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Logique monadique faible
du second ordre a deux successeurs

Weak Second Order Monadic Logic
with two successors

(S2S)



Second Order Monadic Logic with two successors (S2S)

> expresses properties of infinite binary trees.
» equivalent in expressiveness to Rabin automata.
[Rabin theorem]



Infinite Terms as structures

» > is a finite alphabet;
» 7%(X) is the set of infinite binary trees labeled with 3.

S2S : same language as WS2S.

Ly :={=,<,51,5,Ls | a €}

tot € T¥(X), we associate a structure ¢ over Ly,
t:= <{1) 2}*) =< Sla SQ? L%v Liv e >

where
» domain = {1,2}* = set of positions in infinite binary terms,

» = : equality over {1,2}*,

v

< : prefix ordering over {1,2}*,
S;={{p,p-i) | p€{1,2}*}, (i successor position),
Li = {p € {1,2}" | t(p) = a}.

v

v



S2S : syntax

» first order variables x, . ..
» second order variables X,Y ...
» form = x:y‘x<y‘x€X
Sl(aj)y) | SQ(aj)y) ‘ La(aj) aeX
form A form ‘ form V form | —form
‘ Jx form ‘ 4X form | Vx form ‘ VX form

Notation : ¢(x1, ..., Tm, X1,.-., Xn),
where x1,...,%m, X1,...,X,, are the free variables of ¢.



S2S : semantics

> teTY(Y),

» valuation o of first order variables into {1,2}*,

*

» valuation 0 of second order variables into subsets of {1,2}
(interpretation and quantification over infinite sets),

> o0 Ex=yiffo(z) =0(y),

> 10,0 =a <yiff o(x) <prefiz o(y),

> to,0 Exe Xiff o(z) € 0(X),

> t,0,0 = Si(z,y) iff o(y) = o(x) -1,

> 10,0 = Ly(2) iff t(o(z)) = a ie o(z) € Lk,
> t,0,0 =1 Aoy ifft,o,0 = ¢1 and t, 0,0 |= @9,
> t,0,0 =1V o ifft,o,0 = ¢ ort o0 = ¢,
> 10,0 =~ ifft, 0,0 b o,



S2S : semantics (quantifiers)

> t,0,0 = dz ¢ iff x ¢ dom(o), x free in ¢
and exists p € {1,2}* s.t. t,0 U {x — p}, 0 = o,
> t,0,0 =Vr ¢ iff x ¢ dom(o), x free in ¢
and for all p € {1,2}*, t,0 U {z — p},d = ¢,
> t.0,0 =3X ¢ iff X ¢ dom(d), X free in ¢
and exists P C {1,2}* sit. t,0,0 U{X — P} = ¢,
> t,0,0 =EVX ¢iff X & dom(6), X free in ¢
and for all P C {1,2}*, t.0,0 U{X — P} = ¢.



S2S : languages

Definition : S2S-definability
For ¢ € 525 without free variables, L(¢) := {t € T¥(X) ‘ tE= ¢}



S2S : languages

» To € T¥({a,b}) : 3 path with infinite number of a.
¢o = 3X (path(X)AVz (z € X = Jy (y € XAz < yALy(y))))
» path : maximal chain
path(X) = chain(X) A =3Y (chain(Y) AY #X A X CY)
» chain : totalement ordered set
chain(X)=VaeVy(zre X Nye X =z <yVy<zVz=y)
» 71 C T¥({a,b}) : all paths have a finite number of a.

¢1 =g =
VX (path(X) = Jz(z € X AVy(y € X Az <y = —Lu(y))))



Rabin’s Theorem

Theorem : Rabin
Languages of S2S formula = Rabin Automata languages.

S2S formulae < automata for infinite trees



infinite Tree Automata



Buchi Automata

Definition : Biichi tree Automata

A Biichi tree automaton over the alphabet X is a tuple A =
(2,Q,q', F,A) where @Q is a finite set of states, ¢ € Q is the
initial state, /' C @ is the subset of final states and A is a set of
top-down transition rules of the form : ¢ — d(q1,q2) with d € X

and ¢,q1,¢2 € Q.

Arunof Aonatermt e T¥(X) is a term r € T¥(Q) compatible
with A : for all position p € {1,2}* of r,
r(p) = t(p)(r(p-1),7(p-2)) € A.

The run r is successful (or accepting) iff for all (infinite) path 7
starting from the root of r, Inf(m) N F # ()

Inf(w) == {q e Q| 3%, n(i)=q}



Bichi Languages

A, Biichi automaton.
» L(A) is the set of t € 7%(X) on which there exists a
successful run of A.
» aset L C 7T¥(X) is Biichi-recognizable = Biichi language
if there exists a Biichi automaton A s.t. L(A) = L.



