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Abstract. We consider here a variation of Vector Addition Systems
where one counter can be tested for zero. We extend the reachability
proof for Vector Addition System recently published by Leroux to this
model. This provides an alternate, more conceptual proof of the reacha-
bility problem that was originally proved by Reinhardt.

1 Introduction

Context Petri Nets, Vector Addition Systems (VAS) and Vector Addi-
tion System with control states (VASS) are equivalent well known classes
of counter systems for which the reachability problem is decidable ([9],
[5], [8])- If we add to VAS the ability to test at least two counters to zero,
one obtains a model equivalent to Minsky machines, for which all non-
trivial properties are undecidable. The study of VAS with a single zero-
test transition (VASy) began recently, and already a reasonable number
of results are known for this model. Reinhardt [11] has shown that the
reachability problem is decidable for VAS, (as well as for hierarchical
zero-tests). Abdulla and Mayr have shown that the coverability problem
is decidable in [1] by using the backward procedure of Well Structured
Transition Systems. The boundedness problem (whether the reachabil-
ity set is finite), the termination and the reversal-boundedness problem
(whether the counters can alternate infinitely often between the increas-
ing and the decreasing modes) are all decidable by using a forward proce-
dure, a finite but non-complete Karp and Miller tree provided by Finkel
and Sangnier in [4]. The decidability of the place-boundedness problem
(whether one specific counter is unbounded), and more generally the pos-
sibility to compute a finite representation of the downward closure of the
reachability set have been shown by Bonnet, Finkel, Leroux and Zeitoun
in [3] using the notion of productive sequences.

The reachability problem The decidability of reachability for VAS
has been originally solved by Mayr (1981, [9]) and Kosaraju (1982, [5]).
Lambert later simplified these proofs (1992, [6]) while still using the
same proof techniques. Recently, Leroux gave another way to prove of
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this problem, by using Presburger invariants and productive sequences
(7, 18])-

The history of the reachability problem for VAS, is shorter. The only
proofs are the different versions of Reinhardt proof (original unpublished
manuscript in 1995 [10], then published in 2008, [11]), which is based
on showing that any expression representing a reachability problem can
be put under a "normal form" for which satisfiability is easy to solve.
However, the definition of the normal form is complex, and the proof
of termination of the algorithm reducing any expression to the normal
form is difficult to understand. Since this publication, some new results
were found by reduction to reachability in VASo, for example decidability
of minimal cost reachability in the Priced Timed Petri Nets of Abdulla
and Mayr [1], and the decidability of reachability in a restricited class of
pushdown counter automatas by Atig and Ganty [2].

Our contribution We propose here an alternate proof of decidability of
reachability in VAS, using the principles Leroux introduced in [8]. The
similarity between our proof with Leroux proof hopefully makes it easier
to understand.

2 Preliminaries

Sets: N, Z, Q and Qs refers respectively to non-negative integers,
integers, rationnals and non-negative rationals. We define addition for
XY CQ'by X+Y ={z+y|z€ X,y €Y} and multiplication for
XCQL KCQby KxX ={kxz |z € X,k € K}. We also define kx X
(keN)by 0xX = {0} and (k+1)xX = X 4 (k* X) and we generalize
this notation to K C N by K x X = [J, o, (k* X). A function f from
N? (resp. Q%) to N¥ (resp. Q%) is linear if f(z +y) = f(z) + f(y)
and for k € N (resp. k € Qso), f(k*x) = k* f(z) We will also allow
ourselves to shorten the singleton {z} as  when the risk of confusion is
low. X C Q% is a vector space if QX C X and X + X C X. Finally, we
define N§ = {0} x N4~

Relations: A relation on X is a set R C X x X. We will write z Ry to
mean (z,y) € R. Composition of relations on X is defined by Ro R’ =
{(z,y) e X x X |3z € X, (x,2) € RA(z,y) € R'}. We shorten Ro R’
as RR' when there is no ambiguousity. R* is the transitive closure of R.
For R a relation on X and X’ C X, we define R(X') ={y€ X |3z €
X', (z,y) € R}. A set X' C X is a R-forward invariant if R(X') C X'.
We define R by R = {(x,y) € X x X | (y,z) € R}. Aset X' C X is
a R-backward invariant if it is a R~ '-forward invariant. Similarly, for f
a function from X to Y, we define f(X')={yeY |z € X',y = f(z)}.

Words, Parikh Images: Given X a set, the set of words on X is written
X*. A word w € X* is written aias...a, with a; € X or optionally
I1i<;<, ai- A language L is a subset of X™. The concatenation of two
words wi, w2 € X* is written wiwe and we extend this notation to
languages by LL' = {uv | u € L,v € L'}. N¥ is the set of functions



from X to N. For u € X*, the Parikh image |u| € N* is defined by
|u| () = 'number of z’s in u’.

