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Logique monadique faible
du second ordre a deux successeurs

Weak Second Order Monadic Logic
with two successors

(WS2S)
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chapter 3 :

» automata for tuples of trees,
» logic WSES,
> applications.


http://tata.gforge.inria.fr

Logic and Automata

> logic express properties of labeled binary trees
= language specification,

» compilation of formulae into automata
= decision algorithms.

> equivalence between both formalisms
[Thatcher & Wright's theorem].



Interpretation Structures

L := set of predicate symbols Py, ... P, with arity.
A structure M over L is a tuple
M= (D,PM, ..., PM)

where
» D is the domain of M,
> every PM (interpretation of P;) is a subset of D *%(F:).



Term as structure

> signature, k = maximal arity.

Ly :={=,<,5,..., 5% La | a € X}

tot € 7(X), we associate a structure t over Ly
t:= (Pos(t),=,<,S1,..., Sk LL, Lj,--+)

where
» domain = positions of ¢ (Pos(t) C {1,...,k}*)
» = : equality over Pos(t),
» < : prefix ordering over Pos(t),
> S; ={{p,p-i) | p,p-i € Pos(t)} (i™" successor position),
> La = {p € Pos(t) | t(p) = a}.



FOL with £ successors

» first order variables x, . ..

» form = a::y‘a:<y
Si(z,y) ! ‘ Sk(z,y) ‘ Ly(x) a€X
form A form ‘ form Vv form ! —form
Jx form ‘ Va form

Notation : ¢(x1,...,2Zm),
where x1,...,x,, are the free variables of ¢.



WSES : syntax

» first order variables x, . ..
» second order variables X,Y ...
» form = x:y‘x<y‘x€X
Sl(aj)y) | ‘ Sk(ﬂ?,y) ‘ La(aj) a€l
form A form ‘ form V form | —form
‘ Jx form ‘ 4X form | Vx form ‘ VX form

Notation : ¢(x1, ..., Tm, X1,.-., Xn),
where x1,...,%m, X1,...,X,, are the free variables of ¢.



WSES : semantics

teT(%),

valuation o of first order variables into Pos(t),
valuation § of second order variables into subsets of Pos(t),
t,o,0 =z =y iff o(x) = o(y),

t,o,0 Ea <yiff o(x) <prefiz 0(y),

t,o,0 Fxe Xiff o(x) € 6(X),

t,o.0 = Si(x,y) iff o(y) = o(x) - 4,

t,0.0 = Lo(z) iff t(o(z)) = a ie o(z) € LE,
t,o,0 E g1 N ifft,0,0 = ¢1 and £, 0,0 = ¢o,
t,0,0 E o1V o ifft,0,0 = ¢1ort, 0,6 = ¢o,
t,0,0 |= 0 iff £,0,0 £ 6,

vV vV V. V. V. Y V.V VvV VY



WSES : semantics (quantifiers)

> t,0,0 = dz ¢ iff x ¢ dom(o), x free in ¢
and exists p € Pos(t) s.t. t,0 U{z — p},d = ¢,
> t,0,0 =Vr ¢ iff x ¢ dom(o), x free in ¢
and for all p € Pos(t), t,0 U{z — p},d = ¢,
> t.0,0 =3X ¢ iff X ¢ dom(d), X free in ¢
and exists P C Pos(t) s.t. t,0,0 U{X — P} = ¢,
> t,0,0 =EVX ¢iff X & dom(6), X free in ¢
and for all P C Pos(t), t,0,0 U{X — P} = ¢.



WSES : languages

Definition : WSES-definability
For ¢ € WSEKS without free variables over Ly,

L(¢):={teT(T) |t ¢}

Example :

Y ={a:2,b:2,c:0}. Formula for the language of terms in 7 (%)
containing the pattern a(b(x1,x2), x3).

Example :

Formula for the language of terms in 7(X) such that all a-labelled
node has a b-labelled child.

Example :

Formula for the language of terms in 7 (X) such that all a-labelled
node has a b-labelled descendant.



