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INRIA Saclay & LSV (CNRS-ENS Cachan)

florent.jacquemard@inria.fr

ciobaca@lsv.ens-cachan.fr

4 novembre 2009

http://list.mpri.master.univ-paris7.fr/wws/info/
cours-1-18
cours-1-18@mpri.master.univ-paris7.fr
florent.jacquemard@inria.fr
ciobaca@lsv.ens-cachan.fr


Logique monadique faible
du second ordre à deux successeurs

Weak Second Order Monadic Logic
with two successors

(S2S)



Second Order Monadic Logic with two successors (S2S)

◮ expresses properties of infinite binary trees.

◮ equivalent in expressiveness to Rabin automata.

[Rabin theorem]



Infinite Terms as structures

◮ Σ is a finite alphabet ;

◮ T ω(Σ) is the set of infinite binary trees labeled with Σ.

S2S : same language as WS2S.

LΣ := {=, <, S1, S2, La

∣

∣ a ∈ Σ}.

to t ∈ T ω(Σ), we associate a structure t over LΣ

t :=
〈

{1, 2}∗,=, <, S1, S2, L
t
a, L

t
b, · · ·

〉

where

◮ domain = {1, 2}∗ = set of positions in infinite binary terms,

◮ = : equality over {1, 2}∗,

◮ < : prefix ordering over {1, 2}∗,

◮ Si =
{

〈p, p · i〉 | p ∈ {1, 2}∗
}

, (ith successor position),

◮ L
t
a =

{

p ∈ {1, 2}∗
∣

∣ t(p) = a
}

.



S2S : syntax

◮ first order variables x, y. . .

◮ second order variables X,Y . . .

◮ form ::= x = y
∣

∣ x < y
∣

∣ x ∈ X
∣

∣ S1(x, y)
∣

∣ S2(x, y)
∣

∣ La(x) a ∈ Σ
∣

∣ form ∧ form
∣

∣ form ∨ form
∣

∣ ¬form
∣

∣ ∃x form
∣

∣ ∃X form
∣

∣ ∀x form
∣

∣ ∀X form

Notation : φ(x1, . . . , xm,X1, . . . ,Xn),
where x1, . . . , xm, X1, . . . ,Xn are the free variables of φ.



S2S : semantics

◮ t ∈ T ω(Σ),

◮ valuation σ of first order variables into {1, 2}∗,

◮ valuation δ of second order variables into subsets of {1, 2}∗

(interpretation and quantification over infinite sets),

◮ t, σ, δ |= x = y iff σ(x) = σ(y),

◮ t, σ, δ |= x < y iff σ(x) <prefix σ(y),

◮ t, σ, δ |= x ∈ X iff σ(x) ∈ δ(X),

◮ t, σ, δ |= Si(x, y) iff σ(y) = σ(x) · i,

◮ t, σ, δ |= La(x) iff t(σ(x)) = a i.e. σ(x) ∈ L
t
a,

◮ t, σ, δ |= φ1 ∧ φ2 iff t, σ, δ |= φ1 and t, σ, δ |= φ2,

◮ t, σ, δ |= φ1 ∨ φ2 iff t, σ, δ |= φ1 or t, σ, δ |= φ2,

◮ t, σ, δ |= ¬φ iff t, σ, δ 6|= φ,



S2S : semantics (quantifiers)

◮ t, σ, δ |= ∃x φ iff x /∈ dom(σ), x free in φ
and exists p ∈ {1, 2}∗ s.t. t, σ ∪ {x 7→ p}, δ |= φ,

◮ t, σ, δ |= ∀x φ iff x /∈ dom(σ), x free in φ
and for all p ∈ {1, 2}∗, t, σ ∪ {x 7→ p}, δ |= φ,

◮ t, σ, δ |= ∃X φ iff X /∈ dom(δ), X free in φ
and exists P ⊆ {1, 2}∗ s.t. t, σ, δ ∪ {X 7→ P} |= φ,

◮ t, σ, δ |= ∀X φ iff X /∈ dom(δ), X free in φ
and for all P ⊆ {1, 2}∗, t, σ, δ ∪ {X 7→ P} |= φ.



S2S : languages

Definition : S2S-definability

For φ ∈ S2S without free variables, L(φ) :=
{

t ∈ T ω(Σ)
∣

∣ t |= φ
}

.



S2S : languages

◮ T0 ⊆ Tω({a, b}) : ∃ path with infinite number of a.