Orders, Well-orders: An order < on a set X is a transitive, reflexive
and antisymmetric relation on X. The relation < is defined by = < y iff
x < yand x # y. An element € X is minimal if there exists no ' € X,
2’ < x. The order < is a well-order on X if for all sequences (zi)ien with
x; € X, there exists ¢ < j with x; < z;. If X is well-ordered by =<, then
all subsets of X admit a finite number of minimal elements. Common
well-orders are < on N and < on X XY when X is well-ordered by <x,
Y is well-ordered by <y and (z,y) < (z/,y') <= z<x 2 ANy <y ¥

Word embedding, Higman lemma: If X is ordered by <, we define <*™°
(the word embedding order) on X* is ordered by a; . .. an <embp L by if
there exists a strictly increasing function ¢ from {1,...,n} to {1,...,p}
such that Vi € {1,...,n}, a; < by;y. If < is a well-order on X, then
<™ is a well-order on X* (Higman’s lemma)

3 Vector Addition Systems with one zero-test

3.1 Transition systems

Definition 1. A Labelled Transition System (LTS) is a tuple (X, A, —)
where X is the set of states, A is a finite set of transition labels and
—C X x A x X 1s the transition relation.

We write 2 = if (z,a,2") €—, and we extend this notation to words
of A* by z 5 2 and # 25 o’ if there exists 2"’ € X, z 5 2” 5 o/ If

L C A*, we define x i>y <= Jue L,z = y and we shorten z A y
as ¢ — y. A transition sequence u € A* is said fireable from z € X if
there exists y € X such that z = y.

3.2 Vector Addition Sytems

Definition 2. A Vector Addition System (shortly: VAS) is a pair (A, )
where A is o finite set of transition labels and § o function from A to Z2.
The integer d is called the dimension of the VAS.

A Vector Addition System V = (A, §) induces a transition system 7'S(V) =
(N%, A, =) where — is defined by:

rS5y <= y=x+6a)
Reachability is known to be decidable for VAS:

Theorem 1. ([9], [5], [8]) If X and Y are Presburger sets andV a VAS,
one can decide whether {(x,y) € X x Y | Sy y} is empty.

Definition 3. A Vector Addition System with one zero-test (shortly:
VASy ) is a tuple (A.,d,a.) where (A.,0) is a VAS and a, € A, is the
special zero-test transition.



A VASo V. = (A.,§,a.) induces a transition system T'S(V.) = (N% A, —
) where — is defined by:

Sy <= y=z+6(a) a#a;
y=x+6(az)
z(1)=0

The function § is extended to Parikh images and words: for v € N4,

o(w) = Y d(v(a)) and for u € A}, 6(u) = d(|u|). This means that
a€A,

xSy = y=a+0).

xa—z>y<:>{

The following statement shows a VAS, is partially monotonic (the proof
is by an easy induction):

Proposition 1. Let V, be a VASy of dimension d. Let x,y € N¢ with
x <y and (1) = y(1). If a transition sequence u € A} is fireable from
x, then u s fireable from y.

4 Structure of the proof

Let us try to summarize the proof structure of [8], that we will mimic.
The main idea is that if a relation has some properties, one can find a
witness of non-reachability. These required properties are given by the
notion of Petri set, which itself relies on the notions of polytope sets and
Lambert sets, that generalizes linear and semilinear sets. After having
given in section 4.1 the definitions of polytope, Lambert and Petri sets,
we will recall in section 4.2 some tools from [8], and especially the result
that if a relation is Petri, one can find a witness of non-reachability which
is a Presburger forward invariant.

Now, to prove that our reachability relation is Petri, we have to show
that to each transition sequence (a run) can be associated a production
relation, such that (1) the runs ordered by inclusion of their production
relations is well-ordered and (2) these production relations are polytope.
With a few additionnal assumptions, this means that the reachability
relation can be written as a finite sum and union of production relations
(the relations associated to the minimal elements of the previously de-
fined well-order) and can be shown to be Petri. We will introduce our
version of these production relations in section 5 and prove the well-
ordering in section 6. Then, section 7 will show that these production
relations are polytopes and we will conclude in section 8.

Given the similarity between VAS and VAS,, we will reuse a lot of Leroux
results. The later sections will focus on the changes between the two
proofs, with non-critical proofs being moved to A. Parts that are left
mostly unchanged from Leroux paper are moved to the appendix B.

4.1 Polytope, Lambert and Petri sets

A set P C Q%is periodic if P+P C P. Aset X C N%is a finitely generated
periodic set if there exists {z1,...,2n} C X, X = Nz1+Nzo+---+Nz,.



A semilinear set (also called Presburger set) is a finite union of sets b;+X;
where b; € N and X; C N? is a finitely generated periodic set.

A set C C Q% is conic if it is periodic and Q>oC = C. A conic set is
finitely generated if there exists a finite set {c1,...,cn} C Q such that
C = oncl + ...+ oncn.

Definition 4. ([/8], Definitions 4.1 and 4.6)

A periodic set P C N* is polytope if Q0P is definable in FO(Q, +, <
,0,1) (the first order logic on the specified symbols). A set L C N¢ is
Lambert if it is a finite union of sets b; + P; where b; € N? and P; - N¢
is a polytope periodic set.

The stability of Lambert sets will be of importance in the sequel. We
have the following properties: (proofs of these statements are reasonably
direct, and available in the appendix A):

Proposition 2. Given L C N L' C N% Lambert sets and k € N:
For dy = d2, LU L’ is Lambert.

L x L' is Lambert.

Fordj <di, {z € N4 | 3y € NA—d (z,y) € L} is Lambert.
For dy = d2, L + L' is Lambert.

kx L is Lambert.