Bichi Languages : examples

» T, C T¥({a,b}) : all path have infinite number of a.

¢ — a(@a ) ¢ — blaw ),
da — (%)  Ga — bla, @),
® — a(@a9a)s @ — blaw, @),
F = {Qa}

> Tp CT%({a,b}) : 3 path with infinite number of a.

q'galaes — alda ),  d'lgalae — alqo,a),

¢'|galae — blav,q0),  d'laales —  b(q0, ),
9@ — alqo,q), 9 — b(qo,q0),
F = {Qa,QO}

» 71 C T¥({a,b}) : all path have finite number of a.
not Biichi!



Rabin Automata

Definition : Rabin tree automata

A Rabin automaton over the alphabet X is a tuple A =
(2,Q,¢,9Q,A) where Q is a finite set of states, ¢' € Q is the initial
state, @ = {(L1,U1),...,(Ln,Un)} (Vi <n, L;,U; C Q) and A'is
a set of top-down transition rules of the form : ¢ — d(q1,q2) avec
deXetqaq,q €Q.

A run 7 of A on t is successful (or accepting) iff for all infinite
path 7 starting from the root of 7, there exists i < n s.t.
Inf(r)NL; =0 and Inf(7) NU; # 0.



Rabin vs Buchi

» 71 C T¥({a,b}) : all path have finite number of a.
is not Buichi!
is Rabin!

a(qasqa), ¢ — b(d'q),
a(qasa);  qa — b(q',q").

Q = {({a}{d w})}

1l



Rabin’'s Complementation Theorem

Theorem : Rabin

For all Rabin automata A over X, there exists a Rabin automaton
recognizing 7% (%) \ L(A).



Miiller, Streett, Parity Automata

Classes equivalent to Rabin automata.

» Miiller automata : A = (Q, q¢',F,A) with F := {Fy,..., E,},
Vi<n, F; CQ,
a run r is successful iff for all infinite path 7 of r, Inf(7) € F.

> Streett automata : A = (Q, ¢',Q, A) with
Q={(L1,Uh),...,(Ln,Un)},
a run r is successful iff for all infinite path 7 of r,
for all i < n, if Inf(r) NU; # 0 then Inf(m) N L; # 0.

» Parity automata : A = (Q, ¢', index, A) with
index : Q — {1..k}, k € N,
a run r is successful iff for all infinite path 7 of r,
min{indez(q) | ¢ € Inf(m)} is even.



Rabin’s Theorem : Automata — Logic



S2S : Automata — Logic

Theorem :

For all Rabin automaton A over X,
there exists ¢4 € S2S such that L(¢4) = L(A).

=(Q,q¢,Q,A) Rabin Automaton over X,
with @ ={0,...,m}, ¢ = 0.

Existence of an accepting run of A on t € 7%({0,1}") in 525 :

(b.A =JYp...3Yn (brun( ) A (blnlt( ) A ¢tr( ) A (bQ(?)



S2S : Automata — Logic

oA =3Yy... 3V (brun( ) A ¢|n|t( ) A gbtr( ) A ¢Q(?)

Grun(Y)
Pinit(Y)

Yo, ..., Y, partition {1,2}*

Vg root(xg) = 29 € Yj
_ x €Y; A Ly(x)
¢u(Y) = Vr,x1,72 \/ NS1(w,21) A S2(z, 72)

i—a(j1,j2)€A \ Ax1 €Y Nwo €Y,

pa(Y)

VZ path(Z) =
\/ /\Ha:;rEZ/\Vy(yEZ/\x<y:>y§éYj)

(L,U)eQ jEL
\/ VexeZ=>3Jy(yeZhx<yhycYy)

j'eu



Rabin’s Theorem : Logic — Automata



S2S : Logic — Automata

Theorem :
Every S2S language is a Rabin automata language.

For all formula ¢ € S2S over ¥ (without free variables) there exists
a Rabin automaton Ay over ¥, such that L(Ay) = L(¢).

Corollary :
S2S is decidable.

pr.: reduction to emptiness decision for A.



Rabin Theorem

Ay is effectively constructed form ¢, by induction.

v for free second order variables :

teTY(X)

§:{X1,...,Xn} _)7;({172}*) — txdeT¥ X x{0,1}")

for all p € {1,2}*, (¢t x &)(p) = (t(p),b1,...,by) where
for all 1 < n,
> b= 1if ped(X),

» b, = 0 otherwise.

v free first order variables are interpreted as singletons.



525

simplified language S2S.
» no first order variables,
» only second order variables X,Y ...,
» form = XCY|YV=X-1|Y=X.2
| XCL, a€x

form A form ‘ form V form | —form
JX form | VX form

Y=X-i:X={z},Y={ylandy=2x-i(i=1,2).