WSES

vV v v v .Y

. examples

root position : root(z) = -Jyy < z
inclusion : X CY =Vz(z e X =z €Y)
intersection : Z=XNY =Vz (zr€Z& (€ XNz €Y))
emptiness : X =) =Veax ¢ X
finite union :
n n n
X=JXi=(AXicX)Avz (zre X = \/zeX;)
i=1 i=1 i=1
partition :

n—1 n

n
X1, XppartitonX =X = JX;in A/ XinX; =0
i=1 =1 j=i+1



WS2S : examples (2)

> singleton :
sing(X) =X #£0AVY (Y CX = (Y =XVY =0))
» < (without <)

ye X
r<y = VX (/\Vsz’(z’EX/\\/Si(z,z’)):>ZEX)
i<k
=zcX

<y = 3X (Vzze X = (37 \/Sz-(z',z)/\z'EX)\/z:x)
i<k

ANye X



Thatcher & Wright's Theorem

Theorem : Thatcher and Wright

Languages of WSEKS formula = regular tree languages.

pr.: 2 directions (2 constructions) :
» TA — WSES,
» WSEKS — TA.



automates — logique



regular languages — WSES languages

Let ¥ = {a1,...,an}.

Theorem :
For all tree automaton A over X, there exists ¢ 4 € WSES such that
L(¢a) = L(A).

A= (Z) Qa va A) avec Q = {QO) s an}
¢4 : existence of an accepting run of A ont e 7(X).

$pa:=3Yy... Y0 01(Y) A g2(Y) Ad3(Y) A pa(Y)



regular languages — WSES languages

¢1(Y) : every position is labeled with at most one state.

$1(Y) = /\ Vezx €Y, = €y,
0<i,j<m
iy

#2(Y) : the root is labeled with a final state

$2(Y) = Vg root(xg) \/ T €Y;
QZEQf



regular languages — WSES languages

#3(Y) : transitions for constants symbols

¢3(Y)= N (Vaz Lo(z)= \/ =z¢€ Yz)

a€Xp a—q; EA

#4(Y) : transitions for non-constant symbols

$s(Y) = /\ Ve Vyi ... Yy,
fex;0<i<k
(Lf(aj) ANS1(z,y1) Ao A Sj(a:,yj))
U
\/ reYiNy €Yy N ANy; €Yy,
F(@iy i )~ GEA



FOL

Proposition :

The language L of terms with an even number of nodes labeled by
a is regular (hence WSES-definable) but not FOL-definable.

pr.. Ehrenfeucht-Fraissé games.



logique — automates



Theorem Thatcher & Wright

Theorem :
Every WSES language is regular.

For all formula ¢ € WSKS over X (without free variables) there
exists a tree automaton Ay over 3, such that L(Ay) = L(¢).

Corollary :
WSES is decidable.
pr.: reduction to emptiness decision for A.



Theorem Thatcher & Wright

Ay is effectively constructed form ¢, by induction.

» automata for atoms
= automata for formula with free variables.
» Boolean closures for Boolean connectors.

» 1 quantifier : projection.



Theorem Thatcher & Wright

Ay is effectively constructed form ¢, by induction.

v for free second order variables :

teT (%)

§: X1, ..., X} — 2P0 7 txdeT(Xx{0,1}")

arity of {a,b) in ¥ x {0,1}" = arity of a in .
for all p € Pos(t), (t x 6)(p) = (t(p),b1,...,by,) where
for all 1 < n,
> b =1if p e 5(X;),

» b, = 0 otherwise.

v free first order variables are interpreted as singletons.



WSES,

We consider a simplified language (wlog).

» no first order variables,
» only second order variables X,Y ...,
» form = XCY|Y=X-1|...|Y=X-k
| XCL, a€Xx
form A form ‘ form V form | —form
3X form | VX form

interpretation Y = X -i: X ={z}, Y ={y} andy =2z - 4.
ex : singleton

singleton(X) = 3Y (Y CXAY # XA
~Z(ZCXNZ#XNZ#Y))



WSES — WSES

Lemma :
For all formula ¢(x1,...,xm, X1,...,X,) € WSEKS,
there exists a formula ¢/(X7,..., X/, X1,...,X,) € WSKS,
st. t,0,0 Ed(x1, ..., om, X1, .., Xp)
ifft, 0’ Ud = ¢'(X1,.... X, X1,...,Xy), with o' : X! — {o(z;)}.
pr.: several steps of formula rewriting :
1. elimination of <,
2. elimination of S1,..., .S,

3. elimination of first order variables.



compilation of WSES, into automata

notation : ¥y, := X x {0,1}".