N x L is polytope.

If § is a linear function, then 6(L) is Lambert.

NS S fodo

Definition 5. (/8], Definition 4.7)
A set X C N is Petri if for all Presburger sets S, SN X is Lambert.

4.2 Important results from Leroux

We recall in this section a few important results from [8].

For a set X C Q% the adherence of X, written X is defined by:
X={l|Vr>0, Ir € X, maz;(z —1)(3) < T Amaz;(l —z)(i) < T}

We will use the following useful characterization to show that our pro-
duction relation is polytope:

Theorem 2. ([8], Theorem 8.5)
A periodic set P C N? is polytope if and only if the conic set (QsoP)NV
is finitely generated for every vector space V C Q°

The second theorem needed is the one motivating Petri sets. A Petri
relation admits witnesses of non-reachability:

Theorem 3. ([8], Theorem 6.1)

Let R be a reflezive relation over N¢ such that R* is Petri. Let X, Y C N¢
be two Presburger sets such that R* N (X X Y) is empty. There exists a
partition of N into o Presburger R-forward invariant that contains X
and a Presburger R-backward invariant that contains Y.



And finally, we will also use that the reachability relation of a VAS is
known to be Petri:

Theorem 4. ([8], Theorem 9.1)
The reachability relation of a Vector Addition System is a Petri relation.

Since we can add counters that contain how many times each transition
has been fired, we can extend this result to include the Parikh image of
transition sequences:

Corollary 1. Let V = (A,6) be a VAS. Then, {(z,v,y) € N*x N4 x N |
Ju, xSy yAlu| = v} is a Petri set.

5 Production relations

For all the remaining sections, we will fix a VASy V. = (4.,6,a.) of
dimension d. We consider the set A = A;\{a.} and V = (A dja) the

restriction of V. to its non- az transitions. We have = (or —>) the tran-

sition relation of V., and —> the transition relation of V.

A run p of V. is a sequence mo.ai.mi.az . .. a,.m, alternating markings
m; € N% and actions a; € A such that for all 1 <i<n, mi—1 Ly m;.
myo is called the source of u, written src(u) and my, is called the target
of p, written tgt(p). A Tun p of V, is also a run of V if a, doesn’t appear
in p.

We recall the definitions of the production relations for a VAS of [§],
adapted to our case by restricting the relation to runs that don’t use the
zero-test.

— For a marking m € N?, v .7 € N? x N is defined by:

T —y <= A, m+z S m+ty
V,m

— For a run p = mg.a1.m1...an.my of V, , " is defined by:

—
p = Vmg O Vmpy O-:-+ Vm,
We also define the production relation ~ v, m =~ C N? x N of a marking
m € N{ inside V, by:

Juec AL, m+z S m+y

z(1) =y(1) =0

To extend the definition of a production relation to a run p of V., we
consider the decomposition of p = po.a;.p1 ...a..pp such that forall 1 <
i < p, p; is arun of V. In that case, we define the production relation of
u by:

—
k= po O Vitgt(po) © p1 O-::0 Vitgtlpp—1) © pp

J:—>y<:>{

Va,m

Proposition 3. Form € N?, m/ € N¢ and pu a run of V. (a runV being
a special case), the relations v.m ', v.m’ and " are periodic.



Proof: The result is easy for v,m “and v.,m’ ". The periodicity of .
comes from the fact the composition of periodic relations is periodic.
(]

Oune can prove by a simple induction on p (available in the appendix A)
the following statement:

Proposition 4. For a run p of V., we have:

(sre(u), tgt(n)) + n 5

6 Well-orderings of production relations

For two runs u, 1/, let us define < by:

p 2 = (sre(p),tgt(W)) + w7 C (sre(p), tgt(p) + w
Our aim is to show that < is a well-order. To do that, we define the order
< on runs of V. in the following way:
— For p = mg.a1.mi ...ap.my and p’ = my.af.mi ... a;.m; runs of V
(ai,a; € A), we get the same definitions as in [8]:
mo < mg
mo.a1.m1 . ..ap.my I mg.aymi ... a;.m; = ¢ mp <my
mb
H1§i§p(ai7 m;) <" ngiéq(a;7 m;)
with (a,m) < (a/,m') <= a=ad Am<m’
— For p = po.az.p1...a:.pp and p' = pp.az.p} ...az.p}, runs of V. (with
pi, p; Tuns of V), we have:

po < po
/ / / /
£0.0z.Pp1...0z.pp I Po.az.p1...0z.pq <> § Pp < Pq ,
2 /
H1§i§p pi I H1§i§q Pi

Two applications of Higman’s lemma gives us the following result:
Proposition 5. The order < is well.
Now, we only need to prove the following:
Proposition 6. For pu,u’ runs of V., we have:
pp = p=y

Proof Sketch: The full proof is available in the appendix A. [8] already
contains the result for runs without the zero-test.

The idea is that our run can be decomposed in the following way, where
i,; refers to "suppressed" sequences, and p; are greater than p; for <.

IT di=pc | TI woi el | II era)es---| 11 @o1i]eb

1<k<gq 1<j<no 1<j<m 1<j<np_1



Now, the outline of the proof is to base ourselves on Leroux result for
runs without zero-tests, and to show that the productions of suppressed
sequences are included in v, gt(p;) = where p; is the part of the run
before the suppressed sequence.