φ0 ≡ ∃X
(

path(X)∧∀x (x ∈ X ⇒ ∃y (y ∈ X∧x < y ∧La(y)))
)

◮ path : maximal chain

path(X) ≡ chain(X) ∧ ¬∃Y
(

chain(Y ) ∧ Y 6= X ∧ X ⊆ Y
)

◮ chain : totalement ordered set

chain(X) ≡ ∀x∀y (x ∈ X ∧ y ∈ X ⇒ x < y ∨ y < x ∨ x = y)

◮ T1 ⊆ Tω({a, b}) : all paths have a finite number of a.

φ1 ≡ ¬φ0 ≡
∀X

(

path(X) ⇒ ∃x (x ∈ X ∧ ∀y (y ∈ X ∧ x < y ⇒ ¬La(y)))
)



Rabin’s Theorem

Theorem : Rabin

Languages of S2S formula = Rabin Automata languages.

S2S formulae ↔ automata for infinite trees



infinite Tree Automata



Büchi Automata

Definition : Büchi tree Automata

A Büchi tree automaton over the alphabet Σ is a tuple A =
(Σ, Q, qi, F,∆) where Q is a finite set of states, qi ∈ Q is the
initial state, F ⊆ Q is the subset of final states and ∆ is a set of
top-down transition rules of the form : q → d(q1, q2) with d ∈ Σ
and q, q1, q2 ∈ Q.

A run of A on a term t ∈ Tω(Σ) is a term r ∈ T ω(Q) compatible
with ∆ : for all position p ∈ {1, 2}∗ of r,
r(p) → t(p)(r(p · 1), r(p · 2)) ∈ ∆.

The run r is successful (or accepting) iff for all (infinite) path π
starting from the root of r, Inf (π) ∩ F 6= ∅

Inf (π) :=
{

q ∈ Q
∣

∣ ∃∞i, π(i) = q
}



Büchi Languages

A, Büchi automaton.

◮ L(A) is the set of t ∈ T ω(Σ) on which there exists a
successful run of A.

◮ a set L ⊆ T ω(Σ) is Büchi-recognizable = Büchi language
if there exists a Büchi automaton A s.t. L(A) = L.



Büchi Languages : examples

◮ T ′
0 ⊆ Tω({a, b}) : all path have infinite number of a.

qi → a(qa, qa), qi → b(qb, qb),
qa → a(qa, qa), qa → b(qb, qb),
qb → a(qa, qa), qb → b(qb, qb),
F = {qa}

◮ T0 ⊆ Tω({a, b}) : ∃ path with infinite number of a.

qi|qa|qb → a(qa, q0), qi|qa|qb → a(q0, qa),
qi|qa|qb → b(qb, q0), qi|qa|qb → b(q0, qb),

q0 → a(q0, q0), q0 → b(q0, q0),
F = {qa, q0}

◮ T1 ⊆ Tω({a, b}) : all path have finite number of a.

not Büchi !



Rabin Automata

Definition : Rabin tree automata

A Rabin automaton over the alphabet Σ is a tuple A =
(Σ, Q, qi,Ω,∆) where Q is a finite set of states, qi ∈ Q is the initial
state, Ω =

{

(L1, U1), . . . , (Ln, Un)
}

(∀i ≤ n, Li, Ui ⊆ Q) and ∆ is
a set of top-down transition rules of the form : q → d(q1, q2) avec
d ∈ Σ et q, q1, q2 ∈ Q.

A run r of A on t is successful (or accepting) iff for all infinite
path π starting from the root of r, there exists i ≤ n s.t.
Inf (π) ∩ Li = ∅ and Inf (π) ∩ Ui 6= ∅.



Rabin vs Büchi

◮ T1 ⊆ Tω({a, b}) : all path have finite number of a.

is not Büchi !

is Rabin !

qi → a(qa, qa), qi → b(qi, qi),
qa → a(qa, qa), qa → b(qi, qi).
Ω = {({qa}, {q

i, qa})}



Rabin’s Complementation Theorem

Theorem : Rabin

For all Rabin automata A over Σ, there exists a Rabin automaton
recognizing T ω(Σ) \ L(A).



Müller, Streett, Parity Automata

Classes equivalent to Rabin automata.

◮ Müller automata : A = (Q, qi,F ,∆) with F := {F1, . . . , Fn},
∀i ≤ n, Fi ⊆ Q,

a run r is successful iff for all infinite path π of r, Inf (π) ∈ F .

◮ Streett automata : A = (Q, qi,Ω,∆) with
Ω =

{

(L1, U1), . . . , (Ln, Un)
}

,

a run r is successful iff for all infinite path π of r,
for all i ≤ n, if Inf (π) ∩ Ui 6= ∅ then Inf (π) ∩ Li 6= ∅.

◮ Parity automata : A = (Q, qi, index ,∆) with
index : Q → {1..k}, k ∈ N,

a run r is successful iff for all infinite path π of r,
min{index (q) | q ∈ Inf (π)} is even.