Lemma :

Every S2S formula can be transformed into an equivalent S2S; for-
mula.

pr.: analoguous to WSS and WSkS,.



Compilation : S25; — Rabin Automata

notation : X, := X x {0,1}™.

For all ¢(X1,...,X,) € S25p and m > n,
we construct a Rabin automaton [¢],, over ¥,,,) recognizing

{tx&|6:{X1,....Xn} = P{1,2}"), t,0 = o(X1,..., Xn)}

induction on the S2S, formula :
» atoms X1 C Xo, Xo=X1-1, Xo=X;-2, X CL,,
= automata for formula with free variables.
» Boolean closures for Boolean connectors.

» 1 quantifier : projection.



Atom : X1 g XQ

Automaton [X; C Xs]s :
> signature X5 = ¥ x {0,1}7.
» states : qo

> initial states : qq

» transitions: ¢ — (a,0,0)(qo,q0) Va€X
@ — (a,0,1)(q0,q0)
g0 — {a,1,1)(g0,90)
({a,1,0) is forbidden)

> Q= {(0,{e0})}
For m > 2,

[X1 C Xo]m := cyly,, ([X1 C Xa]2)



Atom:ngXl-l

Automaton [Xy = X; - 1]2 :
> signature X5 = ¥ x {0,1}?.
> states : ¢, qo, q1

> initial states : g;

» transitions: ¢ — (a,0,0)(¢i,q) VYa€X
¢ — (a,0,0)(q0,q)
@ — (a,0,0)(q0,90)
¢ — (a,1,0)(q1,9)
a1 — (a,0,1)(g0,0)
» Q= {{a}, {e0})}

For m > 2,

[[X2 = X1 . 1]]m = Cyl2’m([[X2 = X1 . 1]]2)



Atom : X; C L,

Automaton [X; C L] :
> signature X = X x {0, 1}.
» states : qo
> initial states : qp

» transitions: ¢o — (
q — (a,
— |

(

> Q= {((Z),{qo})}
For m > 1,

[[Xl - La]]m = Cyle([[Xl c La]]l)



Induction step : Boolean connectors, quantifiers

> [[@(Xl, e ,Xn) V (b(Xl, ce 7Xn’)]]m =
[o(X1s- -, Xp)lm U [o(Xa, -, X )|
with m > max(n,n’)
> [[gb(Xl, L. ,Xn) A\ qb(Xl, S aXn’)]]m =
H¢(Xl7 cee 7Xn)]]m N [[(b(Xla cee 7Xn’)]]m
with m > max(n,n’)
> [ X1y X)) = T () \ [0( X1, - X))
for m > n.
> [3Xn1 (X, X))l = proj, ([0(X1, -+ X 1)ngr)
> [BXnt1 60X, X 1) =
Yl ([FXng1 0(X1, ..., Xny1)]n) for m > n.
> V = —El—\



Rabin Theorem

Theorem :
For all formula ¢ € S2S( over 3 without free variables, there exists
a Rabin automaton Ay over ¥, such that L(Ay) = L(¢).

Ag = [¢]o can be computed explicitely!
Size A, = exponential tower of height = quantifier depth of ¢.

Corollary :

For all formula ¢ € S2S over Y. without free variables there exists a
Rabin automaton A, over X, such that L(Ag) = L(¢).

using translation of S2S into 525 first.



S2S and WS2S

Proposition :
WS2S C S2S
It is possible to express that X is finite in S2S.
> r<jpy=x<yVIz(z-1<axzAz-2<y)
> finite(X) =
VWY CXAY #0=
(Jy y minimal for <;; in Y A y maximal for <j, in Y))



S2S and WS2S

Proposition :

Un sous-ensemble de 7% () est un langage de Biichi ssi il est défini
par une formule de S2S de la forme 3Y; ...3Y,, ¢(Y1,...,Y,,) avec
¢ € WS2S.

Corollary :
S2S ¢ WS2S

car les automates (d’arbres) de Biichi ne sont pas clos par
complément.

Proposition :

Un sous-ensemble L C 7 (3) est défini en WS2S ssi L et 7% (X)\ L
sont des langages de Biichi.

Theorem :
Toute formule de S2S de la forme ¢(x1, . .., z),) se traduit en WS2S.



Extensions

» SkS
> SwS

» théorie du second ordre monadique de fonctions d'arité 1 (sur
un domaine quelconque dénombrable).

» théorie monadique faible de la grille (N x N, —, 1) indécidable
» WS2S + 1-_ (concaténation a gauche) indécidable

» WS2S + prédicat de longueur égale indécidable.
en effet pour x,y € 1*2%,

y=1-x=
(x € 1" A Sqi(z,y))V
(FzFzel* ANz ez-2N2 €z-1-2°AN|z| = |2| A Sa(Z,y))