O

We can now combine propositions 5 and 6 to get:

Theorem 5. < is a well-order on runs of V.

7 Polytopie of the production relation

Note that the relation . * is a finite composition of relations v,m * (for
m € NY) and “v..m ' (for m € N&). To show that ~. ' is polytope, we

first recall two results from [8] regarding production relations:

Lemma 1. ([8], Lemma 8.2)
If R and R are two polytope periodic relations, then Ro R’ is a polytope
pertodic relation.

Theorem 6. (/8], Theorem 8.1)
Form e N%, "y is polytope.

These two results mean we only need to prove that v,.m " is a polytope
periodic relation for m € Ng.

Proposition 7. Form € N&, v, .~ is polytope.
Proof: Theorem 2 shows that v..m " is polytope if and only if the

following comnic space is finitely generated for every vector space V' C

Q? x Q%

(QZO V.,m )mV:on( V.,m ﬂV)

Let us define Vo = (N& x Ng) N V. We will re-use the idea of Leroux’
intraproductions, but by restricting them to N&. Let Qv = {y € N¢ |
I(x,2) € (mym) + Vo, 2 = y = 2z} and Inv C {1,...,d} by i €
I.v. < {q(i) | ¢ € Qm,v} is infinite. Please note that 1 & I, v,
as for all ¢ € Qum,v, q(1) = 0. An intraproduction for (m, Vp) is a triple
(r,z,s) such that € N§ and (r,s) € Vo with:

r——x — S

Vz,m Vz,m

An intraproduction is total if z(¢) > 0 for every i € I, v. The following
lemma can be proved exactly as Lemma 8.3 of [8] (a precise proof is
available in the appendix B):

Lemma 2. There exists a total intraproduction for (m,Vs).



Now we define Noo = NU{c0}, ordered by z < oo for every x € N. Given
a finite set 7 C {1,...,d} and a marking m € N¢ we denote by m’ the
vector of N&, defined by m’(i) = oo if i € I and m” (i) = m(i) otherwise.
We also define the order <, by x < y if for all ¢, y(i) = oo or (i) = y(i)
(equivalently there exists I C {1,...,d}, ' = y). For a relation —, and
(z,y) € N&. We define  — «’ if there exists (m,m’) € N%, m <., = and
m’ <o =’ with m — m’.

Let Q = {¢"™V | ¢ € Qm,v} and G the complete directed graph with
nodes @ whose edges from q to ¢’ are labeled by (q,q"). For w € (Q xQ)*,
we define T'Prod(w) C N*= by:

TProd(e) = {04}
TProd((q,q")) = {|u\ | 3(z,2") ENEXNE, 2<00 ¢, ¢/ <o ¢, u€a, A"UA", z 5 Jc'}
T Prod(uv) = TProd(u) + T Prod(v)
We define the periodic relation R, v on Vp by r Ry, v s if:
1. r(i) = s(i) = 0 for every i & Im,v

2. there exists a cycle labelled by w in G on the state m
T Prod(w) such that r +6(v) = s

Im,v and v €

Lemma 3. The periodic relation R, v is polytope.

Proof: First, let’s show that T Prod((q,q’)) is Lambert for every (q,q’) €
QxQ.Wedefine X; = {(z/,y) e NEXNZ | 3z <00 ¢, = 5 2’ Ay <o ¢}
and Xo = {(z,y) € N¢ x N¢ | £ <oo ¢ Ay <o ¢'} which are Presburger
sets. Because, Y = {(2/,v,y) € N x N4 x N¥ | Ju € A", ' L yAlu| =
v} is a Petri set (corollary 1), Y1 = Y N (X3 x N* x N%) and Y» =
Yn (Xg X NA >< Nd) are Lambert sets, and by projection (proposition 2),
T Prod(( (|az|+{u\3my)€Nd><N (z,u,y) € V1}) U{u |
I(z,y) € N , (x,u,y) € Y2} is Lambert.

Let P C N9X? be the Parikh image of the language L made of words
labelling cycles in G on the state m’™V. L is a language recognized by
a finite automata, hence P is a Presburger set.

Now, let’s show that R;, \ = {T'Prod(w) | w € L} is a Lambert set. We
have:

acQ xXQ

P is Presburgen hence there exists (di)lgigm (eiyj)lginggjgni With
di,ei; € N9*? and P = J, d; + X;Ne; ;. This gives:

v = { > w(a)xTProd(a) | v € P}

myv= U U > > (di+v(j)*ei)(a)x TProd(a)

1<i<pveNP 1<j<n; a€QXQ

U > di(a)*TProd(a)+ U S U > (kxei )(a)*TProd(a)

1<i<pa€QxQ 1<i<p1<j<n; k€N a€QxQ
= U Y di(a)*TProd(a)+ U >, Nx > eij(a) * TProd(a)
1<i<paeQXxQ 1<i<p1<j<n; aeQxQ

For all a € Q x @, we have seen that T Prod(a) is Lambert. So because
Lambert sets are stable by addition, union and Nx, (proposition 2), R;,, v
is Lambert.