Rabin’s Theorem : Automata → Logic



S2S : Automata → Logic

Theorem :

For all Rabin automaton A over Σ,
there exists φA ∈ S2S such that L(φA) = L(A).

A = (Q, qi,Ω,∆) Rabin Automaton over Σ,
with Q = {0, . . . ,m}, qi = 0.

Existence of an accepting run of A on t ∈ T ω
(

{0, 1}n
)

in S2S :

φA ≡ ∃Y0 . . . ∃Ym φrun(Y ) ∧ φinit(Y ) ∧ φtr(Y ) ∧ φΩ(Y )



S2S : Automata → Logic

φA ≡ ∃Y0 . . . ∃Ym φrun(Y ) ∧ φinit(Y ) ∧ φtr(Y ) ∧ φΩ(Y )

φrun(Y ) ≡ Y0, . . . , Ym partition {1, 2}∗

φinit(Y ) ≡ ∀x0 root(x0) ⇒ x0 ∈ Y0

φtr(Y ) ≡ ∀x, x1, x2

∨

i→a(j1,j2)∈∆





x ∈ Yi ∧ La(x)
∧S1(x, x1) ∧ S2(x, x2)
∧x1 ∈ Yj1 ∧ x2 ∈ Yj2





φΩ(Y ) ≡ ∀Z path(Z) ⇒
∨

(L,U)∈Ω

∧

j∈L

∃xx ∈ Z ∧ ∀y (y ∈ Z ∧ x < y ⇒ y /∈ Yj)

∨

j′∈U

∀xx ∈ Z ⇒ ∃y (y ∈ Z ∧ x < y ∧ y ∈ Yj′)



Rabin’s Theorem : Logic → Automata



S2S : Logic → Automata

Theorem :

Every S2S language is a Rabin automata language.

For all formula φ ∈ S2S over Σ (without free variables) there exists
a Rabin automaton Aφ over Σ, such that L(Aφ) = L(φ).

Corollary :

S2S is decidable.

pr.: reduction to emptiness decision for Aφ.



Rabin Theorem

Aφ is effectively constructed form φ, by induction.

X for free second order variables :

t ∈ T ω(Σ)
δ : {X1, . . . ,Xn} → P

(

{1, 2}∗
) 7→ t × δ ∈ T ω(Σ × {0, 1}n)

for all p ∈ {1, 2}∗, (t × δ)(p) = 〈t(p), b1, . . . , bn〉 where

for all i ≤ n,

◮ bi = 1 if p ∈ δ(Xi),

◮ bi = 0 otherwise.

X free first order variables are interpreted as singletons.



S2S0

simplified language S2S0.

◮ no first order variables,

◮ only second order variables X,Y . . .,

◮ form ::= X ⊆ Y
∣

∣ Y = X · 1
∣

∣ Y = X · 2
∣

∣ X ⊆ La a ∈ Σ
∣

∣ form ∧ form
∣

∣ form ∨ form
∣

∣ ¬form
∣

∣ ∃X form
∣

∣ ∀X form

Y = X · i : X = {x}, Y = {y} and y = x · i (i = 1, 2).

Lemma :

Every S2S formula can be transformed into an equivalent S2S0 for-
mula.

pr.: analoguous to WSkS and WSkS0.



Compilation : S2S0 → Rabin Automata

notation : Σ[m] := Σ × {0, 1}m.

For all φ(X1, . . . ,Xn) ∈ S2S0 and m ≥ n,
we construct a Rabin automaton JφKm over Σ[m] recognizing

{

t × δ | δ : {X1, . . . ,Xm} → P
(

{1, 2}∗
)

, t, δ |= φ(X1, . . . ,Xn)
}

induction on the S2S0 formula :

◮ atoms X1 ⊆ X2, X2 = X1 · 1, X2 = X1 · 2, X1 ⊆ La,

⇒ automata for formula with free variables.

◮ Boolean closures for Boolean connectors.

◮ ∃ quantifier : projection.



Atom : X1 ⊆ X2

Automaton JX1 ⊆ X2K2 :

◮ signature Σ[2] = Σ × {0, 1}2.

◮ states : q0

◮ initial states : q0

◮ transitions : q0 → 〈a, 0, 0〉(q0, q0) ∀a ∈ Σ
q0 → 〈a, 0, 1〉(q0, q0)
q0 → 〈a, 1, 1〉(q0, q0)

(〈a, 1, 0〉 is forbidden)

◮ Ω =
{

(∅, {q0})
}

For m ≥ 2,

JX1 ⊆ X2Km := cyl2,m

(

JX1 ⊆ X2K2

)



Atom : X2 = X1 · 1

Automaton JX2 = X1 · 1K2 :

◮ signature Σ[2] = Σ × {0, 1}2.

