ such that

X:{g—i—Zniﬁ;:nl,...,nmEN}
i—1

For example, the set of even numbébs+ i x 2 : i € N} is a linear subset dff (dimension 1).
Similarly, {1+ i x 2 : i € N} is a linear set witth = 1 and with unique period. A semilinear
setis defined as a finite union of linear sets. Each semilinearasebe represented by a finite set
of pairs of the forn(l?, P). Here is a linear set of dimension 2:

{(i)ﬂx(g)ﬂx(i):i,jm}
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By contrast, one can show that the sets below are not seaniline
{20:ieN} {i*:ieN}

By way of example, let us show that = {2’ : i € N} is not semilinear. The proof iad
absurdum Suppose thak’ is semilinear. SinceX is an infinite set, there exist a basisc N
and period(syi,...,pm € (N\ {0}) (m > 1) suchtha®y = {b+ > —"nip; : n1,...,nym €
N} C X. There exist2* € Y such thap; < 2%. By definition ofY’, we have2® + p; € Y but
2% < 2% + p; < 2%t which leads to a contradiction.

Theorem 1.3.2. [GS66] The class of semilinear sets are effectively clageder union, inter-
section and complementation.

Closure by union is immediate from the definition of semiéinsets.
The class of semilinear sets happen to be much more integestice it contains exactly the
sets of tuples defined by Presburger formulae.

Theorem 1.3.3. [GS66] Semilinear sets coincide with sets definable bydemger formulae,
ie.,

1. for every Presburger formulawith n > 1 free variablesREL(y) is a semilinear subset of
N™,

2. for every semilinear set C N, there is a Presburger formulesuch thatX = REL(y).

Observe that ifX; and X, are semilinear subsets df such thatX; = REL(y;) and X, =
REL(ps), thenX; N Xy = REL(p1 A 1hy) andN™ \ X; = REL(—¢7). An alternative proof can
be found in [Kra02].

For example, a Presburger formula for the semilinear set

{(i)ﬂx(g)ﬂx(i):i,jm}

isTy,y (xgy =3+2y+4y Axg =4+ 5y +7y).

We conclude this section about Presburger arithmetic amdlisear sets by a result relat-
ing commutative images of context-free languages and sezail sets. Leb = {a;,...,ax}
equipped with an arbitrary linear ordering of the letteey; s < - - - < a,. Given awordu € X%,
its Parikh imageis defined as a tuplH(u) € N* such that fori € [1, k], TI(u)(¢) is the number
of occurrences of the letter; in the wordw. For instance, the Parikh of the wosdaab under

the orderingz < b is the tuple< g ) Naturally, theParikh imageof the languagé. C >* is

the set{Il(u) € N* : w € L}. Parikh’s remarkable result states that the Parikh imagengf
context-free language is semilinear [Par66] and that psesentation is effectively computable
from pushdown automata.

This result can be refined by imposing constraints on theddiiee representation in terms of
basis and periods. Let be a finite-state automaton with set of control stalesd finite alphabet
3. The Parikh image of.(A), a subset oN“*4®) is a finite unionX,; U - - - U X, of linear sets
of the formX; = {b+ Y, y;5; : y; > 0} whereb and eachy; is in {0, .. ., card(Q)}=4®)
by [SSMHO04, Theorem 1]. Consequentlyis bounded bycard(Q) + 1)),
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1.3.4 Fragments

We define below several fragments of Presburger arithmiegicailow us to define fragments of
CLTL(PrA) in Chapter 2. Formulae of ttdifference logidL are the following:

pur=x~y+d | x~d | oAp | o

with d € Z, ~€ {<, >, =}. Formulae of the logi®L" are obtained from those f&rL, by adding
periodicity constraints =, ¢ andx =, y + ¢ with ¢ € N andk > 1. Finally, the formulae of
guantifier-free Presburger arithmeti@F'P are defined as follows:

@:::Zaixiwd \ Z&iXiEsz | PN ‘ 2
icl el

with thea;’s in Z.
Let us conclude this section by introducing the fragment*IP@de of qualitative constraints
only, for which formulae are defined as follows:

pu=xr~d | x~vy [ xS K | ne | oA

withd € Z, k' < k € N, ~¢ {<,>,=,<,>}. Such constraints can be found in formalisms
dealing with calendars or in DATALOG with integer periodicconstraints.

1.4 Classes of Counter Systems

1.4.1 Counter systems

A counter systens is defined below as a finite-state automaton equipped witimteos, i.e.
variables interpreted ové¥. In full generality, the counters are governed by constsdimat can
be expressed by Presburger formulae. Minsky machines fapeeaial class of counter systems
and therefore most interesting problems on counter systamgsen to be undecidable. However,
we shall study important subclasses of counter systemshHmhwecidability can be regained for
various decision problems.

Definition 1.4.1. A counter systen§ = (@, n,¢) (of dimension) is a structure such that

* () Is a nonempty finite set afontrol statega.k.a.locationg,

* n > 1is thedimensionof the system, i.e. the number of counters; we assume that the
counters are represented by the variakles. ., x,,,

* 0 is thetransition relationdefined as a finite set of triples of the form

(¢,9¢.9)

wheregq, ¢’ are control states anglis a Presburger formula whose free variables are among

/ /
X1y evvs Xy Xq5 e e oy Xy
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(Fy(x=2y) A2X' =x) V (—3Jy (x=2y) AX =3x+1)

Figure 1.2: An example of counter system

\Y

Elementst = (¢, ¢, ¢') are calledransitionsand are often represented py> ¢'. As usual,
by convention, prime variables are intended to be integgras the next values of the unprimed
variables. Moreover, observe that a counter system hagtral aontrol state and no final control
state but in the sequel we shall introduce such controlstatelemand. It is certainly possibly to
propose an alternative definition without control states anencode them by a new counter, for
instance. However, when infinite-state transition systanse in the modeling of computational
processes, there is often a natural factoring of each syst&® into a control component and a
memory component, where the set of control states (locgitisrtypically finite.

Figure 1.4.1 contains a counter system (augmented with iaal ioontrol state and a final
control state). It is related to the famous Collatz probleme(e.ght t p: // mat hwor | d.
wol fram com Col | at zPr obl em ht ml ). The role of control state, is to compute an
arbitrary counter value before reaching the control sfaté\t the control-state, if the counter
value is even, then divide by two the counter value. Othexwisultiply by 3 and add 1. Itis open
whether whenever the system enters in the control-gfagventually it reaches the counter value
1.

A configurationof the counter systeii = (Q, n, §) is defined as a paiy, ¥) € @ xN". Given
two configurationsq, %), (¢, :E’) and a transition = ¢ = ¢/, we write(q, Z) 4 (¢, ;E/) whenever

def

val_ 5 = ¢ and fori € [1,n], val, 5(x;) £ (i) andval_ 5(x;) = 2/(i). The operational
semantics of counter systems updétes configurations, arsdofusuch systems are essentially
sequences of configurations.

Every counter syste = (@, n, §) induces a (possibly infinite) graph made of configurations.

Indeed, all the interesting problems on counter systembedormulated on itgransition system

Definition 1.4.2. Given a counter systef = (Q, n, ), its transition systenT'(S) = (S, —) is

def

a graph such that = Q x N and—C S x S such that (¢, ©), (¢, ') e— & there exists a
transitiont € § such thatq, 7) = (¢, 2'). \Y

As usual, = denotes the reflexive and transitive closure of the bindation —.
The class of counter systems is quite general and very dfteakes sense to label the tran-
sitions by Presburger formulae that can be decomposedduaal (constraints on the current
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X] =x1 +1AX, =Xy

Xhb =Xy +1AX] =x

Figure 1.3: A Minsky machine

counter values) and ampdate functior{constraints on the way the new counter values are com-
puted from the previous ones).
Given a counter syste, arun p is a nonempty (possibly infinite) sequence

pP= (q()ux_(’])a"'?(qk?x_l’c)u"'

of configurations such that two consecutive configuratiomsia the relation— from 7'(S).
(qo, 7o) is called thanitial configuration ofp. A run can be alternatively represented by an initial
configuration and a sequence of transitions, assuming thhbility holds true for the intermediate
configurations and Presburger formulae labelling the ttians define deterministic relations (as
in VASS, see Section 1.4.3).

Extensions. Sometimes, we may slightly extend the model of counter asystdor instance

by labelling the transitions by a letter from a finite alphtabeby allowing counter values i

or R. In those cases, we need to interpret the formulae on theuatkegtructures. Similarly,

the transition system can be also defined as a labelledticansystem by labelling transition by

letters or by transitions. In the sequel, we shall make @rolehen we need these slight extensions.
In Figure 1.4.1, we present a graphical representationeo€tiunter system corresponding to

the Minsky machine made of the two instructions below:

1: ¢,:=C,+1;goto 2
2: C:=Cy+1;goto 1

1.4.2 Decision problems

In this section, we enumerate a list of standard decisioblpnes about counter systems. They
are mainly related to reachability questions. The list isaely not exhaustive (model-checking
problems can be found in Chapter 2).

REACHABILITY PROBLEM:
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Input: a counter syster and two configuration§y, 7) and(¢/, z/).

Question: is there a finite run with initial configuratiofy, ') and final configuratiot’, z/)?
CONTROL STATE REACHABILITY PROBLEM
Input: a counter systers, a configuratior{¢, ) and a control state.

Question: is there a finite run with initial configuratiofy, #) and whose final configuration has
control statey;?

CONTROL STATE REPEATED REACHABILITY PROBLEM

Input: a counter systers, a configuratior{¢, ) and a control state;.

Question: is there an infinite run with initial configuratiofa, ) such that the control statg is
repeated infinitely often?

COVERING PROBLEM

Input: a counter syster and two configuration§y, ) and(¢/, z/).

Question: is there a finite run with initial configuratiofy, ) and whose final configuration is
(¢, x") with 2" < 2"?

BOUNDEDNESS PROBLEM

Input: a counter systerf and a configuratiol, ).

Question: is the se{ (¢, z') € Q x N" : (¢, %) = (¢, 2')} finite?
TERMINATION PROBLEM:

Input: a counter syster and a configuratioly, ).

Question: is there an infinite run with initial configuratiaiy, z)?

Designing algorithms for counter systems can be helpfuirfstance to verify programs with
pointers [BFN04, BBH 06, FLS09], broadcast protocols [EFM99] or systems withrgypneon-
straints [BFL08], see also its use for discrete timed automata (withaligibcks) [DPKO03].

1.4.3 Various classes

In this section, we introduce several subclasses of cosggtems by restricting the general defi-
nition provided above. Additional requirements can be efidct nature:

* restriction on syntactic ressources (number of counteesdarger formulae etc.)
* restriction on the control graph (e.g. flatness),

* semantical restrictions (reversal-boundedness, etc.)

Other subclasses will be considered in this course, but \a# sbnsider them in due course.
Our intention in this section is to provide typical exampdes! results, without being necessarily
exhaustive. In Figure 1.4.3, we present (syntactic) inchsbetween classes of counter systems
(CS stands for 'counter systems’ and CA for ‘counter aut@aiat
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(Affine CS — Sect. 5.8 (Relational CS — Sect. 1.4.3

(Flat relational C%

(Reset VASS — Sect. 5.2.3 (Succinct CA — Sect. 1.4)3 (Admissible CS — L5

(Standard C}\

(Lossy/Gainy CA — Sect. 5.2)3

(Minsky Machines — Sect. )2 (Reversal-bounded CA — Chap. 4

Figure 1.4: Classes of Counter Systems

Relational counter systems

A relational counter syster§ = (Q,n, §) is a counter system such that for each transitich
q € 9, the Presburger formulais a conjunction of atomic formulae of the form

* eitherx ~y + ¢,

* OFx ~ ¢,

wherex,y € {xq,...,%n,%},...,X,}, ¢ € Z and~e {>, <, = > <}. Itis worth observing
that other Presburger formulae can define relations beta@@mer values (instead of functions).
However, in the sequel, relational counter systems areratatel with the above meaning (more
general classes are considered in [BIK10]).

Here is an example of formula labelling a transitionfior 2: ¢ = (x; + 1 < x{) A (xo —3 =
x5,). The phone controller in Figure 1.1 in which messages arevethcan be viewed as a
relational counter system (see Figure 1.4.3). In Figure31id preserves the counter values and
each variable that does not occur in the expression lagadlitransition implicitly preserves its
value.

In [CJ98] such systems have been studied and the first reatdsshat the set of Presburger
formulae occurring in relational counter systems are cdaseder composition. For instance,

x| =x1+1

qg — ¢ followed by¢’ az ¢" is equivalent to

X} >x1+2 "
q——4g

, x| >x1AX)>x2
_ 5

Similarly, ¢ “—2=2 ¢ followed byg ¢ is equivalent to

/ /
x1>x1/\x2>x1 "
%

which is generalized below.
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X1 + + Xg < X1, X2 + +
X1+ +

X1>0

~ {3

Xy < X1, X2 + +

Figure 1.5: Phone controller (bis)

Lemma 1.4.1. [CJ98] LetS be a relational counter system. Given two transitions: ¢ 2> ¢’

andt, = ¢ 2 ¢”, there exists a Presburger formulaf the form described above for defining

relational counter systems such that forali” andz” in N*, we have(q, 7) 2 (¢, 2') 2 (¢, 2")
iff (¢, ) AN (q”,ﬂ’) witht = ¢ 5 ¢".

By way of example, the composition gf > x; + 1 A x}, < xy andx} < x; A x] = x; leads to
X] < xg AX) = X

Flat relational counter systems

The key result in [CJ98] states that the transitive clostiteamsitions occurring in such systems
is definable in Presburger arithmetic, see a precise stateim& heorem 1.4.2. The proof is
quite difficult; an alternative proof can be found in [BILO%or instance, with unique transition

xj=x1+1

t =q —— q,we have(q, K) = (¢, K") iff K’ > K. So, the finite iteration of the transitian

x| =x1+2

corresponds to the transitiqnxllzx—lﬂ> q. By contrast, with unique transition= ¢ —— ¢, we
have(q, K) = (q, K') iff there isk € N such thatk” = K +2k. Consequently(g, K) = (¢, K)

iff valg v =3y x| =x; +2 x y. Theorem 1.4.2 below generalizes closure under iteratitn w
Presburger arithmetic.

Theorem 1.4.2. [CJ98] LetS be a relational counter system made of a unique transitiéng.
One can effectively compute a Presburger formpflavith free(¢’) = {x1,..., %, X}, ..., %X}
such that for all?, 27 in N, (¢, %) = (¢, ") iff val_ 5 E ¢ (where— is the transition relation
from the transition systeM(S)). ’

A direct application of the above theorem concerns relatioounter systems with restriction
on the control graph. A relational counter systenflas whenever, in the control graph, every
control state belongs to at most one simple cycle. i.e. witlvepeated vertex. Moreover, we
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require that there is at most one transition between tworabstiates. Here is an example of flat
control graph:

The main result in [CJ98] is the following.

Theorem 1.4.3. [CJ98] LetS be a flat relational counter system and’ € ). One can effec-
tively compute a Presburger formutesuch that for ali?, 2/ in N*, (¢, 7) = (¢, «) iff val; E e
(with free(p) = {x1, ..., xp, X}, ..., X, }).

The proof goes roughly as follows. Lemma 1.4.1 allows to cotaphe effects of each simple
cycle and by flatness the number of simple cycles is boundeddaly ). Then, Theorem 1.4.2
allows to compute the effects of passing a finite number oésiton each simple cycle. Flatness
guarantees that reaching a control state from anotheralstate implies passing through the
simple cycles in a regular manner which can be mimicked alethed of formulae.

Consequently,

Corollary 1.4.4. The reachability problem for flat relational counter syssas decidable.

The corollary can be obtained as follows. Consider the ist&, (¢, 7) and(¢’, y/). We have
seen that we can compute the Presburger formulat encodes the reachability relationSnlt
remains to check satisfiability of the formula below:

i=n

(A =300 Ax; =y/() A w

=1
assuming free variables ip arex, ..., x,,x},...,x.. This can be done since the satisfiability
problem for Presburger arithmetic is decidable. Otherdymecounter systems with semilinear
reachability sets can be found in [Iba78, HP79, Esp97, FEQ02, Ler03, LS05, FS08]. A
generalization has been also considered in [BIK10].
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Succinct counter automata

In the sequel, we adopt the convention that a counter automata counter system in which
the instructions are either zero-tests, increments oredeents, possibly encoded succinctly. A
succinct counter automatas a counter systerfi), n, d) in which the transitions are of the form

eitherg me() ¢ withb € Z" or q zerol?) ¢ with b/ € {0,1}™ where

- —

* inc(b) is a shorteut for\ ., ,; x; = x; + b(i),

* zero(b) is a shortcut FOA e m st (=1 X = O A NiepmyXi = xi (as usual, empty con-
junction is understood as).

In succinct counter automaton, each transition eitheroper$ zero-tests on a subset of counters
or updates counters by adding a vectdZin All the counters are tested or updated simulateously.
It is easy to check that every succinct counter automatometasional counter system.

Standard counter automata

A standard counter automatds a counter systerfr), n,d) in which the transitions are of the

inc() dec(z) zero(1)

form eitherq — ¢’ or¢q — ¢’ or¢ — ¢’ (@ € [1,n]) where

* inc(i) is a shortcut fol(x; = x; + 1) A (A, X; = x;) (also writtenx;++),
* dec(i) is a shortcut fofx; = x; — 1) A (A, X; = x;) (also writtenx;- -),
* zero(i) is a shortcut folx; = 0) A (/\; x; = x;) (also writtenx; = 07).

By contrast to succinct counter automata, transitionsandsrd counter automata can perform
a simple operation at once (otherwise, a succession ofiti@ssis needed). Indeed, standard
counter automata and succinct counter automata are veigisbat when it comes to complexity
issues, exponential blow-up may occur when passing frornoodel to another. In the sequel,
unless otherwise stated, by a counter automaton we meandastieone.

It is easy to check that Minsky machines (with two counteashf a subclass of standard
counter automata.

Vector addition systems with states

A vector addition system with statgsM69] (VASS for short) is a succinct counter automata

without zero-tests, i.e. all the transitions are of the fqrhlﬁc(—b)> q" with b € Z". Inthe sequel, a
VASS is represented by a tuple= (Q, n, ) where( is the finite set of control states ands a
finite subset of) x Z™ x Q.

Standard counter automata can be naturally viewed as \aatiilion systems with states aug-

mented with zero-tests by simulating transitions of then‘qrﬁ ¢’ by sequences of increments
and decrements.

Figure 1.6 presents an example of VASS. As an exercise, angheav that for allf € N*, the
set{y/ € N* : (qo, %) = (qo, %)} is finite.
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Figure 1.6: A VASS weakly computing multiplication

A vector addition system($/AS for short) is defined as a VASS with a unique control sthate
the sequel, a VAF is represented by a finite subsetZf corresponding to its set of transitions.
VASS and VAS are be viewed as equivalent models, see e.g9[ReMoreover, for many prob-
lems such as covering or boundedness, the problems on VA&Beir nets are equivalent (see
Chapter 3).

Theorem 1.4.5. [May84, Kos82, Reu90, Lam92] The reachability problemV\ASS is decid-
able.

This famous result has been the subject of the book [Reui®¢ ghe proof requires many
steps involving expertise in graph theory, logic, theoryvefl-quasi orderings etc. Nevertheless,
the exact complexity of the reachability problem is open:kwew it is EXPSPACE-hard [Lip76,
CLM76, Esp98] and no primitive recursive upper bound exiBiscontrast, the covering problem
and boundedness problems seem easier.

Theorem 1.4.6. [Lip76, Rac78] The covering and boundedness problems A8S/are K-
PSPACE-complete.

Decidability is established in [KM69] but with a worst-casen primitive recursive bound
(see Section 3.3). ThexteSPACE lower bound is due to Lipton and the upper bound to Rackoff
(see Section 3.4). In order to be precise, one should exp@invectors inZ™ are encoded. The
upper bound holds true with a binary representation of entegvhereas the lower bound holds
true already with the values -1, 0 and 1. Consequently, tbkelem is EXPSPACE-hard even with
an unary encoding. In general, the less the encoding is serttie more difficult hardness results
are possible. We shall present the proof for the upper bau@hapter 3. Observe also that the
covering problem can also express the thread-state reiithptoblem for replicated finite-state
programs, see e.g. [KKW10] as well as decision problemsHerparameterized verification of
ad-hoc networks [DSZ10]. Similarly, the boundedness mnoblor asynchronous programs has
been considered in [GaARO09].

The operation of resetting a counter consists in providirggvalue zero to the counter. For
instancereset (i) can be defined as the formuld = 0) A (A\,; X; = x;) A reset VAS$ defined
as a VASS except that we allow transitions labelleddyt(z). It is worth noting that the bound-
edness and the reachability problems for reset VASS becomhecidable, see e.g. [DFS98]. By
contrast, the covering problem for reset VASS is decidapleding the theory of well-structured
transition systems, see e.g. [FSO1].
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1.5 Exercises

Exercise 1.5.1 Let p be a Presburger formula with more than one free variable nBe&fiPres-
burger formula) such that) is satisfiable iffREL(y) is finite.

Exercise 1.5.2 Let X C N? be a semilinear set. Show thidt € N : (k, k') € X'} (projection) is
a semilinear subset of.

Exercise 1.5.3 Define a Presburger formujasuch thaREL(p) = {(ny,n2) € N x N : ny X
no is odd}.

Exercise 1.5.4 Show that any arithmetic progression (viewed as a set ofalatumbers) can be
defined in Presburger arithmetic.

Exercise 1.5.5 Show that a seX of natural numbers is semilinear iff there ave M € N such
that for everyn > N, n € X iff n 4+ M € X (X is ultimately periodi¢. Conclude that the sets
{2":4 € N} and{i* : < € N} are not semilinear.

Exercise 1.5.6 Show that semilinear sets are Presburger definable.

Exercise 1.5.7 Let X, Y C N". We defineX + Y asthe se{7+ ¢ : © € X, y € Y}. Show that
if X andY are semilinear, theX 4+ Y is also semilinear.

Exercise 1.5.8 Dickson’s Lemma [Dic13] states that for anysequence, 71, . . . of tuples in
N", there areé < j such thatr; < 2;. Show Dickson’s Lemma.

Exercise 1.5.9 LetS = (Q,n,d) be a VASS andqo, z5) be a configuration. Using Dickson’s
Lemma, show the equivalence between the two statements:belo

* There is an infinite run with initial configuratiaig,, z).
* There exist a finite rufiqo, 29), - - ., (qx, 23) andk’ < k such thay, = ¢, andzy, < ;.
Does the equivalence hold true for VASS with resets? fordgtechcounter automaton?

Exercise 1.5.10 Let us consider the VASS presented in Figure 1.6. Determine the set of initial
configurations such thd is terminating from them.

Exercise 1.5.11 Consider the counter system obtained from Figure 1.1 stiglthe communi-
cation labels (of the form eithet or b?). Show that the setz € N2 : (¢1,0) = (¢, %), € [1,6]}
is semilinear.

Exercise 1.5.12 Check the statement in Lemma 1.4.1 with
01 =X X1+ 1AX <xg o =x] <xoAX] =X @ =x] <xa AX] =X,

Exercise 1.5.13 Show the following equality for the VASS defined in Figuré:1.

M

{(i)eN:d<axp}=

{(g)eN3:3(if)eN3, run(q0,< ))L(qo,(

c

oo o R
Qo e



Chapter 2

Linear-Time Temporal Logics

This chapter is mainly dedicated to present a linear-timgptaral logicLTL® (PrA) whose mod-
els are infinite runs from counter systems. First, we reballdefinitions for standard linear-time
temporal logic LTL as well as its automata-based approathBiichi automata. Then, we define
the very expressive logicTL“®(PrA) and its two fragment§ LTL(PrA) (Presburger LTL) and
LTL with registers (LTL") obtained by restricting the first-order quantificationios@unter values.
The chapter concludes by providing the decidability stéduseveral fragments fa?LTL(PrA)
and LTL'. In the subsequent chapters, we shall refer to these lag&tate the decidability status
of satisfiability and model-checking problems.

2.1 Temporal Modalities on Computations

Temporal logics contain modalities with a temporal intetption. A modality is usually defined
as a syntactic object (term) that modifies the relationsbgi#een a predicate and a subject. For
example, in the sentence “Tomorrow, it will rain”, the terifofnorrow” is a temporal modality.
Temporal logics make use of different types of modalitied are recall below some of them
interpreted over runs (a.k.a. executionswesequences). The temporal modalities (also known
as temporal operators) allow one to speak about the sequen€istates along an execution,
rather than about the states taken individually. The sistpéamporal operators ake(“next”), F
(“sometimes”) and: (“always”). Below, we shall freely use the Boolean operatei(negation),

V (disjunction),A (conjunction) and=- (material implication).

* Whereasp states a property of the current state,states that the next statefor “neXt”)
satisfiesp. For exampley V Xy states thap is satisfied now or in the next state.

Xp: next-timep

—®—O—0O—0

* Fp announces that a future staref¢r “Future”) satisfiesp without specifying which state,
andGy that all the future states satispy These two operators can be read informallyas “
will hold some day” and & will always be”.

25
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Fp: sometime$

D—O—0O0—0—®

Duality The operatot is the dual off: whatever the formula may be, ifp is always
satisfied, then it is not true thaty will some day be satisfied, and conversely. HeGge
and—F—y are equivalent.

Gp: alwaysp

& —®)—()—()—®

By way of example, the expressiaflert = F halt means that if we (currently) are in a
state of alert, then we will (later) be in a halt state.

The temporal operatdi (for “Until”) is richer and more complicated than the temalor
operatorF. Uy, States thatp; is true untily, is true. More preciselyiy, will be true
some day, ang; will hold in the meantime.

pUq: p until q

@9, D) —~@)—@)—@)—@

The examples(alert = F halt) can be refined with the statement that “starting from a
state of alert, the alarm remains activated until the hatess eventually reached”:

G(alert = (alarmUhalt)).

Sometime operator. The temporal operatd@tis a special case @f Fp andtrue U ¢ are
equivalent.

Weak until. There exists also a “weak until”, denotdd The statemenp, Wy, still ex-
presses $;Uypy”, but without the inevitable occurrence gf and if o, never occurs, then
1 remains true forever. S@, Wy is equivalent t@p; V (p1Ups).

2.2 Linear-Time Temporal Logic LTL

As far as we know, linear-time temporal logid'L in the form presented herein has been first
considered in [GPSS80] based on the early works [Kam68, Anulhe version of L. TL with
explicitely the next-time and until operators first appeare[GPSS80]. Surprisingly, the next-
time operator has been introduced in [MP79] in order to ddififié restricted to the next-time
and sometime operators (see also a similar language in §PnuNowadaysTL is one of the
most used logical formalisms to specify the behaviours ohoter systems in view of formal
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verification. It has been also the basis for numerous spatditlanguages such as PSL [EF06].
Moreover, itis used as a specification language in tools aa&PIN [Hol97] and SVM [McM93].

Let us provide below a few definitions abdufL. LTL formulae are built from the following
abstract grammar:

e, u=p | mp | oAV [ VY | Xp | pUY
wherep ranges over a countably infinite S8ROP of propositional variables.
LTL models are intended to be infinite runs from counter systems;-sequences of config-

urations. In plainLTL, a modelp is simply a magN — P(PROP). The satisfaction relatiop-
is defined as follows:

x pitEp & pepli)

x pilEp & plilk g,

* pilEpi Ny & pil=prandp,i = ¢,

x pilEQiVer & plilkpiorp ik e,

x p,i =X & p,i+1E o,

* p,i = oUpy & thereisj > isuchthap, j = ¢, andp, k = ¢, foralli < k < j.