We define Vi, , = {z € N | Vi & I, v, z(i) = 0} and R, v = {(r,r +
5(@)) | 7€ Vipy Aw € Rk = {(r,r) | 7€ Vi, } {0} X 8(Rluy):
By proposition 2, we have R, built from R;, y by the image through
a linear function and the sum with a Presburger set, which means R;,,
is Lambert. But, R,y is periodic, which means R,y = N« Ry, v is
polytope. Finally, as proposition 2, gives us that polytope sets are stable
by intersection with vector spaces, Rm,v = Rj,, v NV is polytope.

O

We will now show that our graph G is an acurate representation of the
reachability relation:

Lemma 4. Let w be the label of a path in G from mim‘v to mém’v and

v € TProd(w). Then, there exists u € AL with |u] = v and (z,y) €
N¢ x N¢, 2 <o mf’”‘v and y <o m;’”'v such that = y.

Proof: We show this by induction on the length of w. Let w = wo(q, q")

m,V

where wo is a path from mi’"’v to mé and (q,q’) is an edge from

miy™" to my™" and v € TProd(wo(q,q')). This means there exists
v1 € TProd(wo), v2 € TProd(q,q’) such that v = v1 + ve. By induction
hypothesis, there exists u; € N¢ x N&, 2} <o m{m’v and 75 <eo m;m'v
such that = ~% yo and |ui| = v1.

By definition of TProd((q,q")), as va € TProd((q,q’)), there exists 2} <
my™Y 1 <oo my™" and up € a A*UA* such that ) -2 y} and |ua| =
ve. Let 2 = maz(yp, 7). We have 2(1) = yo(1) = 21(1) = ms(1) = 0,
which gives us:

2o+ (2 = yo) = z = y1 + (2 — @)

I I I
As 2lmV = ypimV = g Y = my™Y | we have (2 — y§) <oo 0'mV and

(z—2}) <oo 0'™V which allows us to define z = z)+ (2 —y}) <oo mf’""v
and y =y + (2 — 77) <o mgm’v. u = ujus completes the result.
O

We now show a lemma for the other direction:

Lemma 5. Let (m1,m2) € Qmv X Qm.,v with u € A} such that m; -
ma. There exists w € (Q X Q)* label of a path from mi’"”v to mém’v

such that |u| € TProd(w).

Proof: Let u = uiazusz...azu, with u; € A*. We define (z;)1<i<n,
x; € Ng by:

AzUn

U azuz azug
m— X, ——> Ly ——> X3 " ——> Tp = M2

We have for all i, 2; € Ng, which leads that |u:| € TProd((mim’V , mim’v))
and for all 4 € {1,...,n — 1}, |asun| € TProd((mfm’V,rfrl’v)). Hence,
we can define w = (m;"™" 27" ) (2™, 2y ). (@Y my™Y) and
we have |u| € T Prod(w).

g

Thanks to lemmas 4 and 5, we can now prove the following lemma exactly
in the same way as Lemma 8.5 of [8] (full proof in the appendix B)

10



Lemma 6. Q>oRm,v = Q>0( v..m "N Vo)

By lemma 3, Ry, v is polytope, hence Q>R v is finitely generated.
Finally, we have proven proposition 7.
O

Finally, as . " is a finite composition of elements of the form v,m
LA .
and v,.m ", we have proven the following result:

Theorem 7. If uis a run of V., then .~ s polytope.

8 Decidability of Reachability

We have now all the results necessary to show the following:
Theorem 8. > is a Petri relation.

Proof Sketch: Similarly as in Theorem 9.1 of [8], one can show thanks to
proposition 4 and theorem 5 that for any (m,n) € N x N? and P C N*
finitely generated periodic set, there exists a finite set B of runs of V.
such that:

2 0((myn) + P) = | (sre(n), tgt(w) + (a0 P)

neEB

Then, proposition 5 allows to conclude that — is Petri. The full proof is

available in the appendix B.
d

SATUAT T AL
Because (%) =—=+, we can now apply theorem 3 and get:

e
Proposition 8. If X and Y are two Presburger sets such that —=
N(X xXY) =0, then there exists a Presburger %-forward invariant
X" with X' NY = 0.

Now that we have shown the existence of such an invariant, we only need
to show that we are able to test whether a given set is an invariant:

Proposition 9. Whether a Presburger set X is a u>-f07‘ward n-

variant 18 decidable.

Proof: X is a forward invariant for 2z ATOAT Gp and only if 2% (X) C

X and 25 (X) C X. Because %+ (X) is a Presburger set, the first
condition is decidable as the inclusion of Presburger sets, and the second

reduces to deciding whether 2n (X x NY\X) is empty, which is a
reachability problem in a VAS (Theorem 1).
g

This allows us to conclude:

Theorem 9. Reachability in VASy is decidable.

11



Proof: By the propositions 8 and 9, reachability is co-semidecidable
by enumerating Presburger forward invariants, and semidecidability is
clear.

O
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A Additionnal proofs

Proof of proposition 2

Given L C N% L' C N2 Lambert sets and k € N, we have:

For dy = dz, LU L’ is Lambert.

L x L' is Lambert.

Fordy <di, {z € N4 |3y e N4 (z,9) € L} is Lambert.
For dy = d2, L+ L' is Lambert.

k x L is Lambert.

N x L is polytope (more generally Lambert).