◮ states : qi, q0, q1

◮ initial states : qi

◮ transitions : qi → 〈a, 0, 0〉(qi, q0) ∀a ∈ Σ
qi → 〈a, 0, 0〉(q0, qi)
q0 → 〈a, 0, 0〉(q0, q0)
qi → 〈a, 1, 0〉(q1, q0)
q1 → 〈a, 0, 1〉(q0, q0)

◮ Ω =
{

({qi}, {q0})
}

For m ≥ 2,

JX2 = X1 · 1Km := cyl2,m

(

JX2 = X1 · 1K2

)



Atom : X1 ⊆ La

Automaton JX1 ⊆ LaK1 :

◮ signature Σ[1] = Σ × {0, 1}.

◮ states : q0

◮ initial states : q0

◮ transitions : q0 → 〈a, 0〉(q0, q0)
q0 → 〈a, 1〉(q0, q0)
q0 → 〈b, 0〉(q0, q0) (b 6= a)

(〈b, 1〉 is forbidden)

◮ Ω =
{

(∅, {q0})
}

For m ≥ 1,

JX1 ⊆ LaKm := cyl1,m

(

JX1 ⊆ LaK1

)



Induction step : Boolean connectors, quantifiers

◮ Jφ(X1, . . . ,Xn) ∨ φ(X1, . . . ,Xn′)Km :=
Jφ(X1, . . . ,Xn)Km ∪ Jφ(X1, . . . ,Xn′)Km

with m ≥ max(n, n′)

◮ Jφ(X1, . . . ,Xn) ∧ φ(X1, . . . ,Xn′)Km :=
Jφ(X1, . . . ,Xn)Km ∩ Jφ(X1, . . . ,Xn′)Km

with m ≥ max(n, n′)

◮ J¬φ(X1, . . . ,Xn)Km := T ω(Σ[m]) \ Jφ(X1, . . . ,Xn)Km

for m ≥ n.

◮ J∃Xn+1 φ(X1, . . . ,Xn+1)Kn := proj n

(

Jφ(X1, . . . ,Xn+1)Kn+1

)

◮ J∃Xn+1 φ(X1, . . . ,Xn+1)Km :=
cyln,m

(

J∃Xn+1 φ(X1, . . . ,Xn+1)Kn

)

for m ≥ n.

◮ ∀ = ¬∃¬



Rabin Theorem

Theorem :

For all formula φ ∈ S2S0 over Σ without free variables, there exists
a Rabin automaton Aφ over Σ, such that L(Aφ) = L(φ).

Aφ = JφK0 can be computed explicitely !
Size Aφ = exponential tower of height = quantifier depth of φ.

Corollary :

For all formula φ ∈ S2S over Σ without free variables there exists a
Rabin automaton Aφ over Σ, such that L(Aφ) = L(φ).

using translation of S2S into S2S0 first.



S2S and WS2S

Proposition :

WS2S ⊂ S2S

It is possible to express that X is finite in S2S.

◮ x <lex y ≡ x ≤ y ∨ ∃z (z · 1 ≤ x ∧ z · 2 ≤ y)

◮ finite(X) ≡
∀Y

(

Y ⊆ X ∧ Y 6= ∅ ⇒
(∃y y minimal for <lex in Y ∧ y maximal for <lex in Y )

)



S2S and WS2S

Proposition :

Un sous-ensemble de T ω
(

Σ
)

est un langage de Büchi ssi il est défini
par une formule de S2S de la forme ∃Y1 . . . ∃Ym φ(Y1, . . . , Ym) avec
φ ∈ WS2S.

Corollary :

S2S 6⊂ WS2S

car les automates (d’arbres) de Büchi ne sont pas clos par
complément.

Proposition :

Un sous-ensemble L ⊆ T ω(Σ) est défini en WS2S ssi L et T ω(Σ)\L
sont des langages de Büchi.

Theorem :

Toute formule de S2S de la forme φ(x1, . . . , xm) se traduit en WS2S.



Extensions

◮ SkS

◮ SωS

◮ théorie du second ordre monadique de fonctions d’arité 1 (sur
un domaine quelconque dénombrable).

◮ théorie monadique faible de la grille 〈N × N,→, ↑〉 indécidable

◮ WS2S + 1 · (concaténation à gauche) indécidable

◮ WS2S + prédicat de longueur égale indécidable.
en effet pour x, y ∈ 1∗2∗,

y = 1 · x ≡
(x ∈ 1∗ ∧ S1(x, y))∨
(∃z ∃z′ z ∈ 1∗ ∧ x ∈ z · 2∗ ∧ z′ ∈ z · 1 · 2∗ ∧ |z| = |z′| ∧ S2(z

′, y))