As usual, we posBy = TUp andGy = —F—¢. Observe that); Uy, is equivalent taj, \V (1 A
X1 Uthy).

Given aLTL formulay, we write Modelsf) to denote the set of sequenges P(PROP)~
such thap, 0 = ¢. We recall below that Modelgy can be effectively represented by a Buichi au-
tomatonA,, (see basics in Section 2.3), namely recognizes exactly the sequences in Modsls(

2.3 A Brief Introduction to B tichi Automata

Automata-based approach

The automata-based approach consists in reducing logmaligms into automata-based decision
problems in order to take advantage of known results frororaata theory. Alternatively, this
can be viewed as a means to transform declarative staterftgpicsally formulae) into opera-
tional devices (typically automata with sometimes ruditagncomputational power). The most
standard target problems on automata used in this approacheafollowing:

* the nonemptiness problem checks whether an automatonsaalnefist one accepting com-
putation (in symbolg.(A) # 07?),

* the universality problem checks whether an automaton &s&@rything (of course this
needs to be made more precise depending on the objects weaimgdvith, words, trees
etc.),

* the inclusion problem checks whether the language accdptdtie automatord is in-
cluded in the language accepted by the automat@n symbolsL(.A) C L(B)?).
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Figure 2.1L(A) = {0 € {a,b}* | |o]o = w}

A pioneering work is due to Buchi [Biic62] in which Buchitamata are shown equivalent to
formulae in monadic second-order logics (MSO) offér <); models of a formula built over the
second-order variableB,, . . ., Py arew-sequences over the alphal®t{ P, ..., Py}). In full
generality, here are a few desirable properties of the aupro

* The reduction should be conceptually simple, apart fromdpsemantically faithful.

* The computational complexity of the automata-based tangetiem should be well-characterized.
In that way, one gets a complexity upper bound for solvingsirce logical problem.

* Last but not least, preferrably, the reduction should aliataining the optimal complexity
for the source logical problem.

In this chapter, we shall present the automata-based agpfoa solving logical problems in-
volving temporal logics (see also Chapter 5). However, raya this approach is quite active
and among the trends one can distinguish the developmetgaitamic automata theory (for
instance to design efficient decision procedures for tgstonemptiness, complementing etc., see
e.g. [GS09]) and the appearance of new source problems.(se@m pinpointing in [BP08]).

Buchi automata in a nutshell

A Buchi automatons defined as a finite-state automaton that acceptgords instead of finite
words. Formally, &uichi automatond is a tupled = (X, @, Qo, d, F') such that

* Y is a finitealphabet

* @ Is afinite set oktates

* Qo C Q is the set ofnitial states,

* thetransition relations is a subset of) x > x @,

* ' C Q is a set offinal states.

Giveng € @ anda € X, we also write)(q, a) to denote the set of statg'ssuch thaiq, a, ¢') € 4.
A run p of Ais a sequence, =% ¢ = ¢,... such thatg, € Q, and for everyi > 0,
(Gi, ai, qiy1) € 6 (also writteng; % ¢i11). The runp is successfuif some state of is repeated
infinitely often inp: inf(p) N F # () where we leinf(p) = {¢ € Q : Vi, 3j > i, ¢ = ¢;}. The
label of p is the wordo = aga; - - - € ¥*. The automatomd acceptshe languagé.(.A) made of
w-wordso € ¥¢ such that there exists a successful rupdadn the words, i.e., with labels. For
instance, the automaton in Figure 2.1 accepts those wortg ey} having infinitely many’s
(the initial states are marked with an incoming arrow andstiages inf" are doubly circled).
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Now, we introduce a standard generalization of the Buateéptance condition by considering
conjunctions of classical Biichi conditions.g&neralized Bchi automator{GBA) is a structure

A= (27Q7Q0757{F17"'7Fk})

such thatfy, ..., F, C Q andX, @), Qo andé are defined as for Buichi automata. A run is defined
as for Buchi automata and a rwrof A is successfuiff for 1 < i < n, we haveinf(p) N F; #

(. Lemma 2.3.1 below simply states each GBAcan be easily translated into a classical BA,
preserving the language of accepteavords.

Lemma 2.3.1. LetA = (3,Q,Qo,0,{F},..., F}}) be ageneralized Biichi automaton. One can
compute, in logarithmic space in the size4fa Blichi automatoml® = (3, Q°, Q5, 6%, F®) such
thatL(A%) = L(A).

Proof: Let A = (X,Q,Qo,6,{F1,..., F}) be a generalized Buchi automaton. The idea of
the proof consists in definingl® from k copies of.4 and to simulate the generalized accepting
condition by passing from one copy to another.

1LQ"EQ x{1,...k},

2. Q4= Qo x {1},

3. F*E [ x {1},

4. 6°((q,1),a) is defined as the union of the two following sets

@) {(¢,i): ¢ > ¢ €96, q & F;} (stay in the same copy if no final statefiis reached),

(b) {(¢,(imod k) +1):q= ¢ €9, q € F;}(go to the next copy if a final state i} is
reached).

One can check that and.A® accept the same languag@ED

The class of languages accepted by Biuchi automata adnnitgigacharacterizations, for in-
stance it corresponds to the classwefegular languages. On the logical side, such languages
correspond exactly to the set of models satisfied by fornfutee LTL augmented with automata-
based temporal operators [WolI83]. There exist alternatnagacterizations, see e.g. [Var88].

Proposition 2.3.2. The family ofw-regular languages is closed by intersection, union and com
plementation.

The proof for union is similar to the proof for standard firstiate automata, the proof for
intersection uses an idea similar to the proof of Lemma 2Bylcontrast, the closure by comple-
mentation is much more difficult to show, see e.g. [Buc6239% Muk09] (see also [FKV04]).

The nonemptiness problem for Biichi automata is defined|ksvis

Input: a Biichi automatom,

Question: isL(.A) # 0?
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{p} {p,p'}

'} Ap, 0’}

(10

Figure 2.2: An automaton fqsUp’ models

In order to characterize the computational complexity ef tlonemptiness problem, we can
use the lemma below.

Lemma 2.3.3. Let A = (X, Q, Qo, d, F') be a Bichi automatori.(.A) # () iff there is a path in
the graph(Q, {(¢,¢) : Jas.t. ¢ % ¢ € 6}) of the formgy = ¢ — ¢ with ¢y € Qy andg € F.

Proposition 2.3.4. [VW94] The nonemptiness problem for Buchi automata isQ$SPACE
complete.

By contrast, the universality problem for Buichi automatB 8 Ace-complete, see e.g., [SVW87].

2.4 From Formulae to Automata

Here we will show that given an LTL formula built over the set of propositional variables
{p1,...,pn}, it is possible to effectively construct a Biichi automatdp over the alphabet
{p1,...,pn} suchthat.(A,) = Models(p).

Figure 2.2 presents a Buchi automatdrsuch that.(.A) = ModelspUp’) with ¥ = {p, p'}.
We wish to defined,, from ¢ in a systematic and optimal way. This allows us to obtainrogti
complexity bounds and if the construction of automata isnoged, it can also provide efficient
algorithms.

Proposition 2.4.1. [VW94] For every LTL formulayp, there is a Buichi automato#,, such that

1. L(A,) = Models(p),
2. |A,]isin 2904 and,
3. A, can be effectively computed in polynomial spaceyh
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In Proposition 2.4.1, it should be understood that the serapositional variable®ROP is
restricted to the atomic formulae occurringgn Below, we explain howA,, is defined fromy
without providing the formal proofs.

Definition 2.4.1. Let be an LTL formula. Theslosureof ¢, denoted byl(y) is the smallest
set
* containing the subformulae ¢f,
* closed under negation (we identify-1) with 1),
* 1f x1Ux2 € cl(p), thenX(x1Ux2) € cl(p).
\Y

The closure set contains all the formulae we need to consadeneck satisfiability and the
cardinality ofcl(y) is linear in the size ofp. An atom X is a subset otl(y) satisfying the
conditions below:

1. for all formulaey in cl(y), v € X iff - ¢ X,

2. Y1 Npg € X iff by, by € X,

3. Y1 Vi € Xiff ¢ € X oreyy € X.

An atom is nothing but a maximally consistent subsef@f). A pair of atomg X, X') is said
to beone-step consisterft the conditions below hold true:

* if Y Uthy € X, themy, € X or (i1 € X andy Uk, € X7),

* for Xy € cl(p), X € X iff ¢ € X.

Now, let us defined,, based on the previous definitiond,, is actually a generalized Buchi au-

tomaton that can be converted into a standard Biichi autom8oA, = (£, Q, Qo, 0, F1, ..., F,)
with:

* X =P({p1,...,pn}) (set of propositional variables occurringg),

* (Q is the set of atoms (its cardinality is exponential in the 2izy),

* Qo is the subset of atoms containipg

x* X LY ediff a={p1,...,pn} N X and(X,Y) is one-step consistent,

* for each until formulay, Uy, there is exactly one sdf; such thatf; = {X € Q@ :
either Y1 Uty & X or ¢hy € X'}

Each control stat € () is a set of formulae that are intended to be satisfied at thermur
position. Either this satisfaction can be checked localpitally for Boolean formulae using
the fact thatX is an atom) or the transition relation &f, allows us to propagate the constraints.
Accepting conditiong, . .., F,, (indexed by until formulae occurring i) guarantee that the
search for witnesses is not delayed forever. In particikey forbid postponing forever the
satisfaction of), whent; U, has to be satisfied.
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Proposition 2.4.2. L(A,) = Models().

The equality is obtained by establishing the two followimggerties.

* Givena modep : N — P({p1,...,pn}) € Modelsf), i.e. p,0 | ¢, there is a unique

accepting runX, P X, o) X5 2 in A, such that for ali > 0 andy € cl(y), we

havey € X iff p,i = 1.

x Conversely, for each accepting iy = X; = X, = - in A,, the mode defined by
p(i) = a; for i > 0 satisfies that foi > 0 and«) € cl(y), we havey € X, iff p,i = 1.

In the sequel, we writel,, to denote the Blichi automaton recognizing Modg)s(

2.5 Full Presburger LTL for Counter Systems

Linear-time temporal logic LTL equipped with “next-timeperatorx, “until” operatoru and their
past-time counterparts is known to be equivalent to firdeotheory of order [Kam68]. Satisfi-
ability and model-checking problems for LTL (even with ptiste operators) are known to be
PSrAacE-complete [SC85]. In spite of these nice features, it is twogtalling that a propositional
variablep only represents a property of the current configuration efdystem. For instance,
may hold true whenever the value of the variable greater than the value of the variaplafter
running the current instruction. A more satisfying solatie to include in the logical language
the possibility to express directly constraints betweemades of the program, whence giving
up the standard abstraction made with propositional veEasabWhen the variables are typed,
they may be interpreted in some specific domain like integerd numbers, strings and so on;
reasoning in such theories can be performed thanks to abtlgfi modulo theories proof tech-
niques, see e.g., [BSST08] and [GNRZ07] in which SMT sohaesused for model-checking
infinite-state systems. Hence, a proposition likas' greater than the next value gf can be
encoded in such extended temporal logicsxby Xy but this time the models are sequences
of configurations. This means that each position comes wdbrdrol state and a valuation for
variables. Hence, the basic idea behind the design of thie 1a¢.°(PrA) is to refine the lan-
guage of atomic formulae and to allow the possibility to cangpcounter values at successive
positions of the run of the counter systems. Similar moitvet can be found in the introduc-
tion of concrete domains in description logics, that araddmased formalisms for knowledge
representation [BH91, Lut03, Lut04].

We define below a version of linear-time temporal logic LTidaated to counter systems in
which the atomic formulae are Presburger formulae aboutteowalues, the temporal operators
are those of LTL and first-order quantification over natutahiers is allowed, although we shall
use it in a restricted way. The main advantage of defining eeseml language is that it is then
easy to compare the different languages in a uniform framev&milarly, in [MP95], a mixture
of first-order logic and LTL is shown sufficient to precisebate verification problems for the
class of reactive systems.

We introduce a countable setiofeger variablessayVARP = {y;,ys,, ...}, for quantification
over natural numbers. Elements GARP are distinct from thecounter variablesn VAR =
{x1,x9, ...} that are free variables, only interpreted by the countarasbn configurations. We
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also consider a countably infinite sgt= {qi, ¢, ...} of control state symbols. As usual, a
formula contains only a finite number of such symbolsdptiori, we do not bound the number
of control states. TheTL®(PrA) formulae are defined as follows:

o= | gl eNp | ~p | Xo | ¢Up | dyp

where) is a Presburger formula with free variables included’/®R” U VAR andq € Q. The
symbolsxX andU are respectively the classical operators next-time antfeorn LTL.

The models of LTL“®(PrA) formulae are infinite runs from counter systems whose set of

control states is included in the countable @ete. they arevu-sequences of configurations. A
modelp of dimensiom for LTL®(PrA) is an element ofQ x N")* for some finite subsep C Q.
An environment is a partial mapvAR? — N. Theempty environmeris denoted by). The
satisfiability relation= is defined as follows between a mogedf dimensiom, a positioni > 0,
an environmen€ and a formula in which the free variables are am®adR” U {x, ..., x, }.

The satisfaction relatiop-¢ is defined on rung of the form

p = (q0,%0), -, (qr, Tk), - - -

xpikeqd & q=aq,
* Whenv is a Presburger formula with free variables includediR” U {x,...,x,}, we
havep,i ¢ ¢ € wval; = ¢ in Presburger arithmetic whesal, is a conservative exten-

sion of € such that forj € [1, n|, val;(x;) = z;(j),
* prie 0 & pite o,
x pibepi Ny & piibe o1 andp,i e oo,
* pyi e Xp E pi+l e o,
* p,i e p1Upy & thereisj > i suchthap, j ¢ @2 andp, k =g ¢ foralli < k < j.
* p,i =g Ty piff there is a natural numben € N such thap, i ey @

def

As usual, we pos€y = TUp andGy = —F-yp. A semi-closed formulis an LTLES(PrA)
formula such that no integer variable froiAR” is free. By construction, the counter variables
X1, ..., X, are always free and are interpreted as the current countigesvaln the decision
problems defined below, we shall only consider semi-closechdilae and therefore there is no
need to specify an environment in the statements.

For instance, one can express that the first counter stingtigases at every step:

Gy (y=x31 AX(x1 >y))
Similarly, the first counter takes a finite number of valuesnglthe run can be expressed by
JFyG(xi <y).

SATISFIABILITY PROBLEM FORLTL(PrA)

Input: An LTL®®(PrA) semi-closed formula with free counter variables, .. . ,x,,.
Question: Is there a modep € (Q x N™) of dimensiom: such thap, 0 =y ¢?
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LTL(PrA)

CLTL(PrA)

(CLTL(QFP))
(CLTL(DL")

(CLTL(DL))  (CLTL(IPCx))

Figure 2.3: Fragments GfTL“®(PrA)

Observe that for satisfiability checking, it is not necegghat the model is derived from a
counter system.
EXISTENTIAL MODEL-CHECKING PROBLEM FORLTL®(PrA)

Input: A counter systens = (Q,n,d), an initial configuration(q,, 7,) and anLTL®(PrA)
semi-closed formula with free variables amongx,, ..., x,}.

Question: Is there an infinite rup starting at(qo, 7o) such thap, 0 =y ©?

Similarly, one can define the universal model-checking f@mtfor LTL®S (PrA).
UNIVERSAL MODEL-CHECKING PROBLEM FORLTL®®(PrA)

Input: S = (Q,n,d), (g, ¥o) andy as above.
Question: It is true that for all the infinite rung starting at(qo, %), we havep, 0 =y ©?

Temporal logics with Presburger constraints has been dppet, for instance, irf]:er94,
BEH95, BGP97, CC00, BDR03, LMP10]. Some of them have quifgessive decidable frag-
ments. Undecidability of the existential model-checkinggpem forLTL“®(PrA) can be shown
using the undecidability of the halting problem for Minskyahines. Still, using SMT solvers
can be done for checking bounded reachability problemsesge [BFM"10]. A linear-time
temporal logic with first-order variables can be also foumfRGLO01] for log auditing.

In the rest of this section, we shall present fragmentsTit“®(PrA) obtained by restricting
first-order quantification over natural numbers. FigurdlRiStrates the syntactic fragments based
on fragments of Presburger arithmetic defined in Sectiomt1.Bloreover, we writd . TL(Q) to
denote the variant of LTL in which the atomic formulae are tooinstates; this is obviously a
fragment of LTLYS(PrA).

First, let us observe that if we restrict ourselves to fomeuin which temporal operators
are not in the scope of first-order quantification, then weagieagment of LTL®(PrA) that is
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very similar to plain LTL. Indeed, atomic formulae are amitbtical constraints between counter
values and they can be understood as high-level propoaiti@miables; whence the automata-
based approach for LTL can be easily adapted to this fragnettiat fragment, the arithmetical
constraints are only local and in the construction of Biautomata, the existence of transitions
between states depends on the satisfiability status of lgesbformulae. Below, we provide
restrictions in which the temporal operators may occur exgbope of first-order quantification.
Observe that variants first-order temporal logics have b&eoduced in [DSV04] to verify data-
driven web applications. The interplay between temporafators and first-order quantifiers is
restricted, which guarantees better computational ptigser

Comparing successive counter values.Given a Presburger formula(zy, . . ., z;), we shall
write ¢ (X"x;,, ..., X"x;, ) to denote the formula below

(El Yi,-- 5 Yk Xil(yl = Xj1) A /\Xlk(yk’ :Xjk) /\w(ylw-'a}%)?

wherey, .. ., y; are new variables distinct from the free variables that ezsenting(z, . . ., z;).

It is easy to see that(X"x;,, ..., X'x;,) is interpreted as the formula(z,, . .., z) in which
each variable, takes the value of;, at the:,th next configuration. For instance, = Xx,
specifies that the next value ®f is equal to the current value @f. Similarly, G(x; = Xx)
states that counter 1 has a constant value along the modséchion 2.5.1, we present a simple
fragment of LTL“®(PrA) by allowing first-order quantification only for formulae dfet form
P(Xhx,,, ..., X"%x;, ) and Presburger formulae (at the atomic level) are quantiertoo. It is
worth observing that we us&” as the next-time temporal operator whereXs” refers to the
value ofx at the next position. HencX andX are of different nature but both refer to the next
position (no confusion is possible).

Freeze operator. In order to verify properties on counter systems, we war &sbe able
to compare counter values. For that, we will define the steddfreeze operator’. We shall
consider formulae of the forny ¢ interpreted asl y, (y. = x; A ¢) that store counter values.
Symmetrically, there are counterpart formulae of the fofnmterpreted ag, = x; that perform
equality tests. Intuitively, the modality’ is used to store the value of the coungeinto the
registerr; the atomic formulal’ holds true if the value stored in the registeis equal to the
current value of the countgr For instance, the formula(|{ XG— 71) states that the first counter
has distinct values at distinct positions.

2.5.1 Presburger LTL CLTL(PrA)

As mentioned earlier, we define below the logitTL(PrA) as a fragment oETL.“ (PrA) with
the following restrictions.

1. The Presburger formulae at the atomic level of temporahfdae are quantifier-free.

2. First-order quantification at the level of temporal fotawuis restricted to macro formulae
of the form below:
Qﬂ(X“le, ceey szxjk)
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Consequently, there are no more quantification over integgbles fromVARP and no variable
in VARP occurs inCLTL(PrA) formulae.

The logicCLTL(PrA) is defined as an extension bT'L(Q) where the atomic formulae are
constraints from Presburger arithmetic built over exgoessof the formX‘x wherex € VAR is
a variable and&’ is understood as a sequence obnsecutive symbolX. The expressioX‘x is
interpreted as the value fat theith next state. Th€ LTL(PrA) formulae are defined as follows
(first, we need to defineemporal termp

tu=0]1] X' | t+t

pu=t=pt | t<t|q| N | - | Xp | @Up.

with x € VAR, k£ > 1 andq € Q. For instance, a formula of the for@{x; < Xx;) states that
counter 1 is strictly increasing, that is a satisfiable fdan8y constrast, the formulix; > Xx;)

is not satisfiable. Atomic formulae 6fLTL(PrA) can be also writtegy(X"x,, . .., X'x,,) where

1 is a Presburger formula and its variables are substitutepgessions of the for‘x. A one-
step constraint is an atomic formula of the form eithet,, t, ort; < ¢, such that each variable
is prefixed by at most one symbXl. Given aCLTL(PrA) formulay, we define itsX-length
|o|x as the maximal numbeisuch that an expression of the folix occurs inp. Intuitively, the
X-length defines the size of a frame of consecutive states#mbe compared. The models of
CLTL(PrA) are pairs of sequences= (o4, 0,) such that; : N — (VAR — N), 09 : N — @
for a finite subsef) C Q. The satisfaction relation is defined as for LTL except a&tioenic level:

*x 0,1 = qiff 09(i) = ¢,

x 0,0 = Y(Xhxq, ..o, Xinx, ) iff (01(i+ 1) (x1), ..., 01(i + 1,) (%)) € REL(%).

*x 0,1 = Xpiff 0,0+ 1 ¢,

* 0,1 = Uy iff there isj > i such thav, j = ¢’ and for everyi <[ < j, we haver,l = .

As usual, a formulg € CLTL(PrA) is satisfiable whenever there exists a madsuch that
0,0 = . We write CLTL! (PrA) to denote the restriction cfLTL(PrA) to formulae with at
mostn variables andX-length less or equal tb(below the valuev is used for some syntactic
resource when there is no restriction). Moreover, obsdraeinfinite runs from counter systems
can be viewed a€LTL(PrA) models. Besides, control states as atomic formulae candily ea
removed fromCLTL(PrA), as far as satisfiability problems are concerned; indeegl¢ha be
encoded by atomic Presburger formulae, for instance ofdh@ £ = z/ (wherez andZz are
uniquely dedicated to encode one contrel} 0 would also be fine.

Lemma 2.5.1. There is a logspace reduction from the satisfiability pgobfor CLTL(PrA) to
the satisfiability problem fo¢ LTL,, (PrA) restricted to formulae oX-length at most 1{LTL. (PrA)).

The proof of Lemma 2.5.1 is done by renaming terms and regjaineunbounded amount of
variables inCLTL. (PrA). For instance, the expressions. .., X3x, are encoded by the formula

G(X" = XX AX = XxAx = Xxq)
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(assuming that, x’ andx” are new variables) and each occurrencXef [resp. X2x;, X3x;] is
replaced by [resp. X/, x"]. For reductions between satisfiability problems, theadtrction of
new variables is harmless.

We recall below the existential versionGL.TL(PrA) model-checking over counter systems.
EXISTENTIAL MODEL-CHECKING PROBLEM FORCLTL(PrA):

Input: a counter systers§ of dimensiom, a configuratior{q, ©) and anCLTL(PrA) formulay
with n free variables,

Question: Is there an infinite rup with initial configuration(q, Z) such thap, 0 = ¢?

The halting problem for Minsky machines can be easily reduoghe satisfiability problem
for CLTL(PrA) or to the existential model-checking problem €itTL(PrA), leading to simple
undecidability proofs. In the sequel, we show how to resthe class of counter systems or the
logical language in order to regain decidability.

Let us define below several fragments@TL(PrA). Given a fragment. from Presburger
arithmetic (see e.g., Section 1.3.4), we wfitETL( L) to denote the restriction ¢!LTL(PrA) to
atomic formulae of the form(Xx;,, ..., Xx;, ) with ) € L. Similarly, we writeCLTL! (L)

(n > 1,1 > 0) to denote the restriction dfLTL(L) to formulae such that the variables are
among{xi, ..., x,} and theX-length is bounded by. We usew when there is no restriction,
either on the number of variables or on tdength. For instance; = X®x, +1 € CLTL3(DL)
andXxXX(5Xx; + 2xp > 27) € CLTL}(QFP). The logic CLTL defined in [CCOQ] is precisely
CLTLL(DL).

Similarly, an L-counter systens defined as counter system such that the Presburger formu-
lae labelling the transitions are in The table below summarizes the complexity status of three
decision problems (existential model-checking problessricted toDL-counter systems, re-
stricted to standard counter automata and satisfiabildplpm) restricted to different fragments
of CLTL(PrA). 'U’ stands for undecidability

MC (DL) SAT MC (CA)
CLTL(DL) U U u
CLTLY(DL) U U U
CLTL;(DL) U U PSPACEC
CLTL;(DL) U U U
CLTL;(DL or DL") | PSPACEC. | PSPACEC. | PSPACE-C
CLTL;(QFP) U U PSPACEC
CLTLY(QFP) U U PSPACEC.

By way of example, let us provide the main simple ideas to st@\proposition below.
Proposition 2.5.2. The satisfiability problem fot LTL;(DL) is undecidable.

Proof: Let us consider a slight (and indeed standard) variant ofskdirmachinesS in which

the last instructiom is hal t . The halting problem checks whether the Minsky machine can
reach this instruction. Since the Minsky machine is detarstic, either the Minsky machine
has a unique infinite run (and never visits the instructipor it has a unique finite (and halts at
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instructionn). We build anCLTLj(DL) formulay = (Aicpin ¥i) A Yinie A Ggy, such thatp is
satisfiable iffS has an infinite run. The formulg,,;; is of the formx; = 0 Ax, =0 Ax3 =1, SO
the third counter encodes the instruction ordinal (the tartswith two counters equal to zero). If
theith instruction increments the counteand go to instructiof, then; is of the form below:

G(Xg =7 = (XXg = Z,) A (Xj +1= XXj) A (Xg_j = XX3_j>>.

Decrements are encoded similarly. Moreover, ifditnenstruction performs a zero-test on counter
j and go to instruction’ otherwise go to instructioff, thenv); is of the form below:

Gxs=1= ((x; =0 = (Xx3 =14) A (x; = Xx;) A (X3—; = Xx3_;))A

(x; 0= (Xx3 =i") A (x; — 1 = Xx;) A (x3—; = Xx3-4))))

So, the formulae ilCLTL}(DL) can easily internalize the instructions of Minsky machin®$
course, if we restrict further the number of variables orahthmetical constraints, undecidability
might be a bit less easy to obtaQED

Theorem 2.5.3. [DD07, DGO08] Satisfiability problem foE LTL(IPC*) is PSPACE-complete.

The proof uses the automata-based approach for LTL with jgimabkt of symbolic valua-
tions (constraints). Its difficulty comes from the fact tha sets of symbolic models that admit
concrete models are not necessatityegular, i.e. definable by a Buchi automaton.

2.5.2 LTL with registers: LTL'

In this section, we present the logic LTL with registers@ataown as Freeze LTL) as a fragment
of LTL“®(PrA) by restricting first-order quantification to the operatpend?.

Logical formalisms with the freeze operator. The freeze quantifier in real-time logics has been
introduced in the logic TPTL, see e.g. [AH94, Hen90, HLPI®].spite of its rich language of
constraints, TPTL model-checking is decidable [AH94] ¢dete version). In this case, decidabil-
ity is due to the subtle combination of the constraint sysaeth the semantical restrictions. The
formulax - ¢(x) binds the variable to the timet of the current statex - ¢(x) is semantically
equivalent top(t).

This variable-binding mechanism, quite natural when rapéd in first-order logic, is present
in various logical formalisms including for example hyblaegics [Gor94, Gor96, ABM99, AreQ0,
ABMO1]: |, ¢(x) holds true iffo(x) holds true when the propositional varialslés interpreted
as a singleton containing the current state. The downarmdeb in such hybrid logics records
the value of the current state. Similarly, in temporal logith forgettable past [LMS02], the
effect of theNow operator is that the origin of time takes the value of theenirstate: the states
before the current state are forgotten. Identical mechanigre used in navigation logics for
object structures, see e.g., [dBvVEOL]. In the context ofisgamporal logics, Wolter and Za-
kharyaschev [WZ00, Section 7] advocate the need to congrators expressing constraints of
the form A,y x = X'y and\/,_yx = X'y. They are simple to express in LTL with registers and
the above-mentioned operators have been considered inikd fsrmalisms in [DDGO7].
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A number of decidability and undecidability results for fratder modal logics (to be com-
pared with [Hen90]) are presented in [Fit02]. The half-erdspect of such logics is due to a
predicate\-abstraction mechanism, which solves the famous problent@rfpreting constants in
modal logic. Several undecidability results for LTL-likegics with predicaté\-abstraction have
recently been obtained in [LPO5], independently and caectily with [DLNO5].