If § is a linear function, then 6(L) is Lambert.

NS G fo o~

Proof: Wehave L= |J b;+ P and L' = |J b} + P} with b; € N%,

1<i<p 1<i<q
b € N*2 and P, C N¢, P/ C N¢ polytope periodic sets.
(1) is by definition of a Lambert set.

For (2), we have:

LxL= U U bi+P)x @ +P)

1<i<p1<j<q

= U U ;,b)+P xP

1<i<p1<j<q

Because P; and P; are polytope periodic, P; x P} is polytope periodic,
which makes L x L’ Lambert.

To show (3), we first show the property for polytope sets. Let’s take P
a polytope periodic set and P’ = {z € Q% | Jy € QM=% (2,y) € P}
Then if z € P’ and 2’ € P’, we have v,y € Q"% such that (z,y) € P
and (z',y') € P, which gives (x + 2,y +3') € P and z + 2’ € P'.
Moreover, we have:

Qz0P' = {z € Q% |3y € Q"™ 3k € Qxo, (ka,y) € P}
={zeQh |IyeQm 4, (z,y) € Qs0P}

which means that from a definition of Q>oP in FO(Q,+,<,0,1), we

easily get the definition of Q>oP’. And if b; = (¢;, ¢;) with ¢; € Q"l/l7 we
have:

{reQ Iy eQ"™, (,y) € L} =Jeit{z € Q¥ |3y € Q" ™4, (z,y) € P}

which gives us the result.

To show (4), we note that L+ L' = | U (bi + b)) + (P + P)).

1<i<p1<j<q
Because the sum of periodic sets is periodic, L+ L' is periodic. Moreover,
we get easily get the definition of Qxo(P + P') = Q0P + Q>¢P’ from
the definition of Q>0 P and Q>0 P’ in FO(Q,+,<,0,1). Hence, L+ L' is
Lambert.

(5) is a direct consequence of (4).
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To show (6), we notice that N L is periodic, and we have Q>o(Nx L) =
Zonbi + ZQZ()Pi' As onpi is definable in FO(Q,+, S,O, 1)7 S0 is

Q>0(N* L). This makes N+ L polytope.
Let’s finally show (7). We have 6(L) = |J 6&(b;)+d(F;). As ¢ is linear,

1<i<p
we have 0(P;) periodic and Q>00(P;) = 0(Q>0P;), which makes Q>0d0(P;)
easily definable from the definition of Q>oP; in FO(Q, +, <,0,1).
|

Proof of proposition 4
For a run p of V., we have:

(sre(p), tgt(p)) + n C5

Proof: 'We show this result by induction on p. We have to consider three
cases:
1. p = m is immediate by definition of .~ = v " given srce(u) =

tgt(p) = m.
2. p=m.a.u with a # a,. Let (z,2) € . .Then,as n = vm o
., there exists y € N such that © — y — 2. By definition of
v,m o

v.m ', there exists u; € A* such that m+z — m+y. Similarly, by
induction hypothesis, there exists us € A%, such that sre(p')+y —2
tgt(y') + z. As pis a run, we have m = src(y'), which gives us:

m+z S m+ySsre(p)+y -2 tgt(p) + 2

And by noticing that m = src(u) and tgt(p') = tgt(u), we have
(sre(p), tgt(n)) + (z,2) =

3. p=mazp'. Let (x,z) € » . Then,as . = vm © v.m o©
./, there exists y,y’ € N&, such that z Sl Bt Yy — z. By
,m z,m o

definition of v,m " and v..m ', there exists u; € A*,uz € A% such
that m4+2z B m+y - m+y. Again, by induction hypothesis,
there exists us € A% such that sre(u') + 3y —% tgt(u') + z. As p
is a run, we have m 2% src(y’) and because y' € NI, we have
m+y 22 sre(p') + 1/, and combining all these statements, we get:

m+xu—1>m+yu—2>m—|—y'a—z>src(u/)+y/u—3>tgt(u')+z

Finally, we have m = src(u) and tgt(u') = tgt(n), which gives
(sre(p), tgt(n)) + (z,2) S
O
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Proof of proposition 6
For p, 1/ runs of V., we have:

pdyp = p=y

Proof: We first recall the following result (a proof is available in the
appendix B):

Lemma 7. ([/8], Lemma 7.6) For p,p’ runs of V, we have:
pdp = p=yp

Let’s take (r,s) € o ".Aspu < ;/, we have i = po.az.p1.a-...a..pp and
i = ph.az.pi.az ... az.py with po 9 po, pp < pl and [Tps <°° ] pi.
Let (p})o<i<p and (¢i,j)o<i<p—1,1<j<n; be sequences of runs of V such
that for all i € {0,...,p}, p; < p} and:

pr=ro | I wos|Pl| II evs|rz--| 11 we-14]eb

1<k<q 1<j<ng 1<jsma 1<jsnp_a

For 1 < i < p, we define ¢, = ¢;1.a:9i 2.0~ . .. a.in, (with the possi-
bility that ¢; = ¢ if n; = 0).
By definition of ./ ", there exists for 0 < ¢ < p, 7 € N and for
0<i<p-—1,rs; s, € N with ro = r, and:

— Forie{0,...,p— 1}, if n; #0 (i #£&):

