
Γ, φ ` φ ax
Γ ` ⊥
Γ ` φ ⊥E Γ ` > >I

Γ ` φ1 Γ ` φ2

Γ ` φ1 ∧ φ2
∧I

Γ ` φ1 ∧ φ2

Γ ` φi
∧i

E

Γ ` φi

Γ ` φ1 ∨ φ2
∨i

I

Γ ` φ1 ∨ φ2 Γ, φ1 ` ψ Γ, φ2 ` ψ
Γ ` ψ ∨E

Γ ` φ{x 7→ t}
Γ ` ∃x.φ ∃I

Γ ` ∃x.φ Γ, φ ` ψ
Γ ` ψ ∃E (x 6∈ fv(Γ, ψ))

Γ ` φ
Γ ` ∀x.φ ∀I (x 6∈ fv(Γ))

Γ ` ∀x.φ
Γ ` φ{x 7→ t} ∀E

Γ, φ ` ψ
Γ ` φ⇒ ψ

⇒I

Γ ` φ⇒ ψ Γ ` φ
Γ ` ψ

⇒E

Γ, φ ` ⊥
Γ ` ¬φ

¬I

Γ ` ¬¬φ
Γ ` φ raa

Γ ` ¬φ Γ ` φ
Γ ` ⊥

¬E

Rules ∧i
E

and ∨i
I

are for i ∈ {1, 2}. Implicit α-renaming is allowed, which is

useful to satisfy the side conditions of rules ∃E and ∀I.

Figure 1: Natural deduction rules for �rst-order classical logic.
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