Last, but not least, the temporal semantics for imperatiogigams, may use first-order tempo-
ral logics, see e.g. [MP92]. For instance, the statementhkgrogram variablenever decreases
below its initial value can be expressed by the formula belmat uses a form of freeze operator:

Jy (x=y) A Gx=>y).

Automata for data languages and logics. In [BPT03, Bou02], data languages are defined as
sets of finite data words if x D)* whereX is a finite alphabet and is an infinite domain
(generalizing the concept of timed languages), and autbmiaich recognise data languages are
introduced. First-order logic over finite data word modslsonsidered in [BMS06], with moti-
vations stemming from query languages for semistructuagd. dMore precisely, the carrier of a
model is the set of positions in a data word, there are no immstymbols, the unary predicates
correspond to elements &f and there are binary predicates+1, as well as~ which is inter-
preted as equality of elements bBfat given positions. FQ~, <, +1) denotes such a logic with

k variables. The main result of [BM®)6] is that satisfiability of FQ(~, <, +1) is decidable,
by a doubly exponential-time reduction to emptiness of rolinter automata without zero-tests
(more details are provided in Chapter 3).

Definitions. The datum stored in a register is the current counter valdeeguality tests are
performed between a register value and the current couataev When dealing with counter
systems, a register can store the value of a counter and tat#ri against the value of counter
(possibly different from the first one). Below, we preseriteslent ways to restrict the equality
tests between registers and counters. Given 1, the formulae of the logi€TL! [n] are defined
as follows:

o = q| Tl ~wloreleVe | gl | Xp | e
whereq € Q, j € {1,...,n} andr € N*. An occurrence of’ within the scope of some freeze
quantifier | ¢ is boundby it; otherwise it isfree. A sentence is a formula with no free occurrence
of anyT¢.

Models of LTL![n] arew-sequences inQ x N")~ for some finite subse C Q. A register
valuationf is a finite partial map fronN™ to N. Note that whenevef(r) is undefined, the atomic
formula? is interpreted as false. Given an infinite rup= (qo, 75), (¢1, 71), - . . and a position,
the satisfaction relatiop- is defined as follows (Boolean clauses are omitted):

def

pits 1 B redom(f)andf(r) = #i())
. def .
pifEr Xp & pitlEs g
. def . . .
pilr piUpy & forsomei <7, p,j =5 ¢
and for alli < j' < j, we havep,j’' =¢ ¢
. i def .
pifEr e S piEfresg) ¢
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f[r — z;(j)] denotes the register valuation equaftexcept that the registeris mapped ta;(j).
In the sequel, we omit the subscript™in =; when sentences are involved.
For example, the formula below states that sometimes tisegievalue of the counter 1 such

that

(1) infinitely often counter 2 takes that value if and onlynfinitely often counter 3 takes that
value and,

(2) from some future position, the counter 4 has always taktes

F 11 [(GF T GF 17) AFG 1]

We define below fragments &fl'L![n] by restricting the use of the freeze operators. Jtniet
fragment, writter.TL"*[n], consists in associating a unique counter to each regtstetdre and
to test). More precisely, a formulain LTL!*[n] verifies the following syntactic property: jf 1
is a subformula of, theny has no subformulae of the form eithigr or |7 ¢’ with j # 5.
EXISTENTIAL MODEL-CHECKING PROBLEM MC*(LTL!)

Input: A counter systens = (Q, n, ), an initial configuratior{¢, ), a sentence € LTL![n].
Question: Is there an infinite rup starting at(¢, ¥) such thap, 0 = ¢?

Givenn > 1, we writeMC*(LTL![n]) to denote the subproblem dfC«(LTL') with counter
systems of dimension at most In this existential version of model checking, this problean
be viewed as a variant of satisfiability in which satisfactal a formula can be only witnessed
within a specific class of data words, namely the runs of thetzy machine. Note that results for
the universal version of model checking will follow easihpiin those for the existential version
when considering fragments closed under negation or detesta counter systems.

Let us mention main results about the decidability statusatitfiability and model-checking
problems. By default, satisfiability problem is related néinite models, usuallw-sequences.
The finitary satisfiability problem considers models of renazfinite length and the temporal
operators are defined accordingly in the usual way.

Theorem 2.5.4.

(I) Infinitary satisfiability problem fol.TL'[1] restricted to the temporal operatdrsindF and
to a single register is undecidable [DL09].

(I) Finitary satisfiability problem foE.TL'[1] restricted to a single register is decidable [DL09]
and its restriction to the temporal operaroand to a unique register is nonprimitive recur-
sive [FS09].

(1) Finitary satisfiability problem fof.TL![1] restricted to the temporal operatoand to two
registers is undecidable [FS09].

By contrast, the infinitary satisfiability problem for thefety fragment ofLTL![1] restricted
to a single register is ¥SPACE-complete [Laz06].
Proof: By way of example, we show (I) by reducing the control stapeeeted reachability prob-
lem for gainy counter automata, shown undecidable in Seé&td.3.
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A gainy counter automatois a standard counter automata@p, n, ) such that for € @ and
i€ll,n],q nelé) q € 60 (which allows us to simulate gains). In the sequel, we shalr@present
these transitions. Instead, we consider that the one-st@gtion relation is modified as follows:

(¢, %) 5, (¢, ) iff there arej andy in N such that? < 7, (¢,7) — (¢',y') (exact step) and
y' < 2/. Observe that we can restrict ourselves to gains that oncalazy way: decrement on
zero has no effect.

Let S be a gainy counter automaton with initial configuratigs 5). For each transition we
write 33(¢) to denote the letter iX = {inc(), dec(i), zero(7) : i € [1,n]} labelling the transition
t. We build a formulay in LTL![1] such thaty is satisfiable iff(S, (¢, 0)) has an infinite run
with ¢, occurring infinitely often. The formula shall be satisfiable only in models in which each
position is labelled by a transition frofnand by a value iftN. Infinite models ofp are of the form
(to,yo), (tl, yl), (tg,yg), -~ witht; € 0 andyi e N. Forl,J € N,we write ~ J iff Yyr =1Yj.

Let us explain how the run frorfy,, 0)

(q0, %) “> (qu, #1) = -+ - == (qx, ¥kc) - -

is encoded. The projection of the model ovewill be precisely
totita - =qo = qi, 1 = G2, -
andg;y is repeated infinitely often. This is taken care by the fomeutelow as conjuncts of.

\ ¢

a
t=qo—¢q

* Initial state isqy:

* The sequence of transitions respects the control grapreafamy counter automaton:

o N\ =x \/ 1)

t:qule(g t’:q’i>q"

= Control statey; is visited infinitely often:

We write | [resp. 1] to denote|] [resp. 71] and for eachu € X, we write belowa to denote
the following disjunction:
\VAR'

t:qi>q’€5, a=b
Moreover, we are considering the following constraints #Hreladditional formulae are con-
junctively considered irp:

= Fori, j € [1,n], there are no two positions for increments having the sarueva

6(inc(i) = (| XF(T A inc(}))))
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* Fori,j € [1,n], there are no two positions for decrements having the safne:va

6(dec(i) = (1 XF(T A dec(}))))

*= Fori € [1,n] andJ > I, if ¥(t;) = inc(i) and>X(t;) = zero(i), then there is nd<d > J
such that>(tx) = dec(i) andl ~ K:

G(inc(i) =] —(F(zero(i) A (F(T A dec(7))))))

* Fori € [1,n], if there areJ > I such thati(¢;) = inc(:) andX(t;) = zero(i), then there
is K > I such thabi(tx) = dec(:) and] ~ K.

G((inc(7) A Fzero(i)) =] (F(dec(i)A 1)))

The last conditions are formulated in such a way to avoidgige until operatot. So, one can
show thaty is satisfiable iff(S, (¢, 0)) has an infinite run such that occurs infinitely often.
QED

Now, as far as model-checking problems are concerned, tilngtisin is not better. Reversal-
bounded counter automata are defined in Chapter 4 (see aswo€rh 4.4.3).

Theorem 2.5.5.

(I) The existential model-checking problédC« (LTL![1]) restricted to one register and to one-
counter automata is undecidable [DLS10].

(1) The existential model-checking probleédC« (LTL"*[4]) restricted to reversal-bounded VASS
is undecidable [DS10].

Reversal-bounded counter automata are formally definethapter 4.

2.6 EXxercises

Exercise 2.6.1 Show that the class of languages accepted by Bichi autoimalosed under
union and intersection.

Exercise 2.6.2 In the proof of Lemma 2.3.1, show thdtand.A® accept the same language.

Exercise 2.6.3 Show thatp U p’ is equivalentt@’ v (p A X(pUp’)) in a sense that these formulae
hold true exactly at the same positions in every run.

Exercise 2.6.4 Build a Biichi automaton over the alphabéet= {¢, ¢2, g3} that recognizes the
infinite words in>* such thaty; occurs infinitely often implieg, occurs too infinitely often.
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Exercise 2.6.5 Construct a Buchi automaton for the LTL formula
GFpi AGF po

over the alphabefp;, p2, p3} -

Exercise 2.6.6 Prove Lemma 2.5.1.

Exercise 2.6.7 Which decision problems on counter systems can be viewsdlgzoblems of
the model-checking problem restricted f8L.°°(PrA) formulae without first-order quantification
and the atomic formulae are reduced to control states?

Exercise 2.6.8 Let LTL™ be the fragment of. TL“®(PrA) in which the atomic formulae are
either control states or Presburger formulae of the form= 0” (zero-test on thgth counter).

1. Let us consider the VASS below.

For each formular below, determine whether there is an infinite pustarting at(A, 6)
such thap, 0 = ¢.

(@) ¢ = GF A4,

(b) ¢ = GF (x = 0),

(c) ¢y = GF (x; =0) A GF C,

(d) ¢ = G(C = XG—(x; =0)),

() p= (GFA)A (GF B) A (GF C) A (GF xo = 0) A (GF =(x; = 0)).
2. Forwhich formulag among (a)-(e) is it the case that for all infinite rynstarting a 4, 0),
we havep, 0 = ¢?

3. Show the LTL' existential model-checking problem restricted to VASSridecidable. For
instance, reduce the halting problem for Minsky machindashy simulating zero-tests in
formulae.

Exercise 2.6.9 Design a decision procedure for the satisfiability probfeml. TL®(PrA) for-
mulae in which temporal operators are not in scope of firdeoquantification.

Exercise 2.6.10 Let us consider the two following fragmentsIgfL°° (PrA).
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x L, is a fragment oL.TL'[n] such that for any formula in L, (flatness condition):

x if 11 Uypy occurs positively inp, then| does not occur iny;
x if 11 Uyhy occurs negatively irp, then| does not occur in,.

* Lo isthe fragment o€ LTL(DL) such that the only atomic formulae are either control states
or equality tests of the form either= Xx’' orx = x'.

1. Define a logspace reduction from the satisfiability probfer L, to the satisfiability prob-
lem for Ls.

2. Show that the satisfiability problem fés can be solved in polynomial space.

Exercise 2.6.11 Show that finitary satisfiability problem fdiTL'[1] restricted to one register
with the past-time temporal operator’ is undecidabled, i |=; F~'¢ iff there isj < i such that
p,J = ¢). Hint: adapt the proof of Theorem 2.5.4(l).



Chapter 3

Vector Addition Systems

In this chapter, we first show relationships between vedditen systems with states and other
systems and formalisms (VAS, Petri nets,.;F@er data words). Then, we briefly present funda-
mental structures to solve decision problems on VASS, naowlerability graphs. This chapter
concludes by presenting a proof for th&#SPACE upper bound of the covering problem for
VASS/VAS. Such a proof is performed by an induction on theetsion that allows to shorten
the length of witness runs.

3.1 VASSvs. FQ on Data Words

Properties on data structures can be specified by formubase femporal logics, such as LTL,
CTL or the u-calculus, possibly equipped with predicates about datayids for data trees can
be found in [BDM"06, JLO7, Fig09, Fig10] for which predicates are reducedjteaéty (see the
survey paper [Seg06]). Similarly, logics for data words barfound in [BMS 06, DL06, FS09].
These works have shed some new light between data logicdass®s of counter automata. For
instance, in [BMS06] it is shown how the satisfiability problem for a fragmehtiata logic is
equivalent to the reachability problem in VASS (over finisgalwords), whose exact complexity
is still open. The exact relationships counter automatadaal logics still need to be formalized
(see the recent work [BL10]). We recall below a few basic dedins and results.

Formulae of the logi#0>(~, <, +1) [BMS*06] whereX. is a finite alphabet are defined as
follows:

pu=alx) | x~y [ x<y | x=y+1 ]| ¢ [ onrp | e

wherea € Y andx,y range over a countably infinite SBAR’ of variables. Variables are inter-
preted as positions in a (data) word; so apart from atomm@itee of the fornx ~ y, formulae are
similar to those of first-order logic on words, see e.g. [8rWe write FO(~, <, +1) to denote
FO*(~, <, +1) for some unspecified finite alphalét Models forFO*(~, <, +1) are (finite or
infinite) sequences of pairs frold x X (also known aslata wordsin [Bou02, BMS'06]). A
variable valuationval for a modelo is a map fromVAR' to the indices ofr. We write N(x)
to denote the natural number in the paival(x)) (the datun) andX(x) to denote its letter (the
label).

Given a finite alphabeE = {a,,...,ay} and an infinite domairD, a finite data word
(a;,,dy) - (a;,,dr) can be viewed as the structurd, ..., K}, <,~,+1, P, ..., Py) such that

45
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* fOI‘j,j/E{l,...,K},jmj’iff d]:dj/,
xforje{l,...,K}andl € {1,...,N},je Piff a;, = a.

The satisfaction relatiop- is defined as follows (Boolean clauses are omitted):

o}
(0]
@

0Fva a(x) &  X(x)=a

a}zvalx’\“y & (X>:N )

0 Fval X<y & val(x) < val(y)
0w x=y+1 &  val(x) =val(y) +1

Q
@
@

o Fva 3xp &  thereisi < |o| such thatr Fyaipei -

Hereval|x — i] denotes the variable valuation equaktd except that the variableis mapped
to the positioni. FOJ(~, <, +1) is defined as the fragment 80> (~, <, +1) restricted to two
individual variables. For example, the formula belowFi@ (~, <, +1) states that there are no
two distinct positions labelled by having the same datum:

Yxy (x <yAa(x)Aaly)) = (x ~y).

The finitary [resp. infinitary] satisfiability problem fd&O3 (~, <, +1) is to check whether a
sentence fronFO3' (~, <, +1) has a finite [resp. infinite] model. Even though satisfiailir
FO(~, <, +1) restricted to three individual variables is undecidabl&fB 06, Dav09], decid-
ability can be regained with only two variables.

Theorem 3.1.1. [BMS*06, Dav09, BMSS09] The finitary and infinitary satisfiabilitsoblems
for FO,(~, <,+1) are decidable.

Let us sketch how decidability for finitary satisfiabilityshown in [BMS'06]. Satisfiability is
first reduced to nonemptiness for data automata, which misireduced to reachability problem
for vector addition systems with states. There is also aatagiuin the other direction.

Theorem 3.1.2. [BMS*06, Dav09] There is a polynomial-space reduction from thehability
problem for vector addition systems with states to finitatyssiability for FO, (~, <, +1).

Proof: First, the reachability problem for vector addition syssawith states can be reduced in
polynomial-space to its restriction such that the initiadl dinal configurations have all the coun-
ters equal to zero and each transition can only incremenearethent a single counter. In the
sequel, we consider an instance of this subproblém= (Q,n,d) is a VASS, the initial con-
figuration is(¢;, 0), and the final configuration ig;;, 0). Indeed, transitions can be restricted to
increments of decrements of a single counter. For exan’rpéetranslatior( 2 ) can be encoded
by 2 increments of the first counter followed by 3 decremeftisesecond counter. Similarly, ini-
tial and final configurationgy,, ( 1 )) and(qy, ( : )) can be reduced t@y), (¢ )) and(q}, (o ))
respectively, by adding the transitions

, inc(1) 1 inc(l) o inc(2) dec(1) 1 dec(2) ,
do do do do qf —— 4y —— 4y
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All these reductions require only polynomial space. So, @&e assume tha$ is a standard
counter automaton without zero-tests.

Now, we shall build a formula in FO,(~, <, +1) such that the final configuration is reach-
able from the initial configuration ifp is satisfiable. To do so, we encode runsdfy data words
in the following way. The alphabét is defined as the s€ W {inc(i), dec(i) : i € [1,n]}.

Let us explain how the run

(Q(Lfo) = (%;ﬁ) o, (CIK,@()

is encoded. The projection of the data word over the alphglvetl be precisely

doapq1G1 * - - A —14K

The formulay,,,; states that the projection corresponds to an acceptingfrih leaving away
the fact that counter values must belong\to

* The first letter isz;: Ix (=Jy y < x) A ¢;(x).
* The last letter ig;: 3x (—3Jy x <y) A gp(x).

* The sequence of locations and actions respects the conaah @fS:

Vx (\/ ax) = ((=3y x < y)v
q€Q

V @) AGyy=x+1Aay)AGyy=x+1AGxx=y+1A¢(x)))
qi>q’€6
Observe the nice (and standard) recycling of variables elghr, we shall impose constraints on
data values. For instance, the run

q0 q1 q2 a3 q4 ds ds
(o) (o) (&) (7) (1) (V) (%)
corresponds to a data word of the form below

qgo inc(l) ¢ inc(l) ¢ inc(2) ¢z dec(l) ¢q4 dec(l) g5 dec(2) go
* k1 * ko * ks * k1 * ko * ks *

* denotes an arbitrary data value. The main idea is to obskateeich action is attached to a
data value and the data value for a decrement has to occadglne the past for an increment.
We impose the following constraints, taken conjunctivelthw,,,; we obtain the formule:

* Fori,j € [1,n], there are no two positions labelled by:(:) andinc(j) having the same
datum:

Vxy (x <y Aine(i)(x) Ainc(j)(y)) = —(x ~y).

* Fori,j € [1,n], there are no two positions labelled 8yc (i) anddec(j) having the same
datum:
Vxy (x <y Adec(i)(x) Adec()(y)) = —(x ~y).
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*= Fori € [1,n], for every position labelled bylec(i), there is a past position labelled by
inc(7) with the same datum:

Yx dec(i)(x) = (Jyy < x Ax~yAinc(i)(y))

* Since in the final configuration, any counter value is zeroimgose that foi € [1, n], for
every position labelled binc(i), there is a future position labelled lyc(i) with the same
datum:

Vxine(i)(x) = (Fyx <y Ax~yAdec(i)(y))

One can then show thég;, 0) is reachable frontg;, 0) iff ¢ is satisfiableQED

It is worth noting that a fragment dfT'L![1] with one register has been shown equivalent to
FO,(~, <,+1) in [DLO9].

3.2 Relationships with Petri Nets

In this section, we show how Petri nets (see e.g. [RR98])aetad to VASS and VAS. First, let
us recall that @etri net N is a structureS, T, W, m;) such thatS is a finite set oplaces T is

a finite set oftransitions W : (S x T') U (T' x S) — N is aweight function A markingm is a
map of the formS — N: for each place, we specify a numbertokens(possibly none). In the
Petri netN, m; : S — N is the initial marking (initial distribution of tokens). Wessume that
the reader is familiar with the semantics of this model (othee see e.g., [Pet81, RR98]). We
just recall below a few definitions. A transitigne 7' is m-enabled writtenm L,, whenever for
all placesp € S, m(p) > W(p,t). An m-enabled transition may fire and produce the marking
m’, writtenm — m/, with for all placesp € S, m/(p) = m(p) — W (p,t) + W(t, p). A marking

. . t t t— .
m' is reachablefrom m whenever there is a sequence of the forign— m; — - - 224 my, with

. to-tr—
mo = m andmy, = m’ (also writtenm ——= m/).

Here are standard problems for Petri nets.
REACHABILITY PROBLEM FOR PETRI NETS

Input: a Petri net S, T, W, m;) and a markingn.
Question: is m reachable fromn;?

COVERING PROBLEM FORPETRI NETS

Input: a Petri netS, T, W, m;) and a markingn.

Question: is there a markingn’ reachable frommn; such that for alp € S, we havem’(p) >
m(p)?

BOUNDEDNESS PROBLEM FORPETRI NETS
Input: a Petri netS, T, W, m;).

Question: is the set of markings reachable frony infinite?
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+10 ba PB |06,

y4

Figure 3.1: A VASS and an equivalent Petri net

Lemma 3.2.1. The reachability problem for VASS is equivalent to the tesduility problem for
Petri nets. The same holds true for the covering and bourssdgsroblems.

Proof: First, let us show how to simulate a VASS by a Petri net, whitdwe us to get a logspace
many-one reduction for the reachability, boundedness amdrimg problems. LeY be a VASS
(Q,n,6), (qr,27) and(qr, 77) be two configurations. We can build a Petri @&t that simulates
V), by using a standard translation from VASS to Petri nets. évery control state in V, we
introduce a place, in Ny, and fori € [1,n], we introduce a placg;. An initial markingm,
contains one token in the plagg and for: € [1,n], m;(p;) = z7(z). From this marking, we only
obtain markings where a unique token belongs to a place dbthep, (¢ € ) which means that

a unique control state is active for every marking. For evegsition in), sayt = g LN q, we
consider a transition in Ny, that consumes a token j1}, produces a token ip, and produces
[resp. consumes(i) tokens in the place; whenb(i) > 0 [resp. wherb(i) < 0].

In Figure 3.1, we present a VASS of dimension 1 with three r@bstates and its equivalent
Petri net with the above-mentionned construction. In otdegnsure the correctness of our re-

duction, we need first to handle transitions of the farm ¢ LR q (self-loop in V separately as
follows. We transform a transition of the forin= ¢ LR g In 'V by the two transitiong 9, Gnew

andg,c., o, ¢ in Ny, whereg,.., is a new location designed fgrand0 is the zero vector.
WhenV is self-loop free, for all configuration(g, %), the propositions below are equivalent:

* there is a run of the fornfy;, z7) LN (¢, 7)iInV,

* there exists a sequence of transitions= t; - - - t, such thatn, — m where for¢’ €
@\ {q}, m(py) = 0, m(p,) = 1 and fori € [1,n}, m(p:) = ().
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ba PB e

4

Figure 3.2: A Petri net and an equivalent VASS

Now, let (S,7, W, my) be a Petri net. Let us define the VASSE = (Q,n,d) as follows
(assuming an arbitrary bijectiof: {1,...,card(S)} — 9):

* Q={1}wT,

* n = card(95),

* for each transitiort, we introduce two transitions v, namelyt = 1 “tandt =t 51
such that fori € [1,n], b—(i) = =W (f(i),t) andb+(i) = W (L, f(i)).
Let (¢;, z7) be the configuration of such thay; = 1 and fori € [1,n], 27(i) = m;(f(7)).
In Figure 3.2, we present a Petri net with four places and fiansitions and its equivalent
VASS with the above-mentionned construction (wittps) = 1, f(ps) = 2, f(pc) = 3 and
f(p1) = 4). Again, we can show that for all markings, the propositions below are equivalent:

* there exists a sequence of transitians t; - - - ty such thatn, — m,

x thereis arun of the forrty;, 77) fat] b (qx, x1) InV, whereg, = 1 and fori € [1,n],

i (1) = m(f(i)).
QED

Lemma 3.2.2. The reachability problem for VASS is equivalent to the tedulity problem for
VAS. The same holds true for the covering and boundednebégmns.
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Proof: Since a VAS is a VASS with a unique control state, we only neeshbw how to simulate
a VASS by a VAS. As in the proof of Lemma 3.2.1, without any loEgenerality, we can assume
that the VASS is without self-loop.

LetV = (Q,n,d) be a VASS without self-loop andél be an arbitrary bijection frond) to
{n+1,...,n+ card(Q)}. The bijection is dedicated to relate each control statd/ofvith a
unique component in the VAS we shall build.

Let X be subset oN"<rd(@) such that

X = {# e Nv+ad@ - #([n + 1, n 4 card(Q)]) = e; € N 4@ for some i € [1, card(Q)]},

whereZ([n + 1,1 + card(Q)]) is the tuple inN“*4(@) restricted to theard(Q) last components
of # ande; € N°*4(@) js a unit element with for theith component and zero otherwise.
For the VASS in Figure 3.1, we havé = N x {(1,0,0), (0,1,0), (0,0,1)}.

Let 7 be a VAS such that for = ¢ LR q € 6 (¢ # ¢ by hypothesis), the transitigh e 7 is
defined as follows:

* (t)([1,n]) = b,

x forg” € Q\ {g,¢'}, t'(h(¢")) = 0,

* t'(h(q)) = =1 andt'(h(¢)) = 1.

For the VASS in Figure 3.1, we have following set of transigon the corresponding VAS:
(1,-1,1,0), (-1,0,—-1,1), (0,0,1,—-1), (0,1,—1,0)

Let f be the bijection between the configurationgdoénd X such that

f((q, 2))([n+ Ln + card(Q)]) = en(q) @ndf((g, 7))([1,n]) = 7.

For the VASS in Figure 3.1, we have for instance th@t3, 3)) = (3,0,1,0) and f((A4,8)) =
(8,1,0,0).
For each ruriqy, %) . . . (qx, Zx) Of V, itis possible to associate the run

f((q0,70)) - - f((qr, Tx))

in 7. One can check that each configuratiffig;, ¥;)) belongs toX. Similarly, for each run
Ty -+ T In T, the sequencé! () - - - f~1(F) is a run ofV.

First, observe that/, 27) is reachable fronig, 7) in Viff f((¢, 2')) is reachable fronf((q, 7))
in V. This can be easily shown by induction on the lenght of the 8@ the reachability problem
for VASS can be reduced to the reachability problem for VAS.

Furthermore, given a configuratidn, ) for V and a control state/, the propositions below

are equivalent:
* inV, there is a run of the fornfy, 7), .. ., (¢, 5’),

* in 7, there is a run of the fornf((q, 7)), ..., " with f((¢,0)) =< o (which is equivalent
to the fact that the control state 6f*(z2") is ¢').
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Consequently, the covering problem for VASS can be reduadle covering problem for VAS.
Similarly, given a configuratiofy, Z) for V, the propositions below are equivalent:

* the set of configurations reachable from ) (in V) is infinite,
* the set of configurations reachable frgit(q, Z)) (in 7) is infinite.

Whereas one direction is obvious, observe that for any corgigpn reachable fronf((q, 7)),
its restriction to thecard (@) last components can take at meostd(() distinct values. Conse-
quently, if the set of configurations reachable frgifiq, Z)) is infinite, then there is a location
¢’ such that there are an infinite amount of configurations i@alehfrom f((q, 7)) of the form
f((¢',y)). Hence, this entails that the set of configurations reaehfabin (¢, ) is infinite. So,
the boundedness problem for VASS can be reduced to the bdoeske problem for VASQED

In [HP79], it is shown that VAS can simulate VASS by adding aisin3 to the dimension,
whereas in the above proof the dimension is augmented byutider of control states.