/ /
TP — T ——————> §; —> § ——————> Tit1
oy Vz,tgt(p]) ®i Vz i tgt(eq)

— Forie{0,...,p—1},if n; =0 (p; = &):

!
TZ 17 TZ " T,L+1
Py Vz,tgt(p;)
— Fori=p:
rp —> 8

"
Pp

Note that because of the definition of v..m ", we have for all ¢ €

{0, p=1}, ri(1) = s(1) = §'(1) = tgt(:) (1) = tgt(p:)(1) = tgt(pi)(1) =
0. Let’s show that for alli € {0,...,p—1}, ri+src(p])—src(pi) —

pi Vz.tgt(p;)
! /!
i 4 sre(pita) — sre(piva)
We have two cases to consider:
- N; = 0

We have r; — r;, so by lemma 7, as p; < p;, we get r; + src(p]) —
Pi

sre(pi) — i+ tgt(pi) — tgt(p:).
Pi
We have 7, ———— s;, which gives tgt(p}) + 7 = tgt(p!) + si.
Vz,tgt(pf)
As tgt(pi)(1) = 0 and tgt(p:) < tgt(pi), we get ri + tgt(pi) —
tgt(pi) S si +tgt(pi) — tgt(pi).

Vz,tgt(p,

15



Finally as we have tgt(p}) 2= src(p),) (because /' is a run) and
tgt(p) 22 src(piv1) (because p is a run), we get tgt(p)) — tgt(p) =
sre(piy1) — src(pit1), which gives by combination of the previous
results:

ri+sre(pi) —sre(p)  — i +tgt(pi) —tgt(pi)
Pj
i tgt(py) — tgt(p:
STy T+ tgt(pd) — tgt(pi)
= Tit1 + STC(P;/H) — src(piy1)
This gives r; + src(pf) — sre(p:) T Tig + sre(piil) —
Pi Vzitgt(p;
sre(pit1).
Uz 75 0

We have r; — r{, so by lemma 7, as p; < pf/, we get r; + src(p;) —
o

sre(pi) — rip1 + tgt(pi) — tgt(pi).
Pi
We have i ———— s;, which gives tgt(p}) + i = tgt(p!) + si.
Vz.tgt(pl)
As tgt(pi)(1) = 0 and tgt(p:) < tgt(py), we get ri + tgt(p]) —
tgt(pi) ———— si +tgt(pi’) — tgt(p:).
Vz,tgt(p;)
We have s; — r;, ————— 7,41, which by proposition 4, gives
Pq Vz,tgt(e;)
si + sre(es) 5ol + tgt(ei) 5 rip1 + tgt(w;). Moreover, because
@ is a run, we have tgt(p}') <= src(p;) and tgt(p:) <= sre(piiq).
Because s;(1) € N, tgt(pi) 22 src(yp;) implies s; + tgt(p]) 2
s; + src(p:). This gives s; +tgt(p!) = rit1 + tgt(p:). Now, we note
that tgt(w:) 2 src(pfy,) (because p' is a run) and tgt(p;) —Z
src(piv1) (because p is a run). This leads to tgt(p:) — tgt(p:) =
sre(piyr) — sre(pi+1) and in particular tgt(p;) < tgt(pi) (because
pir1 < pli1). Hence, s; + tgt(p) 22 rip1 + tgt(p;) implies s; +
tgt(pi) — tgt(ps) ———— rip1 + tgt(pi) — tgt(pi), and because

Vz,tgt(p;)
tgt(pi) — tgt(pi) = src(pitr) — sre(piv1), we get s; + tgt(pi) —

tgt(pi) 5 rit1 + src(piyr) — sre(pivi).
z,tgt(pg
We can now combine the previous results to get:

ri + sre(pl) —sre(pi)  — i+ tgt(pl) — tgt(ps)
N

> st tgt(pi') — tgt(p:)

Ve tgt(pg) Tig1 + src(pi1) — sre(piva)

Vz,tgt(p;

This gives ; + src(py) — sre(ps) ————— rig1 + sre(piyr) —
Pi Vz,tgt(p;)

sre(piv).

We have shown that for alli € {0,...,p—1}, ri+src(p;)—src(p;) —

Pi Vzitgt(p;)

Tit1+sre(pii) —sre(piv1). Moreover, by lemma 7, p, < p, and 7, — s
P

p
implies 7, + src(py) — src(pp) —s + tgt(py) — tgt(pp). By combining
P

these results, we get:
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r4sre(pg)—sre(po) — — e — s+tgt(py)—tgt(pp)

po Vz,tgt(pg) p1 Vz,tgt(p1) Pp—1 Vz,tgt(pp_1) pPp

And because —=— ,
® Po Vz.tgt(pg) pP1 Vaz,tgt(p1) Pp—1 Vz.tgt(pp—1) pp

sre(n) = sre(po), sre(u') = sre(ph), tgt(u') = tgt(p}) and tgt(p)
tgt(py), we get:

7 sre(p') — sre(up) — s+ tgt(p') — tgt(p)
p

We have shown that for any (r,s) € ./ ", (sre(u'),tgt(u)) + (r,s) C
(sre(u), tgt(p)) + .. This implies p < p'.

B Extensions of proofs by Leroux

All proofs of this section have been taken from [8] with some minor
adaptations to work within our setup.