For all p(X1,...,X,) € WSkSy and m > n,
we construct a tree automaton [¢],, over Yy recognizing

{tx6]0:{X1,..., X} — 2P0 t 5= o(Xy,..., X))}



projection, cylindrification

projection
projy s Upsn T Em) = T ()
delete components n+1,...,m.

Lemma : projection

For all n < m, if L C T (X)) is regular then proj, (L) is regular.
cylindrification
Cyln,m L C T(Z[n}) = {t € T(Z[m] | projn(t) S L} (T)’L > TL)

Lemma : cylindrification
Foralln < m, if L C 7T (X,) is regular, then cyl,, (L) est regular.



compilation : X7 C X5

Automate [X; C Xo]s :
> signature g = X x {0,1}2.
» states : qo
» final states : qg

» transitions :

—~

a)070>(QO7"'>QO) — qo
a>071>(QO7"'>QO) — qo
<a7171>(q07"'7QO) — {0

—~

For m > 2,

[X1 C Xo]m := cyly,, ([X1 C Xa]2)



compilation : X7 = X5 -1

Automate [Xo = X1 - 1] :
> signature X5 = X x {0,1}2.
> states : qo,q1, 2
» final states : g9

> transitions :

(a,0,0)(q0,- - - ,q0) —
(a,1,0)(qo,- - ,q0) - q
(a,O,l)(ql,qo,...,qo) — Q2
(a,0,0)(q0,---,90,92,90,---,G0) — G2

For m > 2,

[[X2 = X1 . 1]]m = Cyl2’m([[X2 = X1 . 1]]2)



compilation : X7 C L,

Automate [X; C L,]; :
> signature g = X x {0,1}2.
» states : qo
» final states : qg

» transitions :
(a,0)(q0,---,90) — 4o
(6,0)(q0,---,90) — q (b#a)
(a,1)(qo,---,90) — qo

For m > 1,

[[Xl - La]]m = Cyll,m([[Xl c La]]l)



compilation : Boolean connectors

> [[gb(Xl, ..
[o(Xq,..., X

, n)\/ (X1, o, Xo)]m =
with m > m

¢ :
zﬂm U)[[(b(Xla"an’)]]m
> [[¢(X1, )/\qb(Xl,...,Xn/)]]m =
)]]mﬂ [[(b(Xlauan/)]]m

[[¢(X17---7
with m > max(n,n’)
> [[_'QS(XL s >Xn)]]m = T(Z[m]) \ [[¢(X17 cee

for m > n.

, Xn)lm



compilation : quantifiers

. [[Ean-i-l ¢(X17 s 7Xn+1)]]n = pT’Ojn([[(b(Xl, s 7Xn+1)]]n+l)
» NB : this construction does not preserve determinism.
> [[Ean+1 ¢(X1, e ,Xn+1)]]m =
Yl ([ X1 0(X1, ..., Xny1)]n) for m > n.
> V = —El—\



Theorem Thatcher & Wright

Theorem :

For all formula ¢ € WSKSy over X without free variables, there
exists a tree automaton Ay over 3, such that L(Ay) = L(¢).

Ay = [¢]o can be computed explicitely !

Corollary :

For all formula ¢ € WSES over X without free variables there exists
a tree automaton Ay over X, such that L(Ag) = L(¢).

using translation of WSKS into WSS first.



Size of AQ

Theorem : Stockmeyer and Meyer 1973

For all n there exists dx1—3y1dxo—3dys ... Iz, ~Jyne € FOL such
that for every automaton A recognizing the same language

osize(o)
size(A) > 227 }n



WSES and FO

2 directions of the Thatcher & Wright theorem :
WSES > ¢ — A 3JY, ... 3V, ¢

with ¢ € FOL.

Corollary :

Every WSEKS formula is equivalent to a formula 3Y7...3Y,, ¢ with
1 first order.