3.3 Coverability Graphs in a Nutshell

We recall that a VAS of dimension: can be encoded as a finite subser.bf

In this section, we recall the main definitions and propsrébout coverability graphs, see
e.g. [KM69]; for instance decidability of the covering anolimdedness problems can be obtained
from its properties. However, in Section 3.4, we shall pdevhe optimal complexity upper bound
for the covering problem. A coverability graph shall approate the set of reachable configura-
tions from a given configuration and it is a finite structuratiten be effectively computed.

Let us start by preliminary definitions. Let us consider tinecture(NU{oc}, <) such that for
kK € NU{oo}, k <k & eitherk, k' € Nandk < K’ or k' = co. We writek < &’ whenever
k < k' andk # k'. The ordering< can be naturally extended to tuples(iN U {oo})
defining it component-wise?, 2’ € (NU {oo})", # < 2/ & fori € [1,n], eitherz(i), 2'(i) € N
and (i) < 2/(i) or #/(i) = co. We also write¥ < 2/ when# < z/ andZ # «’. Given
Z, 2 € (NU {oo})" such thatt < 27, we writeacc(Z, 2) to denote the element ¢N U {oo})”

def

such that fori € [1,n], if (i) = «/(i) thenace(Z, #')(i) £ #'(i), otherwiseuce(Z, #')(i) £ co.

For instance, . . i
wi(1).(1)= (3)

Let us conclude this paragraph by a last definition. :iFer(NU{oo})” andt € 7", ¥+t is defined
as an element ofZ U {oo}) such that fori € [1,n], if Z(i) € N then(Z + t)(i) = (i) + t(3),

-3

otherwise(7 + t)(i) = co. For mstance( ) - < 6 ) = ( oo

2

Given a VAST of dlmen5|onn and a conflguratlonro, we shaII define a coverability graph
CG(T, ) as a structuréV, E') such that C (NU {oo})"andE C V x 7 x V. Here are
essential properties afG(7, zp):

(@) CG(T,xp) is afinite structure. This a consequence of Konig’s Lemmg {@finite finite-
branching tree has an infinite branch) and Dickson’s Lemraa ghy infinite sequence
20, ... %, ... of tuples ofN", there exist < j such that; < z7).
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(b) For any configuratio reachable fromy; in 7, there isy’ in CG(T, zp) such thaty < Y.
Otherwise said, any reachable configuration can be covered lelement of G (7, p).
Moreover, if iy reachable fromx) with the sequence of transitions then there is path
labelled byo betweenz;, andy/.

(c) For every extended configuratighin CG(7, ) and poundB € N, there is a configura-
tion ¢ reachable fromr; in 7 such that fori € [1, n], if 4/(i) = co theny(i) > B otherwise

§(i) = y'(0).
Consequently, we can solve the boundedness and coveribgpr® from the construction of
the coverability graph thanks to the following equivalesce

Lemma 3.3.1. We have the following charaterizations.

(I) There is some configuratiart reachable from, such that’ < 27 iff there isjfin CG(T , 2)
such thatt’ < 4.

(I The set of configurations reachable framgnis infinite iff there is an extended configuration
in CG(T, 2p) with at least one component equalta

(1) Every run fromzg terminates iff there is no cycle @G(7, zp).

Unfortunately, even though'G (7, ) is finite, in the worst-case its number of nodes can be
nonprimitive recursive [VVN81]. Let us precise what it meaby recalling a variant of Acker-
mann function:

* Ao(m)=2m+1, A,11(0) = 1.
* Appi(m+1) = Ay (Apia(m)).
* A(n) = A,(2).

The functionA(n) majorizes the primitive recursive functions and the sizehef coverability
graph can be i (A(n)) wheren is the size ofl andxy.
Proof: By way of example we show (I) and (II)

(I) Suppose that” reachable fromy, andz’ < z7. By (b), there isjin CG(7, 7p) such that

2" < . Since< is transitive on(N U {c0})", we gets’ < ¢. Conversely, suppose that there is

7in CG(T, ) such thatr’ < §/. Let B be the maximal value occurring irf. By (c), there is
a configurationy’ reachable fromz in 7 such that fori € [1,7], if §(i) = oo theny/(i) > B
otherwisey/(i) = (). Hencex’ < y/'.

(I1) Suppose that the set of configurations reachable frfgms infinite. Ad absurdumassume
that oo does not occur IlCG(7, zp). By (b), there isy in CG(T, i) such that for an infinite
amount of configurationg reachable fromx, we haver < y. This leads to a contradiction since
there are at mosgtl + max(y))"™ distinct configurations smaller thaisincey € N™. If co occurs
in CG(T, ), then by (c) the set of configurations reachable frgns infinite (consider bounds
B greater and greater when applying (c)).

(111) Use the second part of (bRED
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Boundedness problem as a subproblem of existential modehecking problem. Thanks to
Lemma 3.3.1(ll), an instance of the boundedness problenbeanewed as an instance of the
existential model-checking with tHel'L.“® (PrA) formula

VFEyi oy (A\yi=x) AaAF(Ayi < x) AV vi < i) A )

q€Q

Existential model-checking fok TL®(PrA) for VASS can be easily shown to be undecidable
and the boundedness problem is known to be$AcCE-complete. It is unclear what are the
interesting maximal fragments &f'L.“®(PrA) for which existential model-checking problem is
decidable or in EPSPACE (see related works in [Yen92, AH09, Dem10]).

Construction of coverability graphs. Let us defineC'G(7, zy) by building incrementally’
andE.

1. E:=0;V :=0;
2. ToBeTreated := {2y};
3. while ToBeTreated # () do

= Select an elementfrom ToBeTreated,;
*x ToBeTreated := ToBeTreated \ {7'};
x fort € 7 suchthatt +t € (NU {oo})" do
* o =T+t
« ifthereisy € V s.t.g7 = Zin (V, E) and < 2’ then
- Letyp be the extended configuration the closest to (V, £) such thatjy <
']
Cal = acc(yﬁ,a?);
x if 2’ ¢ V then
V=V Uu{d)
. ToBeTreated := ToBeTreated U {2'};
* E::EU{fimE/};

Figure 3.3 contains a VASS (that can be easily seen as a VAf§ psevious developments)
and a coverability graph for the initial configuratioin 1, 0, 0).

3.4 Solving the Covering Problem in Exponential Space

In this section, we present the proof establishing that tiveieng problem for VAS can be solved
in exponential space [Rac78]. This completes the worst-casnplexity charaterization of the
problem since Lipton has shown earlier that the problemxdBSPACE-hard [Lip76] (see also a
more accessible proof in [Esp98]). The result is not onlgri@sting for complexity purpose but
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@ ty .~ B

(t1) +1 0 (t2)

(ts) -1 0 (t4)

Figure 3.3: A VASS/VAS and a coverability graph

also because its proof uses a simple induction on the dimen®y contrast, the decidability
proof from Karp and Miller tree [KM69] requires more work addes not provide the optimal
upper bound as far as worst-case complexity is concerned.

Let 7 be a VAS of dimensiom, andz andz’ be two configurations if”. We will show that
if there is a run fromz leading tog such that’ < ¢, then there is amallrun fromZ leading toy’
such that’ < ¢ and its length is at most double-exponential in the size ®ftistanceZ’, 7 and
2. Of course, we need to specify what a size means; no surpris@ected here since this will be
a reasonably succinct encoding with a binary represemntétiointegers. For instance, consider
the VASS in Figure 3.4. There are various options to cgver(1, K)) from (A, (0,0)) for some
K > 0. For instance, here is a first covering

K
20t

(4,(0,00) “22 8 (B, (0,25 + 1)) B4 (4, (1,25)) = (4, (1, K))

Nevertheless, the covering below is obviously much shorter

(A, (0,0)) W25 (B, (0, K + 1)) 243 (4, (1, K)) = (A, (1, K))

The idea of the proof by Rackoff [Rac78] is to shorten systerally long coverings by using
an induction on the dimension.

Still, we need to establish that the small run property énthie exponential space upper
bound announced earlier, which is not immediate since a fudooble-exponential length re-
quires double-exponential space to be fully encoded apdiori there is a triple-exponential
amount of such runs. It is the place where we use Savitchaéne [Sav70]. Indeed, one can
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Figure 3.4: A simple VASS

design a decision procedure that nondeterministicallgge®e the small run (if it exists) and that
requires only exponential space. Here is the principle efrtbndeterministic algorithm with
inputs7, Z, 2’ andL > 0 (bound on the length of the witness run):

1. i := 0; . := & (current configuration);
2. Whilez’ £ 2, andi < L do

(a) Guess a transitiane 7;
(b) If z. +t ¢ N™ then abort;
(€c)i:=i+1;z.:=x.+1t.

3. If 2/ < &, then accept else abort (i.e.= L).

Observe that if the maximal absolute vaIuéZTnf,g:Z’ is 2V whereN is intended to be the size of
the instance of the covering problem ahd= 22" then the maximal absolute value appearing

in the algorithm i2V 4 2V x 92V (it can be encoded with exponential spacéVin Moreover,
determinism can be regained with recursive calls to a fondti(7, 7, z, L) since the number of
transitions is finite (and will be bounded BY). Basically, F'(7, Z 4, L) returns true whenever
2’ can be covered from by a run with at mosL transitions.

Therefore, exponential space shall be obtained for theviatig reasons:

* a counter bounded by a double-exponential value (for thammaxength of the small run)
needs only an exponential amount of bits,

* we only need to store in memory two successive configura{ginse we use nondetermin-
ism),

3
x given a sizeN, 22" x 2V is still of double-exponential magnitude and can be encoded
with an exponential amount of bits (so each configuratiomwireg at most an exponential
amount of bits),
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* checking the ordering between two natural numbers can be oologarithmic space in
their size (useful for the final cheak < ¢ and for verifying that no component has negative
value),

* similarly, adding two natural numbers can be done in lobarit space in their size (useful
for going one step further).

Now, Savitch’s theorem states that given a nondetermarsticedure for a given problem using
spacef(N) greater tharhog( V), there exists a deterministic procedure solving the saigi@m
usingf(N) x f(IV) space [Sav70]. Since exponential functions are closedrundiiplication,
we obtain that checking whether an instance of the coveniaglem for VAS admits a small run
can be done in exponential space in its size.

Itis time to fix a few definitions. Let us start by defining theesof some VAS/ of dimension
n > 1. GivenZ € Z", we writemaxneg(Z) [resp.max ()] to denotemax({max(0, —Z(7)) : i €

—1

[1,n]}) [resp.max({Z(:) : i € [1,n]})]. For examplemaxneg(( :73 )) = max(0, —(—8)) = 8

-1

andmax(( a )) = 7. By extension, we writenaxneg(7") to denotenax{maxneg(t) : t € 7 }.

7
Furthermore, we writecale(7) to denote the value

max({|t(i)| : t € T, i € [1,n]}).

—1

For instancescale({ Zi |) = | — 8/ = 8. More generally, we writescale(X) to denote

max({|7(i)| : ¥ € X, i € [1,n]}) whenX is a finite subset ofZ". The size of7, written
|7|, is defined by the value below:

n x card(7) x (2 + [loga(1 + scale(7))])

Observe tha® + [logs(1 + K)] is a sufficient number of bits to encode integer$-ii, K| for
K > 0. Given a finite subseX of Z", we also write X | to denote

n x card(X) x (2 + [loga(1 + scale(X))])

In the sequel, given an instan@e #,z' € N of the covering problem we define its size by
N =|T|+ |{Z}| + |{z}|. Observe thamaxneg(7), card(T ), max(z’) < 2V,

A pathis a finite sequence of transitions. A pathis asubpathof the pathr = ¢ ...¢, &
there arel < j; < jo--- < jpw < ksuchthatr' =t¢; ...t; .

Whereas a configuration faf is an element oN", a pseudo-configuratiors defined as an
element ofZ". Whenw = ¢, ...1; is a path, thepseudo-run(z, ) is the sequence of pseudo-
configurationsr, - - - 7 such thatt, = # and fori € [1,k], ¥ = #;_; + t;. The pseudo-run
Zy - - - T} 1S iInducedby the pathr and oflengthk + 1; the pathr is of lengthk. %, is called
theinitial pseudo-configuration ang, is called thefinal pseudo-configuration in the pseudo-run
Zy- - - 7. A pseudo-rurt, - - - 7 is a covering of’ whenz’ < 7.

Let = be a path and’ be a configuration such thét, ) is a run covering’. We write
m(7, %, 7, 7) to denote the length of the shortest subpdtbf = such that«’, ¥) is also a run
coveringz’. Obviously,m (7, Z, 2, 7) is less or equal to the length of
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Let Mp(n) be the supremum of the set belo®,( > 1):

{m(T,7,y,7) : (m,7)is arun covering/
7T is a VAS of dimensiom andmaxneg(7) + max(y') < B}

We show below thal/z(n) is finite. More precisely, let us show thafz(n) < gg(n) for all

n, B > 1 with
(n) B ifn=1,
n) = n _
95 (B-gs(n—1))"+gp(n—1) ifn>2

Lemma 3.4.1. Forn > 1andB > 2, gg(n) < B,

Proof: The proofis by induction on the dimensiorThe base case= 1 is by an easy verification
andgp(1) < B < B®. Now suppose that the property holds truesdor 1 withn — 1 > 1. Then,
we have

g5(n) < (B gs(n — 1)) + g(n —1) < (B galn — 1))""' <
< (Bl+(3(nfl))!)”+1 < BB

QED

Lemma 3.4.2. We have the following inequalities for, B > 1:

B ifn=1,
(B gp(n—1))"+gp(n—1) ifn>2.

ConsequentlyMg(n) < gg(n) foralln, B > 1.
Proof: Let us treat the base case with= 1. Consider the instanc&, 7 andz’ with 7 of
dimension 1. In order to cover, there is no need to use negative values frbrand therefore
m(T, & 2, ) is bounded bynax(z) for any pathr, which provides a bound® to Mp(1).
Let us treat the induction step and suppose the propertyghiald forn — 1 > 1. Let us show
that

m(T, %, 2", 7)< (B-gp(n—1))" +gp(n—1)

whenevemaxneg(7) 4+ max(z’) < B.

First observe that in a pseudo-run, at each single step, paoent may decrement by at most
maxneg (7). So, if at some stage a component has value greatergifian— 1)maxneg(7) +
max(z') then aftergz(n — 1) steps, that component has a value greater or equahtds’). We
poseB’ = gg(n — 1)maxneg(7) + max(z’) < Bgg(n — 1).

A pseudo-runt - - - 7y is said to be--boundedfor somer > 0 when fori € [0, k], we have
Z; € [0, — 1]". Letw be a path and be a configuration such that, Z) is a run covering’ for
the VAST. Supposer = t; - - -t and(m, ¥) = &y - - - Tg.

Case 1 (w, 7) is B’-bounded.
If there are0 < i < j < k such thatr;, = z;, then(x’, %) is also a run covering’ where
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' =1ty titj11 - - - . Observe that’ is a subpath ofr. This situation occurs necessarily when
k > (B")™ and we can repeat the above transformation (pigeonholeipi&). Consequently,
when(r, Z) is B’-bounded, there is a subpathsuch tha{«’, 7) is also a run covering’ and its
length is bounded byB’)", that is by(Bgg(n — 1))™.

Case 2 (w, Z) is not B’-bounded.

The pathzw can be uniquely divided into two paths andm, of respective lengttk; and ks

(k = ki + k) such that the only values ify - - - 7, that are greater or equal 1 are inzy,,
(71, Z) is not B’-bounded and = ;7. So,7 has unique decomposition= ;7 such that

* m is of lengthky,
* all values inzy - - - ¥, are strictly smaller tham’.

* (my, Z) is not B’-bounded (“faulty” configuratioty, ).

4 ot thy—1 o otk ’ n ki1 o tk o
o= = a = ag €[0,B = 1] == e S ak
Vo
B’—bounded

letl-..tkl 7T2:tk1+l'tK

By using a reasoning similar to the one in Case 1, there isherfyasubpath ofr;, such that its
length is bounded byBgg(n—1))"+1and,(m, ¥) and(x}, Z) have the same final configuration,
sayy = xr,. Hence(mmq, Z) and(ms, 3/) are also runs coverinﬁ. By construction ofry, there
isi € [1,n] such thatj(i) > B’. The run(ms, ¢) can be illustrated as follows:

oy +1 tk

Ee

=1 ->B

Y

Let7 —, 7y, ¥~ andz’ be the respective restrictions Bt -, ¥ andz’ to the components in
[1,n]\ {i}. Similar notations are used for any elemen¥éfor for any subset o (7, ,4") is

arun covering’’ in 7 as illustrated below:

- : 751:1+1 2% -~ : ——
Ty, = — D AR = g

Observe thatnaxneg(7 ) + max(z’ ) is also less thaB and therefore we can apply the
induction hypothesis. By the induction hypothesis, thera pathr;,, subpath ofr, such that

(7},7") is a run covering’’ and its length is less thagi(n — 1). Fromm), we can obtain a
path7} for 7, such that7}, ) is a pseudo-run with final pseudo-configurati®such that for
j e ([1,n]\ {i}), Z(j) > #'(j). The pathr} is obtained fromr), by adding theith missing
component. However singéi) > B’ and aftergg(n — 1) steps, théth component is greater or
equal tomax(2’), (7, %) is a run covering’. The length of the path|x/ is at mos{ B x gp(n —

1))" + gg(n — 1) andx 74 is a subpath of. QED
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Corollary 3.4.3. Let 7, # andz’ be an instance of the covering problem. There is a run ffom
leading toy such thate’ < #/iff there is a run from¢ leading toy’ such that’ < ¢ and its length
is bounded bymaxneg(7) + max(a’) + 2)G*,

Let us poseV = |T| + [{Z}| + [{z/}]. SON > 3, maxneg(T) < 2V, max(z') < 2" and
n < N. We obtain the following inequalities (with rough simpl&éitons)

. v 2 3
(maxneg(7T) + max (') + 2)™' < (2V 4 2N 4 2)272 < (9N+2)27 < 927

Theorem 3.4.4. [Rac78] The covering problem for VAS, VASS and Petri nets ba solved in
exponential space.

Corollary 3.4.5. For any fixedn > 1, the covering problem restricted to VAS of dimension at
mostn can be solved in polynomial space.

Boundedness problem for VASS has also been shownx®SBACE in [Rac78] and a gener-
alization of the proof technique has been shown in [AHO9] ¢aanot exactly rely on [Yen92,
Theorem 3.8] for decidability since [Yen92, Lemma 3.7] @ns a flaw, as observed in [AHO09]).

3.5 Further reading

* A very well-presented proof of ¥°SPACE-hardness of covering, boundedness and reacha-
bility problems for VAS can be found in [Esp98] (based on [L&}, see also in [CLM76]
how the lower bound is preserved for reversible Petri n€&spSPACE-hardness is obtained
by reduction from the halting problem for counter automalteemwcounters are bounded by
22", A counterC in the counter automaton is represented by two componerdadic.
Whenever a configuratiafiis reached, we require the invariafitc) + 7(ic) = 2%". Incre-
ments and decremensare easy to simulate while preserving the equaliti:) + 7(ic) =
22", The simulation of zero-test o@ is more delicate: one should be able to decrement
Z(ic) by 22". In order to perform this large decrement, auxiliary congus with values
22" with o < n are needed and initialized by using concentric loops with

22(1—1 « 22(1—1 _ 22(1

* Complexity and decidability issues for Petri nets are adersd in [Had01] (in French but
an English version exists also).

* Useful references about the decidability of the reachgiyioblem for VAS include the
following: [Kos82, May84, Reu90, Lam92, Had01, Ler09, LHr1Relationships between
semilinear sets and reachability sets in VAS can be foun#i®7P], [Mog01, Theorem 9]
and [Ler09].

* Computations with VAS are words and systems with tree-li@gutations have been in-
troduced, extending what exists for VAS, and leading to tloeleh of branching vector
addition systems (BVAS). In recent years, it has turned bat BVAS have interesting
connections to a number of formalisms:
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x BVAS correspond to a class of linear index grammars in coatprtal linguistics, see
e.g. an up-to-date presentation in [Sch10a].

x Reachability problem for BVAS is decidable iff provability multiplicative exponen-
tial linear logic (MELL) is decidable [dGGS04].

x Verma and Goubault-Larrecq [VGLO5] have extended the cdatfmn of Karp and
Miller trees to BVAS, and used it to draw conclusions aboutasof equational tree
automata which are useful for analysing cryptographicquois.

Covering and boundedness for BVAS are decidable using Zbiramextension of Karp and
Miller's procedure [VGLO5] and the complexity has been retecharacterized in [DJLLO9].
Moreover, the current presentation of the proof from [Radé8 the EXPSPACE upper
bound for the covering problem for VASS follows [DJLLO9]. theless, BVAS model in
full generality is not so well understood. For instance,dkeidability status of the reach-
ability problem is open whereas it has been recently showrP3BACE-hard [Laz10].
Moreover, we ignore which standard restrictions existiog\fAS could be relevantly a-
dapted to BVAS in order to weaken the computational compfexdi various problems. A
serious candidate is to adapt developments from [PLO9] ¥ASR Finally, observe that a
stronger model of branching VASS has been considered in R825Urg99].

3.6 EXxercises
Exercise 3.6.1 Complete the end of the proof of Theorem 3.1.2.

Exercise 3.6.2 Show that satisfiability problem farO(~, <, +1) restricted to three individual
variables is undecidable. Answer can be found in [BNA6, Dav09].

Exercise 3.6.3 Answer the following questions for the Petri net preseimdeigure 3.2.

* 1s (1000, 0,0, 1) reachable frong0, 1, 0, 0) (with implicit ordering of the placeg, ps, pc,
p1) ?

* 1s(2,1,0,1) reachable fronf0, 1,0,0)?
* Is the Petri net with initial markingo, 1, 0, 0) bounded?

* |s there some marking: reachable frong1, 0, 0, 0) such tha{1000, 1,0,0) < m?

Exercise 3.6.4 Show that the simulations in the proof of Lemma 3.2.1 all@taiobtain equiv-
alence for reachability, boundedness and covering prablem

Exercise 3.6.5 By using the proof of Lemma 3.2.2, explain how to reduce therol state reach-
ability problem for VASS to the covering problem for VAS.

Exercise 3.6.6 Show that the construction of coverability graphs terresa
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Exercise 3.6.7 Show Lemma 3.3.1(lll).

Exercise 3.6.8 Show that the covering problem restricted to VAS of dimensi can be solved
in linear time.

Exercise 3.6.9 Show that the covering problem for VASS augmented the piidétion by 2 can
be solved in exponential space.

Exercise 3.6.10 Define a reduction from the covering problem for countetesys to existential
model-checking problem fdrTL% (PrA).

I;xercise 3.@.11 We have seen thaf , =) is unbounded iff there is a run of the forf S5
y’ with 7 < /. Assuming that” has dimensiom, we say that7 , ;) is i-unboundedi(< [1, n])

def

£ {ij(i) : 7y = ¢} is infinite. Hence(7, 1) is unbounded iff there is somiec [1, 7] such that
(7, zp) isi-unbounded. Are the propositions below equivalent?

1. (7, 1) isi-unbounded.

2. There is a run of the form¥ = ¢ = ¢/ with ¢ < ¢/ andy(i) < /(i).

Exercise 3.6.12 Define a polynomial-time reduction from the covering peshlfor VASS to the
reachability problem for VASS.

Exercise 3.6.13

1.
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Exercise 3.6.14 Below, we assume that we have a terminating procedure Bathiven a VASS
V, and two configuration§y, ) and(¢’, 2’), returns 'yes' iff there is a run fronfy, ) to (¢, z')
respecting the transitions froth

1. Let us consider a first model that extends VASS by allowiagditions of the form

t:q2—b>q’ with b € N”

such tha(q, @) — (¢, a) iff b < @andd@ = . As usualp < @ & fori € [1,n], we have

b(i) < d(i). Show that the covering problem for this extended class @$A&an be solved
in exponential space.

2. Let us consider another model that extends VASS by allgiamsitions of the form

t=q¢ =k ¢ withie[l,n], keN

such thatq, @) = (¢, @) iff d(i) < kanda@ = o’. Show that the covering problem for this
extended class of VASS is undecidable.
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3. Let us consider a third model that extends VASS by allowagsitions of the form
t:qg—l;q’ with b € N”

such that(q, @) - (¢, d’) iff @ < bandd@ = o'. Define a polynomial-time reduction from
the reachability problem for VASS into the covering probléwn this extended class of
VASS. Comment this result.

4. LetV be an extended VASS of dimensiarfwith set of locations)) such that the extended

transitions are exactly
< / <by
9 — 4, ---, N — 4N
with by, ..., by € N™. Show that if there is a run frorfy, Z) to (¢, #'), then there is a run
such that the number of times extended transitions are fred imost exponential in the
size ofV. Provide a precise upper bound.

<b;

5. Given an initial configuratiofy, z), design an algorithm that computes the set below:
{(a:,@) € Qx N":i € [LN], @< by, (¢,7) = (¢:,@) in V}

6. Conclude that the reachability problem and the covermglpm for this extended class of
VASS are decidable.

Exercise 3.6.15 (another variant) Let us consider an extension of VASS hlynéhg extended

transitions of the form = ¢ = ¢ with b € N such that(q, @) — (¢',d’) iff @ = b (equality
test) and:’ = a (update is identity).

Question 3.6.15.1Let V = (Q, n, d) be an extended VASS such that the extended transitiouis of
are exactly those below (apart from the standard transition
=b =bn
qi1 — 49y, .-+, AN — QN
Show that if there is a run frorfy, Z) to (¢, '), then there is a run frorfy, Z) to (¢, ')
such that the number of times extended transitions are gratimost\V.

Question 3.6.15.2Given an initial configuratioriq, @), design an algorithm that computes the set
below: B B
{(qi7 bz) NS [17 N]7 (qa a) - (qi7 bl) in V}
Hint: use as a subroutine an algorithm for solving the rebitityaproblem for VASS (taken
for granted).

Question 3.6.15.3Conclude that the reachability problem for this class oéeged VASS is de-
cidable.



Chapter 4

Reversal-Bounded Counter Automata

In this chapter, we present and study the class of revemailded counter automata introduced
in [Iba78] and we present several decision problems basetroporal logics. This class of

counter systems, as well as slight extensions, are knowsnbit #resburger-definable accessibil-
ity relations and one can effectively build the Presburgemiulae. The reachability sets defined
by reversal-bounded (initialized) counter automata afecavely Presburger-definable [Iba78]

and this is the main result presented in this chapter. Inraxerove it, we shall use the fact

that the Parikh images of context-free languages are efédgisemilinear. These results extend
to weak reversal-boundedness, a relaxed version of révswsadedness introduced in [FS08].
This chapter also deals with linear properties such as cbstiate repeated reachability and in-
finite repetition of Presburger properties. Borderlinesiodlecidability are discussed leading to
various temporal fragments with decidable model-checknadplems.

The content of this chapter is the following.

* We present the class of reversal-bounded counter autowratehfch reachability sets can
be shown effectively semilinear (i.e., definable in Pregbuarithmetic).

* We show how semilinearity can be preserved for various exes (weak reversal-boun-
dedness, addition of a free counter).

* Although the reachability problem for reversal-boundedifjalized) counter automata is
decidable by effective semilinearity, we consider lingare properties on reversal-bounded
counter automata and present decidable problems as wetidesidable ones, providing
rough borders for decidability.

4.1 What s reversal-boundedness?

A reversalfor a counter occurs in a run when there is an alternation fionincreasing mode to
nondecreasing mode and vice-versa. For instance, in thieseg below, there are three reversals
identified by an upper line:

00112233344443332223334444555554

Similarly, the sequenc@0111222223333334444 has no reversal. Figure 4.1 presents schemati-
cally the behavior of a counter with 5 reversals. A countéomaton isreversal-boundegvhen-

65
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Figure 4.1: 5 reversals in a row

ever there is > 0 such that for any run from a given initial configuration, gveounter makes no
more than- reversals. This class of counter automata has been inteddardd studied in [Iba78],
partly inspired by similar restrictions on multistack awigta [BB74]. A formal definition will
follow, but before going any further, it is worth pointingtoaifew peculiarities of this subclass.
Indeed, reversal-boundedness is defined for initializathtsy automata (a counter automaton
augmented with an initial configuration) and the boundepends on the initial configuration.
Secondly, this class is not defined from the class of countemaata by imposing syntactic re-
strictions but rather semantically. In spite of the facttttiee problem of deciding whether a
counter automaton is reversal-bounded is undecidablZ§lb@ee Theorem 4.1.1), we shall see
that reversal-bounded counter automata have numerouarigtdtal properties.

Let S = (Q,n,d) be a standard counter automaton. Let us define the auxikaigcinct)

counter automatos,, = (Q’,2n,4’) such that) = @ x {DEC,INC}" and (q,mgde) £,
(¢, mgde/) e d & thereisy % ¢ € ¢ such that ifp does not deal with thgth component, then
mode(j) = mode (j) and for everyi € [1, n], one of the conditions below is satisfied:

* ¢ = zero(i), mode(i) = mgde/(i), ' =N Njepn Xntj = Xntis
* ¢ = dec(i), mode(i) = m(;de,(i) =DECandy’ = ¢ A N\ e 0 Xnrj = Xntis
* ¢ = dec(i), mode(i) = INC, mgde/(i) = DEC and
¢ =@ A Ky =Xnsi £ 1) A /\ X;Hj = Xn+j>
jelln\{s}
* ¢ = inc(i), mode(i) = mgde/(i) =INCandy' = @ A N ey Xnsj = Xntis
x ¢ = inc(i), mode(i) = DEC, mode (i) = INC and
O =N K =X T DA N\ Ky =Xt
jelln\{s}

Essentially, the: new components i,, count the number of reversals for each component from
S. Observe thaf,, is succinct because two counters may be updated in one steypeuvdr, it is
easy to turnS,, into a standard counter automaton by adding intermediateastates.

Initialized counter automatofs, (¢, 7)) is reversal-boundefiba78] £ for everyi € [n +

*

1,2n], {#(i) : run (g, Z) — (¢, ) in S} is finite with ¢,, = (¢, INC), Z,,, restricted to the



4.1. WHAT IS REVERSAL-BOUNDEDNESS? 67

inc(1) dec(1) inc(2)

IIlC ZGI‘O

)

Figure 4.2: A counter automaton that bounds the numbers/efsals

n first components ig and,, restricted to the: last components i8. Whenr > max({#(i) :
run (g, Tpp) — (¢',%) in S} i € [0+ 1,2n]) S is said to be--reversal-boundedrom (g, 7).
For a fixedi € [1,n], when{y(n + i) : run (g, T) — (¢, %) in S} is finite, we say that
(S, (¢, 7)) is reversal-bounded with respect o

Figure 4.2 contains a counter automat®such that any initialized counter automaton of the
form (S, (q1, ¥)) with ¥ € N? is reversal-bounded.

Since reversal-boundedness is not defined from countematiéoby a syntactic criterion, the
following problem makes sense and indeed it happens to becidable.
REVERSAL-BOUNDEDNESS DETECTION PROBLEM

Input: Initialized counter automato(s, (¢, ¥)) of dimension» andi € [1,n|.
Question: Is (S, (¢, 7)) reversal-bounded with respect to the comporn@ent

Theorem 4.1.1. [Iba78] Reversal-boundedness detection problem is udalele.

Proof: Let us consider a slight (and indeed standard) variant oskjirmachines in which the last
instructionn is hal t . The halting problem checks whether the Minsky machine eawclr this
instruction. Since the Minsky machine is deterministithei the Minsky machine has a unique
infinite run (and never visits the instructian or it has a unique finite (and halts at instruction

Let us consider a Minsky machigewith the above-mentioned last instruction, which can be
defined as a standard counter automaton. Let us build theeroaatomatorS’ of dimension

1 obtained fromS by replacing every transition = ¢; = ¢; (each instruction is attached to a

(1 dec(1
dedicated control state) by " ay’ — ) ¢55" = q; whereg('s” andgy$” are new control

states associated to the transitioWe have the following equivalences, which allows us to get
undecidability:

* The Minsky maching halts.
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* For the counter automatasi, the control state, can be reached from the initial configu-
ration(g¢i, 0).

* The unique run o’ with initial configuration(q,, 0) is finite.
* &' is reversal-bounded with respect to comporiefniom the initial configuratioriq; , 6).

QED

Even though reversal-boundedness detection problem iscidable in full generality, it is
shown in [FS08] that the problem is decidable for counteolmatta without zero-tests, and more
generally for vector addition systems with states (by adgph the obvious way the concept of
reversal-boundedness to VASS). More recently, it has bleews that the reversal-boundedness
detection problem restricted to VASS ixBSPACE-complete [Dem10]. Furthermore, checking
whether a counter automatéris r-reversal-bounded is undecidable [Iba78, Theorem 4. {i{ig]
inputs areS andr > 0) whereas the problem is decidable for VASS, as a consequéifieg08].

Reversal-boundedness for counter automata is very appeadicause reachability sets are
semilinear as stated below.

Theorem 4.1.2. [Iba78] Let (S, (¢,%)) be an initialized counter automaton thatriseversal-
bounded for some > 0. For each control statg, the sef{y7 € N* : Irun (¢,7) = (¢, )} is
effectively semilinear.

This means that one can compute effectively a Presburgaufarthat characterizes precisely
the reachable configurations whose control staje ihe original proof for reversal-boundedness
can be found in [Iba78]. Main part of this chapter is dediddtethe proof of Theorem 4.1.2.

A counter automatoi is uniformly reversal-boundedf there isr» > 0 such that for ev-
ery initial configuration, the initialized counter autoroatis r-reversal-bounded. The question
of checking whether a counter automatsris uniformly reversal-bounded can be reduced to
reversal-boundedness. Indeed, it is sufficient to intreduoew control state,.,, that contains
as many self-loops as the dimensioand each self-loopincrements théth component. Then,
nondeterministically we jump to the rest of the counter eaton with no effect on the counters.
In this way, (S, (¢new, 0)) is reversal-boundedS( is the new counter automaton obtained as a
variant ofS) iff S is uniformly reversal-bounded. As an exercise, one cankctiet the counter
automaton in Figure 4.2 is not uniformly reversal-bounded.

Let us consider the following problem.

REACHABILITY PROBLEM WITH BOUNDED NUMBER OF REVERSALS

Input: a counter automatofi, a bound- € N, an initial configuration(gy, #5) and a final con-
figuration(q, %),

Question: Is there afinite run of with initial configuration(qo, <) and final configuratiofig, 7)
such that each counter has at mostversals?

Observe that whefS, (qo, 7)) is r’-reversal-bounded for somé < r, we get an instance of
the reachability problem with initial configuratidny, o).

Corollary 4.1.3. The reachability problem with bounded number of revensadiecidable.
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Proof: Here is the decidability proof that uses Theorem 4.1.2.8 et (Q,n,6), r € N, (qo, 75)
and(q, Z) be an instance of the reachability problem with boundedreale. First, we build a
counter automatof’ = (@', n,d’) with Q" = @ x {DEC,INC}" x [0, 7]™.

By construction ofS’, we guarantee thatS’, ((qo, INC, 0), 7)) is r-reversal-bounded. In-
deed, for each counter, we shall count the number of reweesal by construction af’ we
shall enforce that it is bounded lyon each run. The set of transitiodisis defined as follows:

def %)

(q, mode, falt) % (¢, mode ,falt ) € &' & ¢ % ¢ € 5 and fori € [1, ], the relation described
by the following table is verified. The values of two first colos induce values for the two last
columns (when it is possible, see e.g. the conditidn(i) < r).

© mode(i) mgde/(i) jj&?t/(i)
dec(i) | DEC DEC falt (i)
dec(i) INC DEC | talt(i) + 1 and falt(i) < r
inc(i) | INC INC falt(i)
inc(i) | DEC INC | talt(i) + 1 and talt(i) < r
zero(i) | DEC DEC falt(i)
zero(i) | INC INC falt (i)

By constructionS’ is r-reversal bounded and the properties below are equivalent:

1. there is a run of with initial configuration(qo, z5) and final configuratiorig, Z) such that
each counter has at mosteversals,

2. ((q, mode, $alt), %) is reachable froni(qo, INC, 0), %) in S’ for somemaode, talt.

The number of distinct pairemgde, ﬁaft) is bounded by2" x (r + 1) and therefore (1.) is
equivalent to the existence @hode, talt) among a finite set such that

3. ((q, mode, talt), ) is reachable froni(go, INC, 0), 43) in S.
By Theorem 4.1.2, the set

mideainy = 17 € N : (g0, INC, 0), 0) = (g, mode, falt), )}
is effectively semilinear. This means that one can consalresburger formula,, -, .7, such
that REL(© (.40 zait) = X (mode zalry @Nd Checking whether € X, -, . ;) amounts to verify the
satisfiability of the formula

(/\ Xi = f(l)) A gD(mgde,tia_l't)'

=1
Since the satisfiability problem for Presburger arithmistatecidable, we get an algorithm to solve
the reachability problem with bounded reversals. Indeeaimiounts to checking satisfiability of
some Presburger formula made a disjunction with at r&@t+ 1) disjuncts.QED

In the sequel, when we consider a uniformly reversal-bodmdennter automaton or a reversal-
bounded initialized counter automaton, it comes with a makinumber of reversals > 0 that
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has been computed by some means. Remember that in full ¢ignéne reversal-boundedness
detection problem is undecidable. Nevertheless, thet®tué not that bad, since the problem
restricted to VASS is decidable [FS08] and can be solved poe&ntial space [Dem10]. Hence,
for VASS, in case of reversal-boundedness, the valtan be effectively computed. Alternatively,
given a counter automaton and a bound 0, it is possible to build a new counter automaton
such that each counter has at mostversals on each runs, possibly at the cost of increasing
exponentially the cardinal of the set of control states (beeproof of Corollary 4.1.3). It is
sufficient to take the product betweéhand a finite-state automaton with number of control
states inO(r").

4.2 Reachability sets are semilinear

In this section, we shall show that reachability sets in reafebounded (initialized) counter au-
tomata are effectively semilinear. Moreover, when unifoeversal-boundedness is satisfied, one
can show that the reachability relation is also effectivedynilinear. Effectiveness refers here
to the possibility to construct Presburger formulae defjreractly those sets or binary relations.
The first part of the proof amounts to showing that we caniesturselves to 1-reversal-bounded
counter automata at the cost of introducing additional tengn this restriction is indeed based
on [BB74] for reversal-bounded multistack automata. Tie&second part shows that reachabil-
ity sets for 1-reversal-bounded counter automata aretefédg semilinear, essentially based on
Parikh’s theorem [Par66] restricted to regular langua@extion 4.2.2 provides the main ingre-
dient of the proof establishing that the commutative imaigeny regular language is effectively
semilinear. Semilinearity is obtained by expressing Bafkk equations about control states aug-
mented by connectivity constraints. This analysis allowsaiconclude that when a counter
automaton is uniformly reversal-bounded, then the reattyatelation is effectively definable in
Presburger arithmetic.

4.2.1 Hints of the proof

In this section, we briefly provide hints to understand tleopbelow that establishes that reversal-
bounded initialized counter automata have effectivelyibeear reachability sets.

The first part of the proof shows that given a reversal-bodndgialized counter automaton
S, one can effectively define a uniformlyreversal-bounded counter automatgrsuch that the
reachability set foS can be defined as a finite union of reachability setS’inEach reachability
set in the finite union is parameterized by a control statef&. This is fine since Presburger
arithmetic has disjunction. Moreove$, has more counters tha$ and in order to be precise
each reachability set is obtained by projection which ¥ fatie since Presburger arithmetic has
existential quantification (which allows to perform a pigjen at the level of tuples of natural
numbers). This part is based on [BB74] for multistack system

The second part of the proof shows that the reachabilityfsatyl-reversal-bounded initial-
ized counter automatofs, (qo, 7)) is effectively semilinear. Given a control states @, we
aim at characterizing the counter valugsc N" such that there is a run

(%;ﬁ)) = (%;ﬁ) = (CI2,1’E) S (Qk,@;)
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with g, = g andu = a4 - - - a;, over the symbolic alphabet
Y. = {inc(7), dec(i), zero(i) : i € [1,n]}.

We writeTI(u)(a) to denote the number of occurrences of the letterw (IT1(«) being the Parikh
image ofu). Observe that for € [1, n], we have that; (i) = (i) +11(u)(inc(i)) —II(u) (dec(7)).
Consequently, characterizing the set of counter vaiy@snounts to determine which sequences
of instructions from(qo, ) can lead to the control stage The sequence satisfies the following
simple properties:

1. Control graph ofS allows to perform the sequence of intructiongrom the control state
o until control state;.

2. Because of-reversal-boundedness, fore [1,n], the projection ofu on the subalphabet
¥.; = {inc(7), dec(i), zero(7) }, writtenusy,, belongs to

zero(i)*inc(i)*dec(i)*zero(7)".

These two properties can be checked by building the produteftate automatod between
S understood as a finite-state automaton oveasnd a finite-state automaton oversuch that
the projection of each accepted word isup,. Since the Parikh image df(.A) is effectively
semilinear by Parikh Theorem, the set

{zo + (T(u)(inc(1)), . .., I(u)(inc(n))) — (I1(u)(dec(1)), ..., I(u)(dec(n))) : u € L(A)}

is effectively semilinear too. Indeed, if labels a run then the final configuration has counter
values:

g(u)(?nc(;)) g(u)(gec(;))
) 2y | O | ] )
II(u)(inc(n)) T1(u) (dec(n))

We have the following inclusion (overapproximation):

{#: 3Frun (qo, %0) — (q7, %)} C {u(@) : u € L(A)}

Let pa(zine, zdec zzero . zine zdee zzero) capturing the Parikh image ©f(.A) andy be
Jzime 20 (xq = ap(1) + 2 — 2P A
c A (X = Tp(n) 4 27— 29) A a2, Z220)

We haveREL(vy) = {u(2p) : v € L(A)} but this is not sufficient ! Not every word accepted by
A corresponds to a sequence of instructions f(gmay) leading tog. The sequence satisfies
also the following properties fare [1, n|:

1. For every prefixw of uy,, 25(i) + I(v)(inc(i)) — II(v)(dec(i)) > 0 (counter values are
nonnegative). Sinces, € zero(:)*inc(i)*dec(i)*zero(i)*, it is sufficient to satisfyiy(i) +
II(w)(inc(7)) — I(u)(dec(z)) > 0.
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2. If 2p(2) # 0, then the first letter ofiy;, is different fromzero(i).
3. Ifthe last letter ofuy, is equal tozero(7), then

Zo(4) + I(w)(inc(7)) — II(u)(dec(i)) = 0.

Conditions (1.) and (3.) can be easily expressed with theldarger formula characterizing the
Parikh image of.(A). Condition (2.) is taken care by the initial states4fsee the definition
of A@:%) in Section 4.2.4). Now, it remains to provide the detailshaf proof. Let us start by
Parikh Theorem for regular languages.

4.2.2 Parikh image of regular languages
We recall that dinite-state automatois a tupled = (X, @, Qo, J, F') such that

* X is a finitealphabet

* @ Is afinite set oktates

* Qo C @ is the set ofnitial states,

* thetransition relations is a subset of) x > x @,
* ' C Q is a set offinal states.

Giveng € @ anda € X, we also write)(q, a) to denote the set of statgssuch tha{q, a, ¢') € 4.

A run p of A is a sequencg, 2> ¢; %5 ¢, ... such that for every > 0, (¢;, a;, gi4+1) € 6 (also
writteng; 2 ¢i41). The finite runp = g9 2% ¢1 2 ¢s... 2= ¢, is successfuf ¢, € Q, is initial

andgq, € F'is final. Thelabel of p is the finite worde = agaj; - - - a,,. The automatomd accepts
the languagé.(.A) of finite wordsu € ¥* such that there exists a successful ruain the word
u, i.e., with labekh:.

Let> = {a,...,a} be an finite alphabet equipped with an arbitrary linear andeof the
letters, saya; < --- < a. Given a wordu € ¥*, its Parikh imagell(u) is defined as the
tupleII(u) € N* such that fori € [1,k], II(u)(i) is the number of occurrences of the letter
a; in the wordu. For instance, the Parikh of the woadaab under the ordering < b is the

3
tuple ( 9
{Il(u) € N* : u € L}. Parikh’s remarkable result states that the Parikh imagmgfcontext-
free language is semilinear [Par66] and that its representes effectively computable from a
pushdown automaton. Below, we provide the proof for regialaguages only, which is sufficient
to deal with reversal-boundedness in the simple case. Byalyethe proof of Parikh’s Theorem
can be also found in [Koz97, Chapter H]. An alternative prigailso given in [Esp97] based on
the result that the reachability relation for communicaticee Petri nets is effectively semilinear.

Naturally, theParikh imageof the languagd. C X*, written II(L) is the set

Theorem 4.2.1. [Par66] Let> be a finite alphabet (equipped with a linear ordering) ahd
be a finite-state automaton ovEr Then, one can compute effectively a Presburger formula
wa(x1,...,x;) such that for every valuatiomal, we haveval = p4(xi,...,x;) iff there is a
finite wordu € L(A) such thafl(u) = (val(x,), ..., val(xg)).
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Proof: Given a direct graplt: = (V, E), the proof below essentially determines when a map
f : E — N is the Parikh image of a path id. Indeed, regular languages are definable from
finite-state automata and words accepted by such autonm&trangly related to paths (runs).
Roughly speakingf corresponds to a path iff the subgraph inducedflig connected and the
number of edges entering in a node is equal to the number @saglging out of the node. This
may be slightly different for the initial node and for the fimade of the path (see details below).

Let A = (2, Q, Qo, 5, F) be a finite-state automaton. Given a transitiea ¢ = ¢/, we write
beg(t) to denotey, end(t) to denote;’ and(¢) to denotex.

A path of A is a finite sequence = t;---t; of transitions such that for € [1,k — 1],
end(t;y1) = beg(t;). We say thatr is a path frombeg(t;) to end(t;). We admit empty paths of
length O, one for each stage Two pathsr andn’ areconsecutivéf end(w) = beg(n’). Whenrw
andr’ are consecutive, we writer’ to denote the path obtained by concatenation. iifegeof
™=t ---t,iISamapZ, : 6 — N that counts how many times each transition is used, ine.,
Z.(t) = card({i € [1,k] : t; = t}). GivenZ : 6 — N, we write .47 to denote its restriction to the
transitions irnZ, i.e. to denote the directed labelled grdph ', ¢’) such that

% &' ={tes:I(t) >0}

* (' is the set of stateg for which at least a transition it begins or ends by. So,Q’ =
{beg(t),end(t) : t € §'}.

A directed labelled grapf®, @, §) is connectedff for all ¢,¢" € @, there is a path fromto ¢’ in
(2,Q,5Ud) with 6 = {end(t) ) beg(t) : t € J}. Basically, we forget about the direction of
transitions.

The two following properties can be easily shown:

(P1) Let m; andm, be two paths sharing at least one state suchtéhdtr,) = end(ms). Then,
there is a pathr such thatZ, = 7., + Z,, beg(w) = beg(m) andend(w) = end(m).

(P2) Let A be afinite-state automaton and- ¢, - - - t,, be a path frong to ¢’ with imageZ,.. The
following statements hold true:

(I) Az, is connected.

(I If g = ¢, i.e.wis acycle, then for each stajé, the number of transitions entering in
¢" is equal to the number of transitions going out/6f In symbols, for every” € Q,
we get the satisfaction of the following equation.

Yo L) - > Z.(t)=0

ted s.t. end(t)=q" ted s.t. beg(t)=q"

(my If ¢ # ¢, thenforevery” € Q\{q, ¢}, we are in the position as in (II). However, the
number of transitions entering ins one less than the number of transitions going out
of ¢. Similarly, the number of transitions enteringghis one more than the number
of transitions going out of/. In symbols, we get the satisfaction of the following
equations.
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1. foreveryg” € Q\ {q,q¢'},

o L) - Y I(y=0

t€d s.t. end(t)=q" t€d s.t. beg(t)=q"
2. Y L - Y L)=-L
t€d s.t. end(t)=q t€d s.t. beg(t)=q
3. Y L - Y L=l
ted s.t. end(t)=q’ ted s.t. beg(t)=q’

Now, we can show the property below that is a variant of theaattarization for the existence
of Eulerian paths in a directed graph. Létbe a finite-state automaton afid 6 — N be a map.
Based on the properties (P1) and (P2) and on a further asdhe is omitted (see [Reu90] for
further details), we can show the propertyigelow:

(1) Z isthe image of some path iff there arandq’ in Q such that (I)—(l11) hold true (by replacing
7. by1).

For each lettern, € X, we introduce the variabbe,. Similarly, for each transition € J, we
introduce the variable, . Sayd = {t,...t;}.

The Presburger formula(x,,, - . . , X,, ) is of the form below:
k
Iy, - 'th,(/\ Xa; = Z X¢) A\
i=1 B(t)=a;
(V V P@avare A\ x>0 A\ x=0)
90€Q0,q5EF  connected (Q’,8), qo,qr€Q’ tes! te(5\8")

In the generalized disjunction over the connected dirdagtllad graphg(’, 9’), we assume that
Q' CQandy CiNE" x X x Q. ltremains to explain how the formulg 4, 4,5 is defined
based on the previous properties.

* If go = qy, thenyqr .4, takes the following value (see (11)):

/\ ( Z Xt — Z x; = 0.)

q"€Q’ ted s.t. end(t)=q" ted’ s.t. beg(t)=q"
* If go # g7, theny (g 0.4, 1S the conjunctionp; A s A @3 (see (II1)(1.-3.)):

1= /\QNEQ/\{‘ZO#}f}( 2 Xt — 2 x; = 0).

ted s.t. end(t)=q" ted s.t. beg(t)=q"
* Py = > X¢ — > x; = —1.
ted’ s.t. end(t)=qo ted’ s.t. beg(t)=qo
* Y3 = > Xt — > x; = 1.
ted’ s.t. end(t)=qy ted’ s.t. beg(t)=qy

Condition (I) for connectivity is taking care by a case asay(()’, §') has to be connected and
there is an exponential amount of such restrictions. Thada( A, 5 x: > 0)A (/5151 % = 0)
plays also a central role since it guarantees that exaatlyréimsitions iy’ have been considered.
QED
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counter 1

RuninS
counter 1
—— Q o
counter 2 y .
,,,,,,,,,,,, o Q. © °
counter 3 :
.. . Q o

RuninS’

Figure 4.3: Counter 1 i and counters 1, 2 and 3 &

4.2.3 1-reversal-bounded counter automata

In this section, we show that in order to show that reachsiskets [resp. reachability relation]
for [resp. uniformly] reversal-bounded counter automa&Rresburger-definable, it is sufficient
to show that the reachability relation for uniformly 1-res@-bounded counter automata is effec-
tively Presburger-definable.

Let (S, (qo, %)) be an initialized counter automaton that-iseversal-bounded for some> 0
with § = (Q,n,d). Before going any further, let us introduce a bit of vocabulaA phase
for a counteri € [1,n] in a finite run is a finite sequence of instructions dealinghveibunter
1 and extracted from a larger sequence of instructions oidaloy erasing instructions dealing
with other counters, such that the sequence is eithesris(i)* - inc(i)* (increasingphase) or in
dec(i)* - zero(i)* (decreasingohase). Abiphaseis defined as a sequencezero(:)* - inc(i)* -
dec(i)* - zero(7)* obtained by concatenating an increasing phase with a d#ogephase. A
biphase iompletewhen it is inzero(i)* - inc(i)™ - dec(i)™ - zero(7)*, that is there is at least an
increment followed by a decrement. In Figure 4.3, the cauhteas three complete biphases in
the run ofS. When the counterhas value different from zero, it is clear that any incregghase
started from this value is imc(i)*. It is worth observing that 1-reversal-boundedness irsghat
counters admit at most a complete biphase on each run gtattthe initial configuration.

From(S, (qo, Zo)), we shall build a counter automatshthat is uniformly 1-reversal-bounded
for which the set of configurations reachable frég, ) in S, can be characterized as a finite
union of reachability sets fror§’, possibly by performing some projections singehas more
components/counters thadh Without any loss of generality, we can assume thet even and
each counter has at mostcomplete biphases for any run starting @t 7). A global biphase
vectoris an element fromo, ] indicating for each counter the ordinal of the current bigha
Similarly, arefined global biphase vectar is an element fronf{INC, DEC} x [0, §])" that also
specifies whether the presence in some biphase is currdiigy g the increasing phase or in the
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decreasing phase. These vectors shall be encoded in thelgiates ofS’ (there is only a finite
amount of such vectors) and for each counter and each biphaseone specific counter i§’
mimicks the original counter (see an illustration in thetbwt part of Figure 4.3). More precisely,
when in a run ofS, a countet enters in a new biphagdtypically this occurs when passing from
a decreasing phase to an increasing phase), this is mimick€dy introducing a new counter,
sayi’ that depends only ohand onl. To do so,’ is incremented until the countéf attached to
counteri and biphasé— 1 reaches the value zerd;is the counter ir5’ that mimicks the counter
¢ from S in the previous biphage- 1. Then, the countef in S’ behaves asuntil a new biphase
is observed (see Figure 4.3). Hence, the number of coumtéfds n’ = n x (14 5). Depending
on the current biphase ordinal, for each counter we shalbleeta determine which counters are
active Letc : [0,%] x [1,n] — [1,7] be the map defined by(l,i) = (i — 1)(5 + 1) + (1 + 1)
that determines for each counter and each biphase ordieatorresponding counter &f. For
instance witth = 2 and3 = 2, we have:

3 counters mimicking counter 1 3 counters mimicking counter 2

( 2(0,1),c(f1),c(2,13 : 2(0,2),0(1A,2),c(2,23 ) =(1,2,3,4,5,6)

Given a refined global biphase vectgre ({INC,DEC} x [0, 5])", we write N B(w) € [0, ¢]"
to denote the corresponding global biphase vector obtdnoad«w by omitting the information
about the type of the current phases. Similarly, we wHié () € {INC, DEC}" to denote the
restriction ofw obtained fromi by omitting the biphase ordinals.

Given a configuratiori(q, W), ¥) of S’, we write Act(((¢, W), ¥)) to denote the corresponding
counter values itN" by selecting only values corresponding to active countbesé are exactly
n): fori € [1,n], we haveAct(((¢q, @), ))(i) = Z(c(NB(w)(i),7)). In the sequel, we write
S'[w, i) instead ofc(N B(w)(i), ) to denote the counter i’ that behaves as the counten its
N B(w)(7)th biphase inS. So, the value of countérin S when the run is currently in the refined
global biphase vectar is taken care by the count8f|w, i] in S'.

We are now in position to define the counter automa$on= (@', n’,¢’) such thatQ) x
({INC,DEC} x [0, 5])" € Q'; the unspecified additional control states will appear tabe-
iliary. It remains to define the transition relatioh

« Forallg ™ ¢ andw € ({INC,DEC} x [0,Z])" such thatPH (i5)(i) = INC, we have

_n inc(8'[w,i])

(¢, W) ——

« Forallg = ¢ andw € ({INC, DEC} x [0, Z])" such thatP H () (i) = DEC, we have
_ dec(S'[,i]) ;= ,
(Qaw) - (Q>w) €.

* Forallg oro(i) q"andw € ({INC,DEC} x [0, 5])", we have(q, W)

(¢, @) €.

zero(S'[wW,i])

(¢, W) € 4.

* Forallg docld) ¢"andw € ({INC,DEC} x [0, 5])™ such thatP H (w)(i) = INC, we have
(q, @) 2D iy € & wherew'(j) = @(j) for j # i andw'(i) = (DEC, 1) with
w(i) = (INC,1).

* The remaining case in this definition is the more complex aneesit corresponds to a
biphase change. For ajl netd) ¢ andw € ({INC,DEC} x [0, 3])" such thatui(i) =
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Figure 4.4: Completing’

(DEC, 1), we add the transitions present in Figure 4.4 (there arerfewrauxiliary control
states).

We putw’ € ({INC, DEC} x [0, Z])" with w/(j) = w@(j) for j # i andw’(i) = (INC, 141):
a new biphase is considered. We also use the shodguts S'[w, ] and /., = S’ [J’, il.

Observe that the effect of reachiiig, w’) from (¢, @) is to transfer the value of counter
1,4 to counterl,,.,,.

First, let us state a few properties absUtand its relationships withsS, (o, ©0)).

Lemma 4.2.2.

() &' is uniformly 1-reversal-bounded.
(Il) Letz) € N" such that

1. fori € [1,n], 2, (S'[(INC,0),4]) = @p(i),
2. forj € ([1,n]\ {S'[(INC,0),4] : i € [1,n]}), we haver(j) = 0.

*

Then {7 € N : (g0, 7o) = (¢, %) in S} = {Act(((q, ®), T)) € N* : 3 ((qo, (INC, 0)), 1)) =
((q,w), ) in S} for everyq € Q.

(1)  Suppose tha(t(qo,(INé,O)),fg) 5 ((q,w), ). Forj € ([1,n]\ {S'[w,q] : i € [1,n]}),
we haver(j) = 0.

Lemma 4.2.2(1) is by simple inspection of the constructiér56 Lemma 4.2.2(111) reflects
the property that a counter i is either active or equal to zero (apart from the configuretio
with auxiliary control states). Based on Lemma 4.2.2, westaw the following lemma.

Lemma 4.2.3.
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(I) Iffor (¢,w) € ({INC,DEC} x [0, 5])", the set

{: (0, (INC, 0)), 2)) = ((g,0), ) in '}

is effectively semilinear, thefit € N* : (qo, 7)) = (¢, %) in S} is effectively semilinear
too, for every control state.

(I If Sisuniformlyr-reversal-bounded and the reachability relation§as Presburger-definable,
then the reachability relation fd* is Presburger-definable too.

Proof: (I) Suppose one can compute effectively a formplaz) (xi, ..., x,) characterizing the

configurations reachable frofig, (IN@, 0)), fg) with control state(q, w). The formula below
characterizes the configurations reachable ffggmz,,) with control state:

V  Gviyw faa (v - yw) AC N\ i = ysiaa)-

welo, 5] i€[1,n]

() By assumption, forg, ¢’ € (', there exists a formule, , (X1, ..., Xu, Y1, - .., Y») Such that
for every valuatiorval, we have

val |= 4 iff (¢, (val(xy),...,val(xy))) = (¢, (val(y;), ..., val(y,)))in S".

The Presburger formula(zy, . .., z,,7},...,2,) encoding the reachability relation from control

’r n

stateg € () to control state/ € () is defined as follows:

Vo Gxi X, Y1 Y Py i)

w,w'€[0,5]™

AN Zi=yswa) AC N\ 2= xggmen) A/ x=0).

1€[1,n] 1€[1,n] JENA
whereNA = ([1,n/] \ {S’[(IN@, 0),i] : 7 € [1,n]}) (set of initial “nonactive” countersQED

Figure 4.3 presents the behaviour of the counter & i, = 3) and the behaviour of the
counters 1, 2 and 3 if’".

4.2.4 Reachability sets are effectively semilinear

LetS = (@, n,0) be a counter automaton such th&t (qo, 20)) is 1-reversal-bounded. For each
finite run from the initial configurationiqo, 75), the restriction to counter of the sequence of
actions corresponds to a biphase of the faem(i)* - inc(:)* - dec(i)* - zero(z)*. Whenzy(i) > 0,
the biphase can only be an elementiaf(i)* - dec(i)* - zero(i)*.

Let us define the auxiliary vectay, € {eq(0), neq(0)}" that essentially records which coun-
ters inx; takes the value zero: fare [1,n], 53(i) = eq(0) if 23(i) = 0 otherwisev)(i) =
neq(0). Now, fori € [1,n] we write S to denote eithel =1, /', \., >} whenvy(i) =

eq(0) or { /", \,32} when (i) = neq(0). Each element ir6® corresponds to an action in
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{zero(i),inc(7), dec(i)} but we wish to possibly distinguish in a biphase the initiataztests

(represented by the Iettem) from the terminal zero-tests (represented by the Ie%&e). We
write 5% to denote the cartesian produgf x - - - x S¥. It is worth noting that assuming that
#y = 0 would make unecessary the above definitions and would n@iigjrthe main ingredients
of the proof below. Nevertheless, this smoothly preparestithatment for uniform-reversal-
boundedness.

From (S, (qo, 75)), we define a finite-state automatgh¥-*o) that can be viewed as a product
betweenS (viewed as a finite-state automaton in which the actions amirs are understood
as letters from a finite alphabet) and a finite-state automttat checks that the sequence of
actions for each counter is compatible with 1-reversalrdo@adness and with the initial vectay
(see explanations in Section 4.2.1). Hence, counters areved but at the cost of adding a bit
more control in order to preserve 1-reversal-boundedrtdhe ¢evel of symbolic actions. So, the
language accepted by(%:%) overapproximates the sequences of instructions obtanoed the
runs of (S, (qo, o)) but it shall be possible to add constraints to obtain précise sequences
from (S, (¢o, 20)). The finite-state automatoa(®-) = (2, Q', Qo, &', Q') is defined as follows:

* 3 = {inc(7), dec(7), zero(i) : i € [1,n]}.

* Q) =Q x %,

* Qo= {(qo,zf())} where fori € [1,n], 176(7;) :il if vy = eq(0), otherwisez%(z') =\
It remains to definé’.

Zero (z

¢ € d, then(q, 7) % (¢, ') € & with

1. forj # i, 6(j) = v'(j),
2. eitheri(i) = v'(i) € {&1,32} or (i) =\, andv’ (i) =2,

* If g —=

o 1F ¢ "W o € 5, then(q, ) " (¢

1. forj # 4, 6(j) = v'(j),
2. eitheri(i) = v/(i) =/ or #(i) =, andv’(i) = /.

¢,v') € & with

dec(z)

* If g —= ¢’ € 4, then(q, v) — decl?)

(¢, ") € & with

=
!/

1. forj 14, 9(j) = v'(j),
2. eitherd(i) = v/(i) =\, or d(i) =/ andv’(i) =\
By Theorem 4.2.1, for everfy, v) € @', one can effectively compute a Presburger formula

(qo,v0) (X 1 1 n n n )

(,O(q T inc) Xdec? Xzero? R Xinc? Xdec? Xzero

such that for every valuatioval, we haveval = gogqo’f)m iff there is a finite word, in the language
L((%, Q' Qo, 0", {(q,9)})) such thatl(u) = (val(xj,),. .., val(x,,))-
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Giveng € Q, let,(y1, . ..,y,) be the formula below:

v 3XZTLC’ e Y ZETO (SOEZOQj;O) (X}nc7 A 7X/;Le7‘0)
TeSvo
A( A Yi=O0)AC/\ ¥i =X + 20() — X

i€[Ln] s.t. () E{~—>1,~2) i€1,n]

Lemma 4.2.4. For allg € @ and all valuationsal,

we have(qo, 70) = (¢, (val(y), . .., val(y,))) iff val = ¢y(y1,. .., yn).

al ak

Proof: Let (g, 7p) = (ql,xl) - .- (qk,xk) be arun withu = a¢---a,_; € X. Itis clear
that by construction ofd(®:%), there ist € 5% such that: € L((%,Q’, Q0,5’, {(qx,)})). Let
val be the valuation such that fore [1,n], val(x},.) [resp.val(x..), val(x,,.)] is equal to the
number of occurrences afc(:) [resp.dec(i), zero(7)] in w. It is easy to see thafal = v, since

all the valuess, .. ., 7 are inN" and wheneved(i) € {5, -}, #;.(i) = 0 by construction of
J.
The proof in the other direction is analogoGED

As a consequence, we obtain Theorem 4.1.2.

Now suppose tha$ is uniformly 1-reversal-bounded. This means that for every initial con-
figuration (g, 25), the initialized counter automatds¥, (qo, 7)) is 1-reversal-bounded. In that
case, we can show that the reachability relation is Presbugfinable.

Theorem 4.2.5. LetS be a uniformlyl-reversal-bounded counter automaton. Forajl € Q,
one can effectively compute a formufg , (x1, . .., %s, Y1, - - -, ¥») Such that for every valuation
val, we have

val |= ¢, iff (g, (val(x,),...,val(x,))) = (¢, (val(yy),. .., val(y,))).

Proof: The formulay, . is defined below by taking advantage of the constructiondachability
sets. Uniform reversal-boundedness ensures that théitoanglation is uniformly defined. Nev-
ertheless, the main differences with the previous devetopignare the following. First, instead of
constant valuesy(1), ...,z(n), we consider variables, . ..,x, and such a replacement in for-
mulae can be done smoothly while respecting the syntax ofdtae from Presburger arithmetic.
Similarly, the value differences between counter valuegaecisely the differences between the
number increments and the number of decrements, which ceadily expressed by a formula
of the formy, = x; + x.,. — x’,... Finally, we need to perform a case analysis on the valuesof th
auxiliary vectory, € {eq(0),neq(0)}", leading to simple constraints on the variabtes. . ., x

The formulay, , is defined below:

\/ (( /\ x; = 0) A( /\ x; > 0))A

up€{eq(0),neq(0)}™ i€[l,n] s.t. vo(2)=eq(0) i€[1,n] s.t. vo(2)=negq(0)

\/ Elxmc? T Xsero (SOEZ Uz(;))) (Xilnw v 7X:ero)

T€S90
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A A Vi = O AC A Yi =%+ %o = Xiee)

i€[Ln] s.b. BE)E{~—> 1,2} i€[1,n]

QED

As a corollary, we obtain the following result.

Corollary 4.2.6. [Iba78] LetS = (@, n,d) be a counter automatoq,q’ € @, 7 € N andr > 0.

(I) If Sis uniformlyr-reversal-bounded, then one can effectively compute adt@m such that

for every valuatiorval, we haveval |= ¢ iff (¢, (val(x;),...,val(x,))) — (¢, (val(y1), ..., val(y,))).

(1 If (S, (¢, 7)) isr-reversal-bounded, then one can effectively compute @Brgsr formulap
such that for every valuatioml, we haveval |= piff (¢,7) = (¢, (val(x,), ..., val(x,))).

An alternative proof can be found in [LS05] that does not usekiR’s theorem. Complexity
characterizations of reachability problems for revetsalnded counter automata are presented
in [GI81, HR87]. Moreover, other classes of counter systesitis reachability sets that are effec-
tively semilinear can be found in [HP79, Esp97, CJ98, FS@D3, BIL09] (see also Section 5.3).

Finally, the reachability problem with bounded number ofersals when natural numbers
are encoded with a binary representation isXNEIME-complete [GI81, HR87] (the problem is
NP-complete, assuming that all the natural numbers aredexico binary except the number of
reversals). Moreover, decidable reachability problempéyameterized reversal-bounded (init.)
counter automata can be found in [ISG2].

4.2.5 Variants admitting semilinearity too

In this section, we provide two generalizations of revelsainded counter automata for which
reachability sets are still effectively semilinear.

Adding a free counter

An essential way to relax the notion of reversal-boundeslgessists in allowing one counter to

be free, i.e. no bounded number of reversals is requirechfdrdounter. If one wants to extend

the previous results to this new class of counter automatathe best we can expect since two
free counters already lead to undecidability because salasa would include Minsky machines.

In the sequel, we assume that the free counter is the firstSmen initialized counter automaton

(S, (¢, %)) is almost reversal-boundeds (S, (¢, 7)) is reversal-bounded with respectitofor

i € [2,n] (assuming that the dimension 6fis n). Uniform almost reversal-boundedness is
defined in the obvious way.

Given that(S, (qo, 75)) is almostr-reversal-bounded, as done in Section 4.2.3, one can build
an almostl-reversal-bounded counter automat®hsuch that Lemma 4.2.3 can be adapted to
almost reversal-boundedness. Indeed, the first counteamdS’ behaves identically (no need to
introduce additional counters) whereas the countels i from S are treated as in Section 4.2.3.
It remains then to show that the reachability relation foifanmly almost1-reversal-bounded
counter automata is Presburger-definable, which can bershewheorem 4.2.5 by using that the
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Parikh image of languages definable by finite-state autoe@igpped with a single counter is
effectively semilinear. Indeed, such one-counter autaraat pushdown automata for which the
stack alphabet is simply unary and therefore Parikh’s #raaxpplies [Par66].

Finally, this allows us to extend to almost reversal-bouhdeunter automata all the nice
properties about semilinearity, as stated below.

Theorem 4.2.7. [Iba78] LetS = (@, n,d) be a counter automaton,q’ € @, ¥ € N andr > 0.

(1) If S is uniformly almostr-reversal-bounded, then one can effectively compute ebBrgsr
formulay such that for every valuatioral, we haveval |= ¢iff (¢, (val(x,), ..., val(x,))) —

(q/7 (Val(y1>7 s 7val(yn>>>'

(I If (S, (¢, 7)) is almost--reversal bounded, then one can effectively compute a Brgsbfor-
mulay such that for every valuatioral, we haveval |= ¢iff (¢, %) = (¢/, (val(xy), ..., val(x,))).

Weak reversal-boundedness

An interesting extension of reversal-boundedness isdoired in [FS08, San08] for which we
only count the number of reversals when they occur for a @urglue above a given boursl
(see Figure 4.5). For instance, finiteness of the reachabdit implies reversal-boundedness in
the sense of [FS08, San08], which we shall vadbk reversal-boundednedstS = (Q, n, J) be

a (standard) counter automaton and a botind N. Instead of defining a counter automat$p
as done to characterize (standard) reversal-boundedmesdefine directly an infinite directed
graph that corresponds to a variant of the transition systefi,: still, there arex new counters
that record the number of reversals but only if they occurnval®m boundB. That is why, the
infinite directed grapfi’Sy defined below is parameterized By T'Sp = (Q x {DEC,INC}" x
N2", ) is defined as follows{q, mode, %) —p (¢',mode ,#) & there is a transitiog -~

¢ € ¢ such that

x if  does not deal with thgth component, themode(j) = mode (5),

* (¢, 7([1,n])) & (¢, #([L,n])) in S,
* for everyi € [1,n], one of the conditions below is satisfied:

% = zero(i), mode(i) = mode (i), T = 7,

% = dec(i), mode(i) = mode/( ) = DEC andZ([n + 1,2n]) = &'([n + 1, 2n]),
¢ = dec(i), mode(i) = INC, mode (i ) DEC, Z(i) > B andZ([n + 1,2n] \ {i}) =

T'([n 41,20\ {i}), (i) = 2(i) + 1,

x ¢ = dec(i), mode(i) = INC, mode() = DEC, #(i) < B andZ([n + 1,2n|) =
7 ([n+1,2n)),

« o = inc(i), mode(i) = DEC, mode (i) = INC, &(i) > B and@([n + 1,2n] \ {i}) =
Z(n+1,2n)\ {i}), & (n+1i) =Z(n+1i) + 1,

% ¢ = inc(i), mode(i) = DEC, m(;de,(i) = INC, Z(i) < B andZ([n + 1,2n]) =
Z([n+ 1,2n]).

*
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Figure 4.5: A counter satisfying weak reversal-boundesines

Initialized counter automata(s, (¢, 7)) is weakly reversal-boundd&S08] £ there is some
B > 0 such that fori € [n+1,2n], {§(i) : (¢, Zw) —p5 (¢,%) in TSp} is finite. When
r > max({7(i) : (g, Ts) —p (¢,%) in TS} : i € [n+ 1,2n]) S is said to ber-reversal-
B-boundedfrom (¢, ). Observe that whenevés, (¢, ¥)) is r-reversal-bounded,S, (¢, 7)) is
r-reversalf-bounded. Figure 4.5 illustrates weak reversal-boundesinBeversal-boundedness
for counter automata is very appealing because reaclyadsiis are semilinear as stated below.

Theorem 4.2.8. [FS08, San08] LefS, (¢, 7)) be an initialized counter automaton that is weakly

r-reversalf-bounded for some B > 0. For each control statg, the sef{y € N : run (¢, ¥) —
(¢, )} is effectively semilinear.

The proof in [Iba78] extends to weak reversal-boundedri€S88]; whenever a counter value
is below B, this information is encoded in the control state which jtes a reduction to (stan-
dard) reversal-boundedness.

Moreover, a breakthrough has been done in [FS08] by edtadishat checking whether a
vector addition systems with states is weakly reversaihded is decidable. The decidability
proof in [FS08] provides a decision procedure that requir@sprimitive recursive time in the
worst-case since Karp and Miller tree needs to be built [KIMMBENB1]. A complexity analysis
can be found in [Dem10]. Besides, further material abownssl-bounded counter automata can
be found in [San08, Chapter 2].

4.3 Decidable repeated reachability problems

In this section, we show how to reduce the control state tegeaachability problem to the
reachability problem when reversal-bounded counter aatarare involved. Clearly, reversal-
boundedness is taken into account and we assume that fdveusaled counter automata are
given with their maximal number of reversals

Lemma 4.3.1. [DIP01] Control state repeated reachability problem ia tiass of reversal-
bounded (initialized) counter automata is decidable.

Proof: Let (S, (¢, 9)) be an initialized counter automaton that-iseversal-bounded witl§ =
(@Q,n,d) andg; € @ be the control state to be repeated infinitely often.

We propose an algorithm to answer the following questiothése an infinite run starting at
(90, 7o) such that the control statg is repeated infinitely often? We reduce it to a reachability
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question for a new reversal-bounded counter autom&tofurthermore, we know that for each
control state, one can effectively compute a Presburgerdta that represents the configurations
that can reach this control state, leading to decidabilitgessatisfiability problem for Presburger
arithmetic is decidable.

Let (x) be the desired property:

(x) There is an infinite run fronig, ;) such that, is repeated infinitely often.

Let (xx) be the property below:

(xx) There exist a finite rup = (qo, 7o) h, (q1,27) - N (@, x), ' € [0,l—1]andZ C [1,n]
such that

@) a = q = qy,

(b) fori e Zandj € [I' + 1,1], 2;(i) — x;21(7) =

(c) fori e ([1,n]\ Z), we haver; (i) < z;(7),

(d) fori e ([1,n]\ Z)andj € [I' + 1,1}, z;(i) — x;21(i) > 0,
(e) fori e ([1,n]\ Z2), p(i) > 1.

Observe that (d) implies (c).

Below, we show that«) and &x) are equivalent, which allows us to reduce control state
repeated reachability to control state reachability peobl Indeed, checking«) amounts to
introducecard(P([1,n])) copies ofS (one for each possible s&tC [1, n)).

First, let us show thatx) and ¢*) are equivalent. Suppose)( There exist an infinite run

p = (qo, To) h, (q1,71) N (g2, %3) - - - such thaty; is repeated infinitely often. Lef'ST'(p) be
the subset ofl, n] that contains exactly the counters that are constapt apart from a finite
prefix. Since(S, (qo, 7p)) is reversal-bounded, there exigts> 0 such that fork > I, no counter
in [1,n]\ Z is decremented and its value is greater thand all the counters i@'ST'(p) remains

constant. Since; is repeated infinitely often, there afe< | < I’ such thaiy, = ¢ = ¢y and

(b)-(e) hold true. Now suppose that there exist a finitegun (QO,!Eo) (q1,21) -~ 4, = (q, x1),

I € [0, — 1] andZ C [1,n] witnessing the satisfaction ofX). It is then easy to show that the
w-sequence of transitiorg- - - ¢ (ty 11 - - - ;) allows us to define an infinite rys that extendsp.

It is clear that iny’ the control statg; is repeated infinitely often. Zero-tests are also successfu
because of condition (b).

Now, let us build an instance of the reachability problemrmrersal-bounded counter au-
tomata that allows us to capture the conditier)( We construct a reversal-bounded counter
automatonS’ = (@', n, ¢") such that£x) iff (g0, 20) = (Gnew, 5) in §’. By Theorem 4.1.2, one
can effectively build a Presburger formufawith » free variables such th&EL(y) = {7 :

(90, 70) — (qnew, ¥)}. By decidability of Presburger arithmetic, we can therefdecide whether
there is an infinite run starting &jo, <o) in which ¢, is repeated infinitely often.

It remains to define the counter automat®h The counter automatof’ is made of the
original version ofS (called below theoriginal copy) augmented witl2™ copies ofS; each copy
corresponds to a possible s&tC [1, n] in (xx). By theZ-copy, we mean the restriction & such
that:

* No transition in theZ-copy modifies a counter froif,
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* no transition in theZ-copy decrements a counter[inn| \ Z.

For eachZ C [1,n], the control states of th&-copy are pairs inQ x {Z}. The second
component simply indicates to which copy belongs the costate.

In order to simulate the subrufa,, z;) - - - (¢, ;) for the satisfaction of4x) in S, nonde-
terministically we move from the original copy to sor@ecopy inS’ (and therefore we choose
which counters remain constants). To do so, for every/set[1, n|, we consider i’ a sequence
of transitions fromg; to (¢r, Z) whose task is to check that fore [1,n] \ Z, we havex; > 1
(which can be done by decrementing and incrementing countetucing at most reversals).

As soon as in theZ-copy, we reach again a control state whose first componeint vge may
jump to the final control statg,..,. QED

Even though the problem below is decidable (as shown abasdar as we know its compu-
tational complexity is open.

Input: a succinct counter automatd) a boundr € N, an initial configurationq, #) and a
control statey;.

Question: Is there an infinite run frontg, ) such thaty, is repeated infinitely often and each
counter has at mostreversals?

Lemma 4.3.1 can be extended so that, instead of repeatingehfioften control states, prop-
erties on counters definable in Presburger arithmetic aested infinitely often. Let us introduce
the following problem.
3-PRESBURGER INFINITELY OFTEN PROBLEM

Input: Initialized counter automato(sS, (¢, Z)) of dimensionn that isr-reversal-bounded and
a temporal formula of the formp = GFp(xq, . ..,x,) whereyp is a Presburger formula on
counters.

Question: Is there an infinite run froniq, ¥) satisfyingy?

The complement of the above problem is defined as follows.VFRRESBURGERALMOST-
ALWAYS PROBLEM is defined analogously:

Input: Initialized counter systen(S, (¢, %)) of dimensionn that isr-reversal-bounded and a
temporal formula of the form) = FGp(xy, . ..,x,) wherey is a Presburger formula on
counters.

Question: Is it the case that every infinite run frofy, &) satisfies)?

Theorem 4.3.2. [DPKO03] The3-Presburger infinitely often problem and éresburger-almost-
always problem are decidable for reversal-bounded (liziéid) counter automata.

The proof is indeed a generalization of the proof of Lemmail4.As will shown in the sequel,
the combination of quantifications over runs and positiansums is essential to get decidability.
The design of maximal logical fragments retaining decitiigtis still open.
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4.4 Undecidable reachability problems

Despite the content of the previous sections, many deqgsimsiems for reversal-bounded counter
automata are undecidable, even if the number of countemuisded. For instance, a counter sys-
tem with alphabet is naturally defined as a counter systeraptbat transitions are labelled by
letters from a finite alphabet, and sets of initial and final control states are considefdds
allows us to define languages from counter systems with biggth@ubsets of*), as done for
finite-state automata (without counters). Tureversal problentonsists in checking whether the
language defined by a counter systeriis It is known that the problem is P&CcE-complete for
finite-state automata. However, the same problem for 1rsalddounded one-counter automata
already leads to undecidability.

Theorem 4.4.1. [Iba79] The universal problem for 1-reversal-bounded-ocoenter automata
with alphabet is undecidable.

It is worth noting that one-counter automata with alphabetfa subclass of pushdown sys-
tems and therefore accept context-free languages.

In the rest of this section, we shall present two decisiobleros related to properties definable
in temporal logics that are undecidable for reversal-ceuatitomata.

4.4.1 A simple temporal fragment leading to undecidability

In this section, we consider the following problem. Th¢>RESBURGERALWAYS PROBLEM is
defined as follows:

Input: Initialized counter automato(sS, (¢, Z)) of dimensionn that isr-reversal-bounded and
a temporal formula of the formp = Gp(xy, .. .,x,) Wherey is a Presburger formula on
counters.

Question: Is there an infinite run froniq, Z) satisfyingy?

Theorem 4.4.2. [DPKO3] The3-Presburger-always problem for reversal-bounded coumiter
tomata is undecidable.

As is shown in the proof below, we can even restrict ourselv@sreversal-bounded counter
automata without zero-tests and with a fixed number of cosrfgesubclass of VASS).

Proof: The proof is analogous to the undecidability of the readtglproblem for reversal-
bounded counter automata augmented with guards of thexosx;, andx; # x; [ISD*02].

LetS = (Q, 2, ) be a (deterministic) Minsky machine with a unique haltingtcol statey;,
without outgoing transitions. We shall buildaeversal-bounded counter automatrsuch that
for each countef € {1,2} from S, two increasing countersandi: + 2 are considered i&’;

i records the number of increments and 2 records the number of decrements. Zero-test for
counter; is performed by a simple tegt = x;.». This encoding is indeed the main idea of the
proof.

For a technical reason in the proof below, it is helpful to Wnehether a configuration has
been obtained immediately after performing a zero-testaumter: € {1,2}. To do do, we can
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slightly modify S so that performing a zero-test erwan be detected by reaching a control state
in the subse®)’. In particular, it is not possible to reach a control stat&jhif a zero-test on
has not been performed just before. So before defi§intet us observe that it is easy to define
a counter automato§” = (Q",2,46"”) from S, that behaves aS except that exactly the control
states iR C Q" [resp.Q); C Q"] can be reached after a zero-test on counter 1 [resp. on&ount
2]. Additionnally, the control states i@ U ()5 cannot be reached after a decrementation or an
incrementation. Hence, each control stat&Simay lead to at most three control statesSih
Finally, S” may have more than one halting control state (and less thaj fo

Hence, without any loss of generality, we can assumeg&hat (Q,2,0) is a deterministic
counter automaton with halting control stateg€)in C @ and for which there are subsé&ls, (), C
() containing exactly the control states that are reached zfte-tests. Moreover, from a control
state without outgoing transitions that increment somext&ryone can either perform a zero-test
on some counteror decrement the counteér This type of constraints comes from the definition
of deterministic Minsky machines.

Let us now build &-reversal-bounded counter automatin= (¢)’, 5, ') as follows:

* Q =Q.
inc()

* Forqg — ¢’ € §, we have; neld) q e€vd.

* Forqdec—(ilq’eé, we have; q evd.

* Forg zerold) q € 0, we havey ne(®) ¢ € ¢0'. The only reason to introduce counter 5 is to

perform a dummy instruction that does not involve the fowst fmounters.

inc(i+2)
—

Given an initial configuratiofiq, 6), it is possible to show that no halting control state is reach
from (¢, 0) in S iff there is an infinite run fron{g, 0) in S’ satisfying the formula below:

simulation of zero—tests

~

G(r /\ /\ (g = X; = Xi32))A\

1€{1,2} q€Q;
no negative counter values no halting state reached
P — —_——
G( /\ Xi > Xiya ) NG( /\ -q )
1€{1,2} qeQp

It remains to show how we can get rid of atomic formulae madeootrol states. Suppose that

Q = {q,...,qn}. We update the definition a$’ by adding 4 counters such that the atomic
formulag; above can be replaced by the Presburger formila- xs = j A xg — xg = j), which

is then of the required form to get undecidability of thé&resburger-always problem. The new

set of control state§)’ includes( with auxiliary control states that are described below. The
definition of the transitions id’ is updated as follows.

inc()

* Forq; — ¢; € 0 with j < ', we consider the following sequence of transitions:

(j'—J) incrementations of counter 9

P NN
inc(7) inc(7) i’ — ) inc(2) i’ — )41 inc(9) inc(9)
e e R A — g
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All the control states above that are notGhare auxiliary and are used only for a unique
transition fromS. Observe that the only control state for which a configuratian satisfy
(X7 —x6 = j' Axg — xg = j') IS preciselyg; .

inc(i)

* Forq; — ¢; € 6 with j > j', we consider the following sequence of transitions:

(j—7') incrementations of counter 8

e e
inc(6) inc(6) i— 4’} inc(2) i—i")+1 inc(8) inc(8)
Qj—>q]1'—>q]2'“‘qj(-j J)_>q](3 i+ inc(8)  inc(8) g
dec(7) zero(1)

* Transitions fromy of the form either;; — ¢;» or ¢; — ¢;; admit a similar treatement.

So, given an initial configuratiofy, 0), no halting control state is reached frém0) in S iff there

is an infinite run from(¢, 0) in S’ satisfying, above in which each; is replaced by(x; — x; =

Jj Axg —xg = j). If we allow a succinct version of counter automata (updatesbe arbitrary
integers), we do not need to consider 4 new counters (2 sisoiffide). Indeed, we do not have
to bother about intermediate configurations that have nateopart forS. QED

4.4.2 Freeze LTL and reversal-bounded VASS

In this section, we show another undecidability result veha®of uses the same idea of encoding
one counter by two increasing counters. Moreover, only iguasts are allowed at the level of
atomic formulae but we allow a restricted use of the freezratpr (only 1 register is allowed in
formulae). By contrast, in the proof of Theorem 4.4.2 camats of the form eithex; > x; » or

X7 — Xg = Xg — Xg are used.

Theorem 4.4.3. [DS10] Model-checking problemIC« (LTL!) restricted to 1 register and with-
out control states is undecidable for reversal-boundedS/AS

Proof. The proof has similarities with the proof of Theorem 4.4.2he way the counters are
encoded. LetS = (Q,2,6) be a deterministic counter automaton with halting conttates
in Q, € @ and for which there are subsefs, ), C ) containing exactly the control states
that are reached after zero-tests. Moreover, from a cositate without outgoing transitions that
increment some counter, one can either perform a zero4esbime countei or decrement the
counteri.

Again, we shall build &-reversal-bounded counter automat®hsuch that each counter
in S is simulated by two increasing counteraind: + 2. Moreover,S’ is without zero-test,
so it is indeed a VASS. Unlike the proof of Theorem 4.4.2, Zesi for counter is performed
by the formula]i1i"%. We recall that the atomic formul# is a shortcut fory, = x; and a
formula of the forml{ x is a shortcut fod y; (y; = x; A x). So,]:19* corresponds literally to
Jy1 (y1 = x; Ayr = x;12), Which is logically equivalent te; = x;,». Let us build a)-reversal-
bounded counter automatéh = (', 5, §') as follows:

* Q' = Q.

inc()

* Forq — ¢’ € 0, we haveqmﬂ q e
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( 1nc(z+2

* Forq q €9,we havey —— ¢ € 0'.

zero(4)

* For¢g —— ¢’ € 0, we haveq—>q’e6’.

Given an initial configuratiorg, 0 H) it is possible to show that no halting control state is regch
from (g, ) in S iff there is an infinite run frong, 0) in S’ satisfying the formula> below:

simulation of zero—tests

o A A (g=L1E)n

1€{1,2} q€Q;
no negative counter values no halting state reached
- - - — ——
o A (grxd)=li-~1)a6 A~ )
dec() q€Qn

g—q' €

It remains to show how we can get rid of atomic formulae madeootrol states. Suppose that
Q = {aq,...,qv}. We update the definition &’ by adding2/N counters such that the atomic
formulag; above can be replaced by a formula stating that (1) the vdleeunter5 + 25 — 1
(the first 5 counters are already booked for another purpssifferent from the value of counter
5+2j5 and (2) forj’ # j, the value of counter+2;5’ — 1 is equal to value of countér2;’. Below,
we Writeozj' to denotes + 25 — 1 anda; to denotes + 2;. In the following, we shall enforce that
when the value for counterj is different from the value for counter;, then their difference is
exactly one, the counter;” having the greater value. L be defined below expressing (1) and

(2):
Qﬁf o Oét «
137 =17 A /\ 171
J'#i
The new set of control statég includes( plus auxiliary control states that are described below.

* Forg; ine®) ¢;; € 0 we consider the following sequence of transitions:

incla— o inclat
1nc(aj) 1 inc() 2 mc(o‘j/)

qj 45,4 45,5 45’

)

Whenj = j’, we just need to include me(t) g; ind’.

* Forg; dec—()> g;» € 0 we consider the following sequence of transitions:

iIlC(Ot]-_) 1 1nc(z+2) 2 inc(a;r,)
4q; q; ;' q; 50— 4y
.y . . ' inc(i+2) r ,
Whenj = j’, we just need to includ¢g, —— ¢; in §'.

zero(1)

* Forg; — q;» € 6 we consider the following sequence of transitions:

inc(a;r,)

iIlC(Ot]-_ ) 1 il’lC(5) 2
j.g" 4.7 45’

qy ——

Whenj = j’, we just need to includg nef) q;ind’.
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So, given an initial configuratiofy;, 0), no halting control state is reached frdm 0) in S iff
there is an infinite run fronfy;, y;) in S’ satisfyingy above in which each; is replaced byy,.
The initial counter values ig; are defined as follows:

* Fori e {1,...,5},y;(i) =0.
x Forj' € ({1,... . N}\ {j}), gj(aj)) = gj(ag) = 0.
* yj(a)) = 1andy;(a; ) = 0.

QED

It is open whether the above proof still works when the nundferounters in the VASS is
bounded. Indeed, the undecidability proof uses an unbalndmber of counters in VASS.

4.5 EXxercises

Exercise 4.5.1 Let us consider the reversal-bounded counter automatéigure 4.2.

1. 1s(S, (g1, 0)) reversal-bounded?
2. For whichg, every(S, (¢, %)) is reversal-bounded?
3. LetZ € N? andy be the Presburger formula

e=(122Ax>14+Z(2)A(xx—Z(2) +1>x)V

(Xg Z 2/\X1 Z 1+f(1)/\(X1 —f(l))+1 ZXQ)
Show thalREL(y) is equal to{if € N? : (q1, %) = (g0, ) }-

4. Find a Presburger formuld such thaREL (') = {7 € N : (¢1,0) = (g, 7))}
5. Show that for every, {# € N? : (S, (¢, 7)) is RB} is semilinear.

Exercise 4.5.2 Complete the proof of Theorem 4.2.1 whefpdppears.
Exercise 4.5.3 Provide the proof of Lemma 4.2.2

Exercise 4.5.4 Show that the statement of Theorem 4.4.3 can be refined bysimgp that the
freeze operator is used in the strict way, that is each mgsiassociated with a unique counter
(see a solution in [DS10]).

Exercise 4.5.5 Prove Theorem 4.2.8

Exercise 4.5.6 Let us extend the class of standard counter automata hyiafidransitions la-
belled by equality tests of the forry = £? for somek € N; this generalizes the usual zero-tests.
The notion ofr-reversal-boundedness can be defined accordingly. Areetehability sets of
r-reversal-bounded initialized enriched standard cowstewmata effectively semilinear?
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Exercise 4.5.7 A counter automato® is uniformly reversal-bounded (Version 2) iff for every
initial configuration(q, ), the initialized counter automatds, (¢, 7)) is reversal-bounded. What
about the semilinearity of the reachability relation?

Exercise 4.5.8 A setX C N" is upward closed® forall 7,7 € N*, # € X andZ < ¢ imply
ye X.

1. Givena VASS) = (Q,n,d) andq € @, show that the s€tr € N" : (V, (¢, %)) is not RB}
is upward closed.

2. Show that the s€t € N™ : (V, (¢, %)) is RB} is semilinear.

3. Suggest a proof strategy to show that the above set igieélscsemilinear, i.e. one can
effectively compute a Presburger formyldrom V andq such thaREL(p) = {# € N" :

Exercise 4.5.9

Question 4.5.9.1Given B > 0 andZ € N", we define theB-truncationof Z, written truncg (%),

def

as a tuple inN" such that fori € [1,n], we havetruncg(Z)(i) = min(Z(i), B). A set
X C N" s said to besimple & there areB > 0 andY C [0, B]" such that for every

e N, ¥ e Xiff truncg(?) € Y. A simple guardy is defined as a Presburger formula
respecting the grammar below:

XZZ]{? | XZSI{Z | (,01/\(,02 ‘ T

with k& € N, x; is a variable interpreted by a natural numbeNiand T is the truth constant.
Let ¢ be a simple guard with free variables amojpg, . . ., x, }. Show thatREL(yp) is a
simple set, i.ep can be associated with a p&iB, Y) encodingREL(p).

Question 4.5.9.2An extended counter automasaof dimension. is a counter system of dimen-
sionn in which the transitions are represented in the followingwa

wherey(xy, . . ., x,) is a simple guard with free variables amofyg, . .., x,} andb € Z"
(update vector). Given configuratiotig, @), (q’,c;;) € @ x N, by definition (¢, @) x4

(¢,d) & @} o(xi,...,x,) anda’ = @ + b. Reversal-boundedness for extended counter
automata is defined as for standard counter automatalizetieextended counter automa-
ton (S, (¢, 7)) is r-reversal-bounded® for every run from(q, ), every counter performs

at mostr reversals.

Let (S, (g0, 7p)) be a reversal-bounded extended counter automat@apgdbe the maxi-
mal bound from all the bound8 associated to simple guardsSn Let (qo, 7o), (¢1, 71), - - -
be an infinite run for the extended counter automala@uch that the control statg is re-
peated infinitely often. Show that there are positiBns [ and a set of counters C [1, n|
such that:
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(@) a=a = gy,

(b) fori e Zandj € [I' + 1,1], 2;(i) — z;21(3) =

(c) fori e ([1,n]\ Z), we haver; (i) < z;(7),

(d) fori e ([1,n]\ Z)andj € [I' + 1,1}, z;(i) — x;21(¢) > 0,
(e) fori € ([1,n]\ 2), /(i) > Biaz-

Observe that (d) implies (c).

Question 4.5.9.3Show that there is an infinite run frof,, <5) with control stateg; repeated
infinitely often iff there are a finite rufyo, 7o), (¢1, 21), - .., (@, ), ' <landZ C [1,n]
such that (a)—(e) hold true.

Question 4.5.9.4Define a reversal-bounded extended counter automﬂteuch that there is an
infinite run from(qo, 7o) with ¢, repeated infinitely often i§ iff (go, 70) = (Gnews ) 0)inS’
(gnew is @ Nnew control state occuring &f but not inS).



Chapter 5

Model-Checking Counter Systems

In this chapter, we mainly focus on repeated control-stadéehability problem (i.e. existing of
infinite runs with Biichi acceptance condition) and LTL mbdeecking when the atomic for-
mulae are simply control states. So, in this chapter, pldib is understood as the fragment of
LTL®(PrA) in which the atomic formulae are restricted to control stds® there is no need
to use first-order quantification), i.d.I'LL ~ LTL(Q). The control state repeated reachability
problem is mainly considered for VASS, reversal-boundadhter automata, and lossy counter
automata; sometimes we summarize developments from pewioapters. In the second part
of this chapter, we show that existential model-checking fBL°°(PrA) for admissible counter
systems is decidable by reduction to the satisfiability f[@molfor Presburger arithmetic. We pro-
vide an almost complete proof for this result since we beligne proof technique is interesting
for its own sake. Admissible counter systems are defined ab@ass of counter systems with
affine updates with a condition imposing that the effect op®is effectively semilinear.

5.1 When LTL model-checking is equivalent to repeated con-
trol state reachability

LetS be a counter systerfy,, ;) be an initial configuration and be anL.TL formula; the atomic
formulae are restricted to control states. If the pustarting by(qo, 7y) satisfiesp, 0 = ¢, then
one can easily show thatojg(p),0 = ¢, whereprojo(p) € Q¥ is obtained fromp by erasing
the counter values. Consequently, by construction of thehBautomatom,, with alphabet made

projq(p)(0) X projo(p)(1)

of singleton subsets @, there is a successful run of the foph= X, 1

X, proja(e)®) X3 ---. The satisfaction 0p,0 = ¢ andprojg(p),0 = ¢ can be represented by
the two synchronized sequences below:

(90,70) — (q,21) — (qo,72) — (g3,73) —  FEo
X() q—0> X1 q_1> X2 q—2> X3 g }:90

The definition of synchronized product below is motivatedtbg design of a unique counter

system synchronizing and.4,, with control states of the forrfy;, X;) and updating the counter
values according to the transitions frafh Acceptance condition fror,, shall be naturally

93
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expressed by infinite repetition of control states whosems@component is a final state from
A,

Definition 5.1.1. [Synchronized product] Le§ = (Q,n,d) be a counter system and =
(2,Q, Q. ¢, F) be a Buchi automaton with alphalet= Q). Thesynchronized produc @ A
is a counter systerf)”, n”, §"”) such that

*Q//:QXQ/,
* n' =n,
) ;N\ def ® ;90 4 /
* (g0, 90) = (1, 47) & qo — ¢ € dandgy — ¢} €.
A4

Lemma 5.1.1. LetS = (@, n,d) be a counter systenfy, ¥) be a configuration angd be anL.TL
formula built over the control states i Let A, = (3, Q’, Qp, d', F') be the Buchi automaton
such that Modelsf) = L(A,) andX = (). The propositions below are equivalent:

(I) There is an infinite rup with initial configuration(q, Z) such thap, 0 = ¢.

() For somey; € Q) and(¢”,qr) € @ x F, there is an infinite run i ® A, with initial
configuration((q, ¢;), ©) such that the control state”, ¢;) is repeated infinitely often.

Proof: Left as an exercis€QED

Consequently, an instance of th&'. model-checking problem can be solved by checking
several instances of the control state repeated readiyghitiblem.

Theorem 5.1.2. LetC be a class of counter systems such that
1. the control state repeated reachability problem is cded
2. C'is closed under synchronized products (with Buchi autaemat

Then, theL.TL. model-checking problem restricted to counter systents is decidable.

In terms of computational complexity, in the worst-case vaymbserve an exponential blow-
up since the number of control states§n® .4, can be exponential in the size 6f and .
Complexity results fof.TL. model-checking problems for infinite-state systems caridzefaund
in [TL10].
Proof: Let S, (¢,7) and ¢ be an instance the tHel'l. model-checking problem. The Buchi
automatonA,, can be effectively computed from and there is an infinite rup with initial
configuration(g, ) such thaip, 0 = ¢ iff for somegq; € @ and(q”,qr) € @ x I, there is an
infinite run inS ® A,, with initial configuration((q, ¢;), ) such tha{q”, ¢;) is repeated infinitely
often (see Lemma 5.1.1). Since bagh and@ x F are finite sets, the existence of a finite pn
such thap, 0 = ¢ can be verified by checking at mastrd(Q;,) x card(Q x F') instances of the
control state repeated reachability problem on the systeymd,,. By (2.), such a system belongs
also toC' and the target problem is decidable by (QED
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5.2 Control State Repeated Reachability Problem

In this section, we review the decidability status of thetooirstate repeated reachability problems
for several classes of counter systems, mainly those intedlearlier.

5.2.1 VASS

Control state repeated reachability problem restrictafAt8S has been shown in [Jan90] whereas
the exponential space upper bound has been established®Hby adapting Rackoff’s proof
for solving the boundedness problem for VASS in exponespake.

Lemma 5.2.1. [Hab97] Control state repeated reachability problemriest] to VASS can be
solved in exponential space.

The proof is by adapting Rackoff’'s technique, it is necessarestablish a property with a
witness path: there is an infinite run with initial configueat(q, 2') such that the control statg
is repeated infinitely often iff there is a finite riaq, %), . . ., (g, %) such that

* (q()?‘r_())) - (Q7f>l
* there isk’ < k such thats;, < 7,

* Gk = Q= {qf.

This is obtained by using Dickson’s Lemma [Dic13]: for amsequencey, z7, . . . of tuples in
N", there are < j such thatr; < z. The key argument to get thexESPACE upper bound is to
show thatt can be at most double-exponential in the size of the inst&n¢e ), ¢'.

This allows to show the following result (the proof techreqilevelopped in [Rac78] has been
also used to establish the result below).

Theorem 5.2.2. [Hab97]LTL model-checking problem for VASS iseSPACE-complete.

Let us conclude this section by presenting a fragmenfIdf“® (PrA) introduced in [Jan90]
such that the atomic formulae are either control statesamniatformulae of the fornx; > ¢ or
—(x; > ¢) with ¢ € N. Atomic formulae are therefore richer than thoseL@f.. but as will be
presented, temporal and Boolean operators are restricted.

The temporal logic with fairness TLF is defined as a logic orS®Afor which formulae are
defined by the grammar below:

q| xizc| a(xi>c) | pVe | oA | GFp

whereq € Q andc € N. Observe that TLF formulae are not closed under negatiodstaan
temporal properties are intersection or union of fairnesglgions.

Theorem 5.2.3. [Jan90] Existential model-checking problem fo TLF reded to VASS is de-
cidable.
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In [Jan90], decidability is shown by reduction into the rfeaaility problem for VASS. The
proof is quite difficult and one of its interests is to redube existence of an infinite run to a
reachability question. Fairness conditions on VASS candefaund in [GS92].

Moreover, it is worth noting that the operaticannot be expressed in TLF, otherwise unde-
cidability would hold. Indeed, in [HR89] a linear-time teomal logic (on Petri nets) is shown
undecidable with the temporal operatrBoolean connectives and atomic formulae of the form
x; > c and “transitiont is the next one in the run”. Other decidability and undecildgtresults
for linear-time temporal logic on Petri nets can be founcasg94]; for instance linear-calculus
with propositions; = 0 is undecidable.

5.2.2 Reversal-bounded counter automata

We have seen in Chapter 4 that the control state repeatedatabity problem is decidable for
reversal-bounded (initialized) counter automata. Coneptly, we obtain the following result
since the class of reversal-bounded counter automatassalionder synchronized product with
Buchi automata.

Theorem 5.2.4. LTL model-checking problem for reversal-bounded (initiadizeounter au-
tomata is decidable.

It is worth observing that a stronger result is shown in [IPSince Presburger-definable
atomic properties can be included while preserving dediithab

5.2.3 Imperfect counter automata

In this section, we shall consider variants of counter aatianin which counter values can be
decremented without notification (a loss) or counter vattsasbe incremented without notifica-
tion (a gain) — but not the two possibilities in the same moAdimilar model is the class of reset
VASS that has been defined in Section 1.4.3.

Theorem 5.2.5. Control state repeated reachability for reset VASS is aiuddble.

By contrast, control state reachability problem for res&88 is decidable as a consequence of
the decidability of the covering problem for reset Petris{€FS98]. However, the problem has
a nonprimitive recursive complexity, as a consequence di(8]. Many results on reset VASS
can be found in [DFS98, DJS99], see also the recent survén (&g.

Lossy counter automata

A lossy counter automatois standard counter automaton such thatgor @ and: € [1,n],

et _ :
¢ =Y ¢ (which allows us to simulate losses).

Theorem 5.2.6. The control state reachability problem for lossy countgomata is decidable.
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It is worth noting that lossy counter automata form a sulsctd#dossy channel systems, see
e.g. [Sch02] and the reachability problem for lossy chasgstems is decidable [AJ96, FSO1].
For instance, they can be used to model lossy channel systemagich the ordering of the
messages is not relevant. In that case, each counter carhsiwrmany messages of a given type
are presentin the channel. Lossy counter automata havertissuced in [May03] and a survey
paper on recent developments can be found in [Sch10b]. 8gsadogic with temporal operator
EF for lossy VASS has been shown to admit a decidable modelkaigproblem in [BM99].

Gainy counter automata

Let us shift to the model with gains. gainy counter automatois a standard counter automaton
(@Q,n,0) such that forg € @ andi € [1,n], ¢ nel) g € ¢ (which allows us to simulate gains).
In the sequel, we shall not represent these transitiondedds we consider that the one-step
derivation relation is modified as follow$y, ) i>g (¢, ;17) iff there arey andy’ in N” such that
727, (¢.9) = (¢,y) (exact step) angd’ < o',

From a gainy counter automatdh) one can effectively compute in logarithmic space a reset
VASS S’ such that runs af are precisely reverse runsd, whence the control state reachability
problem for gainy counter automata can be reduced to thegmas$ problem for reset VASS.

Corollary 5.2.7. The control state reachability problem for gainy countéoeata is decidable.

Theorem 5.2.8. [Sch02, Sch10c] (see also [UrqdPThe control state reachability problem for
gainy counter automata is nonprimitive recursive.

Lemma 5.2.9. [DLO6] The control state repeated reachability problestrieted to gainy counter
automata is undecidable.

The proof is by adapting the proof for undecidability of tleeurrence problem for Insertion
Channel Machines with Emptiness-Testing (ICMET) [OWO06&riNreachability of a control state
¢ in Minsky machineS can be reduced to control state repeated reachability gmobbr gainy
counter automata.

Proof: LetS = (Q, 2, ) be a (deterministic) Minsky machine with a special conttates;;, from
which no transition goes out (and this is the only dead-emdrobstate). We have seen that it is
undecidable whether there is a run reaching a configuratitmasntrol statey;, from the initial
configuration(g;, 0).

First, we build a counter automatdii = (@', 3,4’) that behaves exactly & as far as the
counters 1 and 2 are concerned. However, the counter 3 snm&ted after each instruction of
S. Consequently, the control stajg cannot be reached i iff for the unique run ofS’, the
counter 3 has no bounded value.

Second, we build a gainy counter automa&rwith 6 counters:

* The counters 1, 2 and 3 roughly behave as the three respeotingers inS’.

* The counter 4 is the global budget that is progressivelyeimented.

1Thanks to M. Praveen (IMSc, Chennai) for pointing me to thisky
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* The counter 5 is the current budget that records how mangmments on one of the counters
1, 2 or 3 can be still performed. For instance, an incremebahter 3 is followed by a
decrement of counter 5.

* The counter 6 is an auxiliary counter that is mainly instrataéto perform a copy from
counter 4 to counter 5.

Figure 5.1 contains the schematic constructio&’df The instructioncopy (4, 5) that copies the
content of counter 4 into counter 5 (with possible gains) lsamperformed thanks to the gadget
described on the left of Figure 5.2. Similarly, the instioctransfer(1 + 2 + 3, 5) that transfers
the content of the counters 1, 2 and 3 to the counter 5 (witlsiplesgains) can be performed
thanks to the gadget described on the right of Figure 5.2. &/e hsed shortcuts in some places
but it is easy to see th&” can be defined as a gainy counter automaton.

It remains to explain the part of the simulation®f (see middle of Figure 5.1). Belowe

{1,2,3}.
" dec(i) . . o, dec(é) inc(5) , . .
* Atransitiong — ¢’ is simulated by two transitions—— o — ¢’. The locatioro is an
arbitrary new location only used to simulate this transitio

zero(4)

* A transitiong — ¢’ is simulated by itself.

* Atransitiong nels) ¢ is simulated by three transitiow?ﬂ 0,0 dec(5) ¢’ ando MO

(memory overflow). This last transition is represented gulr¢ 5.1 by a transition entering
in the control state MO.

zero(5)
—_—

One can show that Minsky machiecannot reachy, iff (S”,0) has a run that visits infinitely
often the control state (1). The Minsky machifiecannot reacly,, iff the counter automatos’
cannot reacly,,. If S’ cannot reacly;,, then an error-free run &” visits infinitely often (1). For
the converse direction we use the following facts:

* In (A), the only way to decrement counter 5 is to simulate dyas’.

* In order to reach (1), in the part betwegrand (A), counter 5 is decremented regularly.

* If 8" visits infinitely often (1) andS’ can reach(q;, ¥), then at some point an error-free
simulation ofS’ shall be done with value for counter 5 greater thiah) + 7(2) + 7(3), a

contradiction.

QED

As a corollary (using Lemma 5.1.1) the get the following rtegearesult:

Corollary 5.2.10. LTL model-checking problem restricted to gainy counter autansaunde-
cidable.
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imulation of §
zero(5)

)zero(5)

dec(5) @O:Memory Overfl@

transfer(1 4+ 2+ 3,5)

Figure 5.1: Gainy counter automatsn
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dec(4) Ainc(5) A inc(6) inc(5) A dec(1)
inc(5) A dec(2) inc(5) A dec(3)
zero(d) zero(1) A zero(2) A zero(3)
dec(6) A inc(4)
zero(6)

A gadget to transfer the counters 1, 2 and 3 into counter 5
A gadget to copy counter 4 into counter 5

Figure 5.2: Gadgets

5.3 Admissible Counter Systems

In this section, we introduce another class of counter gyster which we show that the acces-
sibility relation is effectively semilinear (we have aldyaseen a detailed proof for the class of
reversal-bounded —initialized— counter automata in Gérapit This class is not comparable with
the class of flat relational counter systems for which semdrity is a consequence of [CJ98] and
we provide below a proof for effective semilinearity basedieL02, Ler03]. Moreover, not only
this implies that the reachability problem for admissileter systems is decidable but we shall
show that the model-checking problem I6FL“®(PrA) restricted to admissible counter systems
is decidable too. This is obtained by reduction to satiditgtfior Presburger arithmetic. The
class of admissible counter systems is defined by resgitimth the control graph (flatness) and
the class of Presburger formulae labelling transitionsg@hdefining affine functions).

5.3.1 Affine counter systems

In this section, we shall define the classaffine counter systentlat slightly generalizes the
class of succinct counter automata (roughly speaking, ateowalue can be multiplied by a
factor different froml). To do so, we start by proposing a few definitions.

A binary relation of dimension is a relation? C N2". R is Presburger definableZ there
is a Presburger formula(xy, . . ., x,,X}, . ..,x},) with 2n free variables such thd = REL(yp).
A partial functionf from N to N” is affine & there exist a matrixi € Z"*™ andb € Z" such
that for everyd € dom(f), we havef(d) = Ad + b. fis Presburger definableZ the graph of
f is a Presburger definable relation.

A counter systens = (Q,n,d) is affinewhen for every transitiog 2 ¢’ € §, REL(yp) is
affine. In the sequel, each formuldabelling a transition in an affine counter system is encoded
by a triple(A, b, v) such that
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1. Aezmn,

2.bezn,

3. ¥ has free variables, . . ., x,,

4. REL(p) = {(%,2/) e N : ¢/ = A7 + band & € REL(¢)}.

The formulay can be viewed as the guard of the transition and the(yAa??) as the (deterministic)
update function. Such a triplel, b, 1) is called araffine updateand we also writ& EL(( A, b, V)

to denoteREL(y). Observe that one can decidable whether a Presburger @yraatisfies that
REL(y) is affine [DFGvD06, DFGvD11]. Furthermore, succinct courdatomata are affine
counter systems in which the matrices are always equal ted#mity matrix. Moreover, in
succinct counter automata the guards are reduced to thectsostant or to a zero-test. This class
of counter systems has been introduced in [FLO2].

Observe that assuming the transitioa ¢ (Abv) ¢, there is a Presburger formwéx, >?) such

that for everyval, we haveval |= x iff (¢, (val(x;),...,val(x,))) 5 (, (val(x}),...,val(x))).
Here is the witness formula that encodes the one-stepaeiati

VAN OG= D0 Al G + (D)
i€[1,n] J
Affine updates are closed under composition as illustratéaitg

2 0 x1 -1

@%}(3 ?)(iﬂ%i@(:w(o 2><X2>+(i@

(4)-(3 ) (2)+(2)

Lemma 5.3.1 roughly states that the composition of affineatgslis still an affine update,
which shall be helpful to show that the accessibility relatfor admissible counter systems is
Presburger definable.

Lemma 5.3.1. Let (A;,by,41) and (A, by, 105) be two affine updates. There exists an affine

update( A4, b, ) such that
REL((4,b, 1)) =

{(7,27) € N : 35 € N" (Z,9) € REL((A1,b1,%1)) and (7, 27) € REL((As2, by, 12))}
Proof: Consider the partial mafj : N* — N” such that
{(#,4') € N*" : # € REL(¢y), 2 = AT+ b;}
We have thaREL((A, b, v)) is equal to

{(z,27) e N : 37 e N" f,(¥) = ¢, ¥ € dom(f)), fo(¥) =/, § € dom(f)}

)
Now, the condition 3 € N" f,(Z) = i/, & € dom(fy), fo(§) = o/, i € dom(f,)" is equivalent
to the conditions:
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1. o/ = AyAZ + Aoy + by,
2. ¥ € REL(¢y),
3. A1Z + by € REL(t).

So, it is easy to see that the trifle, 5, 1) below satisfies the requirements:
* A= AyA,
* b= Agbi + by,
w0 = YY) AY = AiX+ by A o), whereX = (x1,...,%,), ¥ = (y1,-..,yn) and

—

y = 41X+ by is a shortcut for a conjunction made efconjuncts. Indeed, assuming that
A1 = (ai ;) (i) n2 €ach conjunctis of the foryy = 3 a; ;x; + b1 (i).

QED

5.3.2 Loop effects

In the forthcoming class of admissible counter systems,had assume that the control graph is
flat. Hence, it becomes essential to represent symbolitadeffect of loops on counter values.
Anyhow, this sounds as a necessary condition to establiglatteachability relation is semilinear.
We already know by Lemma 5.3.1 that transitions in affine tewusystems are closed under
bounded compositions.

Let R be a binary relation of dimension Thereflexive and transitive closu@ R, written
R*, is a subset oN?" such tha{, g]) € R* iff there arex], ...z € N" such that

* T =Y,
* T =1,

* fori e [1,k — 1], we have(z;, x;11) € R.

If R is Presburger definable, then this does not imply fiais Presburger definable too. For
instance, ifR = {(o,2a) € N? : a € N} thenR* = {(a,2°a) € N? : o, € N} is not
Presburger definable. By contrastSif= {(a,a + 1) € N? : € N} thenS* = {(«,f) €
N?: «a < 3, a,3 € N} is Presburger definable. The question of deciding whetleerefiexive
and transitive closure of a Presburger definable binarjioelegs Presburger definable is intimately
related to the fact that accessibility relations from ceusystems are Presburger definable, which
leads to decidability when effectiveness is guaranteed too

Indeed, consider the following loop with = ¢,

The effect of the loop can be represented by the Presburgaufa below:

D0, X) E 3L,k e (K YE) A (YT, V) A A @i X)
In order to decide the reachability problem on the loop, #3sential to represent symbolically
the set{(7,2') € N*" : (q1,7) — (q2,91) -~ — (qu,2')}. The best we can hope for is that this
set is Presburger definable. This motivates the definititabe
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Definition 5.3.1. Given a binary relatio? C N2, we define theounting iteration ofR? as the
% def %

relation Ry € N™ x N x N" such that(d,i,0) € Rc1 & (d,b) € R'. R has aPresburger
counting iterationf its counting iteration is Presburger definable. \Y

If R has a Presburger counting iteration, then there existssbénger formula((X, z, y) such
thatREL(x) = Rci. Consequently, the relatioR* is Presburger definable sinB&L(3 z x) =
R*. Definition 5.3.1 is precisely the concept we need to show tina model-checking for
LTL“(PrA) is decidable for admissible counter systems (see Theor8rB)5. Observe that
{(a,ae+ 1) € N* : a € N} has a Presburger counter iteration witnessed by a Presifargeila
of the formx’ = x + .

Given A € Z"*", we write A* to denote the monoid generated frotwith A* = {A" : i €
N}. The identity element is naturally the identity mateX = 7. Given a matrixA € Z"*",
checking whether the monoid generatedAis finite, is decidable [MS77].

By way of example, withA = ( 1 ? ),We have

(PO -G -0 ()

So A does not have the finite monoid property. Finiteness of thaaitbgenerated fromd is
interesting because of the lemma below.

Lemma 5.3.2. [B0i98, FLO%] LetR beﬂa binary relation of dimension defined by the triple
(A, b, ) such that? = {(Z,2') € N*" : 2/ = AZ + band ¥ € REL(¢)}. If A*is finite, thenR
has a Presburger counting iteration.

It is worth adding that one can also effectively compute thesBurger formula encoding the
relation R*, which is exactly what is done in the proof below.
Proof: Let R be a binary relation of dimensian defined by the triplé A, b, ). We writeg to
denote the total map frof” to Z" such thay(a@) = Ad + b.

Since A* is finite, there arev, 3 € N such thatA**? = A®. By [MS77], a and 3 can
be effectively computed froml and below these values are therefore constants. The fokpwi
equalities are easy to show & 1):

* ¢*(@) = A¥G + A1 + - .- + b (shown by an easy induction d.

—

Before going any further, let us fix some notations aboutesif terms from Presburger
arithmetic. We recall that terms in Presburger arithmetécdefined by the grammar::= 0 |
1 | x | t+twherex € VAR and0 and1 are distinguished constants (see also Section 1.3).
Given ann-tuple of terms andk > 1, we write g*(¢) to denote the:-tuple obtained from the
expressiond*t + AR1p 4, Similarly, we writet(t) to denote the Presburger formula
Ity X V(X1s e Xn) A (N i = t(i)). In the case contains negative constants or neg-

ative factors, we replacg = #(i) by its variant in which negative terms are moved to the left of
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the equality. In this way, we completely respect our inisghtax for Presburger arithmetic. For
instance, ift takes the value below

h 2 =2 X n 1 - 2x—2y +1
-\ -3 7 y -2 )\ =3x+T7y—2
theny () is equal to

Xy, Xy V(Xey ey X)) AXy 2y = 2X 4+ 1 Axg + 3x + 2 = Ty.

Remember thatz, /) € R* iff there isi > 0 such that’ = ¢/(Z) and for eveny0 < j < 4,
¢’ (Z) = 1. So, the Presburger formula definiiy could look like

3i (¢ =g'() A N\ ()

j<u

Unfortunately,g*(X) is a shortcut ford’x + A~ 1y 4 .-+ band the generalized conjunction has
exactly: conjuncts, which disqualifies this expression as a formudenfPresburger arithmetic.
Instead, the proof below use&**? = A< in order to replace applications of the map by
expressions in whichh may appear as a variable that is multiplied by a constanofadio do
so, we shall show that fay > 1, we haveg®t%°(d) = ¢*(a@) + qA*¢°(0); observe thay as an
exponent is transformed into a factor adélg®(0) is in Z". First, let us consider the following
identities:

got(@) = A*HPG 4+ AP 1p ),
= A*TBG 4 A (AP D4 -+ b) + (A% b4 - 4 D)
= A%G+ A%gP(0) + (A b+ -+ D)
= g°(@) + A°g°(0).

Now, let us show that fog > 1, we haveg®+%°(ad) = ¢*(a) + qAagﬁ( ). The casey = 1is
treated above. For the induction step, let us compute thE\dlga+(q+1 (@). By the induction
hypothesis, we havge+(@+D5(g) = ¢ (gﬁ( a)) + qAagﬁ( ). Using the argument from the base
case, we ggj* "5 (@) = g*(a q) + A%g%(0) + ¢A%g”(0), which entailgy*+@tD8 (@) = ¢*(a) +
(q+1)A°¢%(0). .

For eachi > 0, it is easy to define a Presburger formB|4 such thaREL(R[i]) = {(7,v') €
N2 : 7Ry} For instanceRr[0] is equal o\ jep1 X = X; @ndR[i + 1] is equal to3 y ¢(y) A
R[i](X,¥) AX = Ay + b, wherex' = Ay + b is again understood as a conjunction withonjuncts.

In order to show that? has a Presburger counting iteration, we define below a famul
x(X, z,x') such thatRc; = REL(x(X, z,x')). To do so, we use the fact that whene{@r/) € R’,
either(7,7/) € R’ andi < « or (¥, y) € R',i > «, there are(r q) € [0,8 — 1] x N such that
i—a=r+qpb, y =g “(y )+qA°‘gﬁ( 0) and for0 < i’ < i, " (¥) satisfies). Here is the formula

X(X,z,x'):

((z=0AR[0]))V---V(z=a—-1ARa—1]))V(z>aATq Exq,ov---vxqﬁ_l)/)

vV
one formula per remainder r
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where forr € [0, 8 — 1], the formulay, .. is defined as follows:

(z=a+r+B8xq)AQy (Y = A"+ qA% (A o+ 4+ ) AKX = g"(y)) A =™ (z,%)

(. J

The formulays®d(z, X) checks that the guard is satisfied for all the intermediatdigora-
tions:

X (z,%) = (N FVREY)AVZa<Z <z=
i€[1,0]

\V 3d@=a+r+dBA0EY (Y = A
r€[1,6-1] e

<1
_I_
‘Q\
i
P
i
?
S
+
_l’_
=

guard satisfaction

/—//$
A w(gm(Y) )
N——"
=g (%)
It is now easy to check that(X, z, >?) belong to Presburger arithmetic and in particular no multi-
plication between variables is present inQ(ED

A recent work unifying [CJ98, FL0O2, BGI09, BIL09] by consriitgg all the families of for-
mulae labelling transitions from these works can be four{@IK10].

A loop in an affine counter system has firéte monoid property&- its corresponding affine

update(A, b, 1), possibly obtained by composition of several affine updatatsfies thatl* is
finite.

5.3.3 Admissible counter systems

Let us introduce below the class of admissible counter syste

Definition 5.3.2. A counter systen$ is admissiblaff

1. Sis an affine counter system,

2. there is at most one transition between two control states
3. its control graph is flat (see Section 1.4.3),

4. each loop has the finite monoid property.

\%

Uniqueness of the transitions between two control statax@sequence of flatness. Defini-
tion 5.3.2 can be generalized as done in [DFGvDO06] by reagiflatness, (effective) Presburger
counting iteration for every loop and functionality, whiate all properties satisfied by admissible
counter systems with Definition 5.3.2. The restriction ton&sible counter systems mainly takes
advantage of Lemma 5.3.2 as shown below.
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Figure 5.3: An admissible counter system

Theorem 5.3.3. [FLO2, Ler03] LetS be an admissible counter system angd € ). One can
effectively compute a Presburger formuytasuch that for every valuatiomal, we haveval = ¢

iff (¢, (val(xy),...,val(x,))) = (¢, (val(x,),...,val(x,))).

If we give up the assumption on the finite monoid property, rdechability problem is un-
decidable for flat affine counter systems [Cor02]. Howevledrem 5.3.3 still holds true if we
relax a bit the notion of admissibility for instance by allog that between two control states for
which no transition belongs to a cycle, more than one tremmstare allowed.

Proof: LetS = (Q, n, d) be an admissible counter system ang € ). We define below a finite-
state automaton that overapproximates the language sititars between andq’ (constraints on
counters are simply ignored). By way of example, let us atersihe admissible counter system
from Figure 5.3.3. The language of transitions betwgandq’ can be approximated by the union
below:

tltg (t4t2t3)*t5t2§ U t7t8(t10t9)*t11t2

Let A = (Z,Q, Qo, ¢, F) be a finite-state automaton such that
* 2 =90,

* Qo={q}, F={d},

s qbped & tisofthe formg, 2 g,

SinceS is flat, L(.A) is a finite union of bounded languages of the form

L = uy(v1) uz(va)” - - - () g1

with u; € ¥* andv; € ¥T. Moreover, by flatness, for eaehoccurring betweefw;)* and(v;,1)*,
we haveu,; € 7.

By Lemma 5.3.2, there is a Presburger formula that encodesftbct of applying a finite
number of times the sequence of transitionsSimilarly, by Lemma 5.3.1, there is a Presburger
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formula that encodes the effect of applying once the sequehdransitionsu;,. Hence, one
can effectively compute the effect of applying a sequenciaisitions in the languagde; it is
sufficient to use existential quantification for intermeeipositions.

Let us be a bit more precise by considering the sequence below

U1(U1)*U2(U2)* ce (Uk;)*ukﬂ

—

* By closure under composition, fére [1, k + 1], there is a Presburger formuld, , (X, x')
that encodes the effect of segments of transitigns

» By previous theorem, far € [1, k], there is a Presburger formulg, (X, z, x') that encodes
the effect of the loop;.

* Presburger formula encoding the effect of the above seguisritie following (free vari-
ables inx, x’): . .
= Z1, .oy Zg, yiayavyéa .. '7yk:;-1
;eg(;é y/1> N wlloop(y/lu 7, yz) N 77Z)§eg(y§7 Z1, yIQ) A w?oop(yéu Z2, )73) ARRE

A wl";op(y;, 2, Yer1) A ¢§;§;1 (Yet1,%)

SinceL.(A) is made of a finite union of bounded languages and Prgsbngenatic has ob-
viously disjunction, one can effectively compute a Pregbuformulap(X, x’) such that for every

valuationval, we haveval = ¢ iff (¢, (val(x;),...,val(x,))) — (¢, (val(x}),...,val(x)))).
QED

As observed in [CJ98, FLO2, Ler03, BIL09], flatness is verienfessential to get effective
semilinear reachability sets (but of course this is not aessary condition, see e.g. [Par66,
HP79]). However, flat counter systems are seldom natura&ahlife applications. That is why, a
relaxed version of flatness has been considered in [LSO05MDB6] so that an initialized counter
system(S, (¢, ¥)) is flattablewhenever there is a partial unfolding @f, (¢, 7)) that is flat and
has the same reachability set(&5 (¢, Z)). In that way, reachability questions ¢8, (¢, ¥)) can
still be decided even in the absence of flatness. For the salenpleteness, let us provide below
basic definitions about flattable counter systems.

Let L be a finite union of bounded languages of the form

U1(U1)*U2(U2)* T (Uk')*uk+la

whereu; € ¥*, v; € X1, ¥ = 0 is the set of transitions fror§ such that in the expression

U1(U1)*U2(Uz)* T (Uk:)*usz,

two consecutive transitions share an intermediate costaté (as in the proof of Theorem 5.3.3).
So,(S, (¢, 7)) isinitially flattable [LS05] iff there is some languadeof the above form such that
the configurations reachable framj z) are those reachable by firing the sequences of transitions
from L (not every such sequence leads to a run). So, there is sogueaigel. of the above form
such that

—

{(¢"a") : (¢,7) = (¢, 2")} = {(d,7) : (¢.7) = (¢, 2"),u € L}
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For instance, the initialized relational counter systef(q;,0)) in Figure 1.4.3 is initially flat-
table. Similarly,S is uniformly flattable [LSO5] iff there is some languade of the above form
such that

5= {((¢.9), (¢, 7)) : (¢.7) % (¢, 7),u € L}

Surprisingly, standard classes of counter automata coataady flattable counter systems.

Theorem 5.3.4. [LS05]

() Uniformly reversal-bounded counter automata are unifgrtalttable and reversal-bounded
initialized counter automata are initially flattable.

(1) Initialized gainy counter automata are initially flattable

Theorem 5.3.4(l) can be refined since the languageite union of bounded languages, can
be effectively computed from a uniformly reversal-boundednter automaton, which provides
an alternative proof for the effective semilinearity of tieachability relation. Indeed, an initial-
ized counter automaton and a finite union of bounded languagebe simulated by an admissible
counter system.

5.3.4 LTL°(PrA) model-checking for admissible counter systems

A consequence of Theorem 5.3.3, the reachability problermadimnissible counter systems is
decidable. However, this result can be improved by showewicthbility of LTL® (PrA) model-
checking thanks to an encoding of runs in Presburger artibme

Theorem 5.3.5. [DFGvDO6] Existential model-checking problem fGFL® (PrA) restricted to
admissible counter systems is decidable.

In [DFGvDO06], Theorem 5.3.5 is extended to a branching-tiaréant of LTL® (PrA).
Proof: LetS = (Q,n,d) be an admissible counter syste,z) be a configuration ang be an
LTL(PrA) formula. Without any loss of generality, we can assume thiaas no control states
as atomic formulae; otherwise we can add one counter thal/eslas the control states. We wish
to check whether there is an infinite rprstarting from(q, ¥) such that, 0 = . To do so, we
shall build a Presburger formuta (with free variables;, . . ., x,) such that for every valuation
val, we haveval | 1 iff there is an infinite rurp starting from(q, (val(x;), ..., val(x,))) such
thatp, 0 = ¢. Then, the existence of the infinite run fraim #) satisfyingy is equivalent to the
satisfaction o) A (¢, xi = Z(7)).

As in the proof of Theorem 5.3.3, we consider sequences péitians and we introduce a
Buchi automaton that acceptssequences of transitions starting from the control sjatéet
A= (3,0Q,Qo, 0, F) be the Buichi automaton such that

* 226’Q0:{q}’F:Qa

e . A75’7
x g5 g€ d & tisofthe formg 22 g,
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SinceS is flat, L(A) is a finite union of languages of the form
L = wuy(vy) ug(ve)* -« - (vg)"

with u; € ¥* andv; € X, Such an expression s called belovwa schemand it may correspond
to an infinite number of runs starting &f, #) depending how many times each sequencis
visited. Alternatively, it may not correspond to any runrfr@q, ), for instance if the sequence
of transitionsv, can be taken only a finite amount of times. For instance, wighadmissible
counter system described in Figure 5.3.3, we obtain theatig run schemata:

tits(tatats) tsty, tits(tatats)®, trts(tiote) "tint , trts(tiote)”.

Observe that the number of run schemata is at most expohanttae size ofS and the run
schemata can be effectively computed.

A run schemal. = wuy(vy)*ug(ve)* - - - (vg)* and natural numbers:y, ..., my_; Specify a
unique sequence; (vy)™ uy(vy)™2 - - - (vg)¥ that may correspond to an infinite run frof, )
(or not). However, note that ondeandm,, ..., m;_; are fixed, there is at most one infinite
run from(q, Z) obtained from the sequence of transitiengv, ) uy(vy)™2 - - - (vg)*. Indeed, the
update functions in affine counter systems (arfdrtiori in admissible counter systems) are also
deterministic.

By using Lemma 5.3.1 and Theorem 5.3.3, one can effectiveilyl iPresburger formulae
Xi(z1, ... 251, X) @and i (zy, ..., zx_1,X,z,X) (see details of the contruction in [DFGvDO6])
such that for every valuatioval,

x val = xi(z1,. .., z_1,X) iff there is an infinite run starting frorfy, (val(x,), . .., val(x,)))
obtained from the sequence of transitiangv, ) ')y (vy)2172) . . . (1)«

* val =\ (zy,. .. 21, %,2, %) iff val = X7 (z1,...,2zk1,X) and theval(z)th tuple of

counter values in the infinite run j{sal(x}), ..., val(x})).

In order to define such formulae, let us just mention that agesls to introduce variables for the
counter values obtained after applying the transitionstferfollowing prefixes:

Uy, Uy (Ul)val(zl)’ Uy (Ul)val(zl)u27 U1(’Ul)val(zl)UQ(’Ug)val(ZQ), o 7ul(vl)val(zl) . (’Uk;,l)val(zk_l)

The formulayy can be now defined as a finite disjunction (each disjunct iarpaterized by
a run schema) and the values, ..., m;_; are encoded by existential quantifications, which
allows us to quantify over all possible runs in Presburgé@hietic. The translation mafp,,
parametrized by the run scherhasimply mimicksLTL“®(PrA) semantics in first-order logic,
i.e. in Presburger arithmetic. Here is the definition/of

\/ (3217 cey Zk—1,20 XE(Zb s 7Zk—17>?) Nzy = 0A tL(Z(]?SO))

L=u1 (v1)*uz (v2)* - (vg)*
The translation map, is defined as follows:

* t1, iIs homomorphic for Boolean connectives.
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X,1:X1—|—1 X,2:X2—|—1 Xg:X?,—'—l

q0 id ~ 41 } id q2

N

N N
X] =Xy =x3 =0

Figure 5.4: An almost admissible counter system

def

* t(z,0(¥,%) EV X (G (2, .. zee1,%,2,¥) = (¥, X)) whereq(y, X) is an atomic
formula with a tupley of variables fromVARP.

* t(z, X)) £ 37 (Z = 2+ 1) At (2, 0)).
* The definition ofty (z, 1, U,) is analogous.

* tL(z, Yy ) EVytL(z, ).
QED

It is worth noting that we have established decidability the characterization of the com-
putational complexity is still open for the model-checkimgblem forLTLCS(PrA) restricted to
admissible counter systems. Moreover, it is open whetleealiove decidability results still hold
with the linearu-calculus extension.

Moreover, in the above proof, flatness is essential and Ei§ut presents a affine counter
systems,, of dimension 3 such that between two control states theré msoat one transition
and each transition defines a functional relatiadg€fers to a transition that do not change the
counter values). Howeves,, is not flat because of the existence of the transition betwgand

qi1-

Theorem 5.3.6. Existential model-checking problem f&fTL.“®(PrA) restricted to the affine
counter systens, is undecidable.

Proof: The proof is by reducing the recurrence problem for nondatastic Minsky machines

thatis showrti-hard in [AH94]. A nondeterministic Minsky machird consists of two counters
C; and (s, and a sequence of > 1 instructions. Théth instruction is written as one of the
following:

| : C;,:=C, +1; gotol’ or goto!”.
| :if C; =0 then gotd’ elseC; := C; — 1, gotol;, or gotol].

We represent the configurations df by triples (¢, c2,1) wherel < 1 < n, ¢; > 0 and
¢y > 0. A computation ofM is a finite sequence of related configurations, starting thighnitial
configuration(0, 0, 1) (location encoded as last element). The recurrence protdenbe stated
as the existence of an infinite execution that passes thrihwggimstruction 1 infinitely often. We
shall build a formulay of LTL®®(PrA) such that\/ visits 1 infinitely often iff there is an infinite
run p starting at(g», (0,0, 1)) such thap, 0 |= ¢. The formulay is of the form

GF(x; = 1 AXgo) A\ Guy,

1<I<n
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wherey; encodes théth instruction. For instance, thieh instruction ‘C; := C; + 1; goto/j or
goto!! is encoded by

Vy,z(x1 =y A xo=2z A xg=1 A Xq) =

increase Cq
—
X(=(Xq) U(Xgo AN xy=y+1 Axgo=2z A (x3=1[ Vx3=1]))).
Other instructions can be encoded simila@ED

Here are a few open problems related to the second part daftibser:

+ Computational complexity of the model-checking problemE&'L® (PrA) restricted to
admissible counter systems is still open.

+ Decidability extends to a CTLextension oL TL®(PrA). What about the linear-calculus
extension?

* Which conditions in the definition of admissible counterteyss can be relaxed so that the

model-checking problem fdtTL“®(PrA) remains decidable?

5.4 Exercises

Exercise 5.4.1 Show that control state reachability problem for gainyrdeuautomata is equiv-
alent to control state reachability problem for reset VASS.

Exercise 5.4.2 Prove Lemma5.1.1.

Exercise 5.4.3

1. Computen(xy, xa, X}, x4) such that for everyal, we haveval = ¢ iff (q;, val(x;), val(x;)) =
(g1, val(x)), val(x))).

2. Same question when is replaced by-(x; =15 xo).

Exercise 5.4.4
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1. Computep(xy, x2, z, x|, x5) such that for everyal, we haveval = ¢ iff on the unique run
starting ai(q;, val(x; ), val(xy)), theval(z)th configuration has counter valuggl(x} ), val(x})).

2. Given a Presburger formula(y,,y») viewed as a constraint on counter values, compute
¢'(x1,x2) such that for everwal, we haveval = ¢’ iff on the unique run starting at
(g1, val(xy), val(xs)), the number of configurations with counter values satigfyity:, y»)
is infinite.

Exercise 5.4.5 Define the formulaex; (z,...,zx_1,%) and x;""*(z,, .. ., Zh-1,%,2,X) in the

proof of Theorem 5.3.5.

Exercise 5.4.6 Prove Theorem 5.3.4(ll). Hint: use the fact that any upwaoded subset dfi"
(for the ordering=) has a finite set of minimal elements.

Exercise 5.4.7 Complete the proof of Theorem 5.3.5.

Exercise 5.4.8 Consider the extension GfT'L°(PrA) with existential and universal quantifi-
cations over infinite runs as in the branching-time templogic CTL*. Show that the model-
checking problem for this extension over admissible causystems is decidable.

Exercise 5.4.9 Consider the variant of TL“®(PrA) with existential and universal quantifica-
tions over infinite runs as in the branching-time temporglddCTL* in which the atomic formu-
lae are reduced to control states. Show that the model-sigepkoblem for this extension over
VASS is undecidable.

Exercise 5.4.10 Let LTL* be the fragment of the logicTL%®(PrA)
* with temporal operators, U and standard Boolean connectives,
= atomic formulae are restricted to control states or zeststef the formx; = 0.
* without first-order quantification.

EXISTENTIAL MODEL-CHECKING PROBLEM FORLTL T RESTRICTED TOVASS is defined as
follows:

input: VASS V, configuration(q, ©) and a formulay built over the control states and counters
from V.

question: is there an infinite rup starting at(q, ¥) satisfyingye (written p, 0 = ¢)?
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Let us consider the VASS below:
(4)
()
(5]
o)
©)
1. For each formula below, determine whether there is aniiefinn starting at A, 0) such

thatp, 0 = .

(@) ¢ = GF A,
(b) ¢ = GF (x2 = 0),
(€) ¢y = GF (x; =0) A GF C,
(d) ¢ = G(C = XG—~(x; = 0)),
(e) (GF A) A (GF B) A (GF C') A (GF xg = 0) A (GF —(x; = 0)).
2. What are the formulae among (a)-(e) such that all the tefinins starting atA, 0), we
havep, 0 = ¢?

3. Show that the existential model-checking for LTtestricted to VASS is undecidable.

Exercise 5.4.11 Let us consider the affine counter system below:

CRNEE

Design a Presburger formuldx;, x2, y1, y2) such that for every valuatioml, we haveval =
@ iff (g1, val(x;), val(xs)) = (g3, val(y;), val(ys)), i.e. (g3, val(y,), val(y,)) is reachable from
(g1, val(xy), val(xy)).
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Chapter 6

Concluding Remarks

In order to conclude these notes, other related topics ammerated below. By no means, this is
intended to be exhaustive and the main intention is to peopminters for further reading.
Other topics related to these notes could have been addeel sBi@me examples below:

* Theory of well-structured transition systems, see e.gl9 FS01, FMP04].

* The decidability proof for the reachability problem for VASsee e.g., [Reu90, Lam92,
MogO01, Lerl1].

* Other decidability and computational complexity issueséachability and model-checking
problems, see e.g., [FS00, LS05, AH09, HKOWOQ9].

Finally, the following research trends generate an inengasterest:

* Transition closures of integer relations, see e.g. [BIK10]

* The branching extension of VASS, leading to BVASS [VGL05LDQJ9, Laz10, Sch10a].
* SMT solvers for model-checking infinite-state systems esge [GNRZ07, BFM 10].

* Relationships between counter automata and data logicS[®ig, DL06, DDGO07, BL10].
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