Proof of lemma 7
For p,p’ runs of V, we have:

pdp = p=yp

Proof: Let p = mo.a1.m1...ak.mi. We first show that there exists a
sequence (vj)o<;j<kt1 of vectors in N and a sequence of runs (p})o<;j<k
such that p’ = pp.a1.p1 ... ak.p;, with src(p;) = m; + v; and tgt(p;) =
mj + Vj41.

As we have p < p’, we deduce that there exists (p})o<;<r such that p’ =
£0-01.p1 - . . ak.p), and for all j € {0,...,k}, m; < src(p}). We define vo =
sre(p”) — sre(p), v = tgt(p') — tgt(p) and v; = sre(p;) — my. Observe
that v; € N¢ for every j € {0,...,k + 1}. Because for j € {1,...,k},
mj—1 SN my; and tgt(p}_1) SN sre(py), we have tgt(pj—1) = mj_1 + vj.
Our decomposition fulfills the required conditions.

Now, by lemma 4, we have (src(p}), tgt(p;))+ o} c4, Hence, (vj,vj4+1)+
ot C vom; . We deduce that (vo,vk+1) + »° C ,» by composi-

e
tion. Since (src(p’), tgt(p')) = (sre(p), tgt(p))+(vo, vi+1), we get p =< p'.
O

Proof of lemma 2
There ezists a total intraproduction for (m, Vo).

Proof: Since finite sums of intraproductions are intraproductions, it is
sufficient to prove that for every 7 € I, v, there exists an intraproduction
(r,z,s) for (m, Vy) such that z(z) > 0. We fix i € I, v.
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Let us first prove that there ¢ < ¢ € Q. v such that q(i) < ¢’ (7). Since
i € Iy, there exists a sequence (gn)nen of markings ¢, € Qm,v such
that (s (i))nen is strictly increasing. Since (N%, <) is well ordered, we
can find ¢ < ¢’ in Q.m,,v such that q(i) < ¢'(3).
As g € Qm,v then there exists (r, s) € Vo, such that m+r 5SS m+s.
Symmetrically, there exists (r',s’) € Vo such that m+7" = ¢ = m+5'.
Let us introduce § = ¢’ — q¢. We deduce:

— (m+7)+r 5S¢ +rfromm+r S 4.
g+ +7) > (m4s)+ (6 +7) from ¢ 5 m + s.
m+r)+0+s) g+ (5+s) fromm+r S q.

—¢d+sS (m+s)+sfromqg Sm+s.
Since ¢ +r=qg+8+rand ¢g+6+s=¢q +s and r,7',§ € N&, we have
shown, for . = s +r +§:

r+r —sx —— s+

Vz,m Vz,m
As (r+71',s+ ') € Vo, we have shown that (r + r',z,s + §') is an

intraproduction for (m, Vo), with z(¢) > 0.
g

Proof of lemma 6
We have:

Qz0Rm,y = Qzo( vom NV

Proof: Let us first prove the inclusion D. Let (r,s) € Vo be such that
r — s. In this case, there exists a word w € A% such that m +r —

Vaem

m + s. Observe that m + n xr and m + n * s are in Qm,v for every
n € N. Hence, r(z) > 0 or s(i) > 0 implies 7 € I,,,,v and we deduce that
(m+r)imV = (m4s)'mv = mImv Bylemma 5, because m+r = m+s,
there exists w label of a cycle on m’V and such that |u| € T Prod(w).
As 7+ 6(Jul) = s, we have proved that (r,s) € Ry, v.

Now, let us prove the inclusion C. Let (r, s) € Rm,v. In this case, (r, s) €
Vo satisfies (i) = s(i) = O for every i € I,,v and there exists a word
w=ai...ar with a; € Q x Q, v € TProd(w) such that r + 6(v) = s.
By lemma 4, there exists u € A} with |u| = v, ’ <o 07V, and ¢ <o
07V such that m 4+ ' < m + s'. We consider a total intraproduction
(", x,s") for (m, Vp). Because 1’ <o, 0'm:V there exists p € N such that
r’ < p*x. Because /(1) = x(1) = 0, from m + 1 % m + s, we get
m+pxr = m4p*x+6(u). And as we also have (1) = 0, we get:

m+p*x+rw—/>m+p*x+7'+5(w/):m+p*w+s

This means (r,s) € ﬁ where m’ = m + p * . Since a production
relation is periodic, we get for all n € N, (n#r,n+5s) € v,om' . As
(pxr", pxx,p*s”) is an intraproduction for (m, Vo), we have m+pxr’ =
m' 5 m + 5. We deduce the relation (m +p*r")+nxr > m/ +nxr
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from (m+p#*r") = m’ and the relation m' +nxs = (m+p*s”)+nx*s
from m’ = (m 4 px*s”). We deduce that the following relation holds for
every n € N:

m+p>«<r”+n*ri>m+p*s"+n*s

And as we have (r”’,s"”) € Vb and (r,s) € Vi, we have p x (r',s") +
N« (r,5) € vom N Vo Thus (r,s) € Q>0( v.,m ' NVy). From the
inclusion Rp,v € Qso(” va,m ~ N Vo) we get the inclusion QsoRm,v =
Qzo0( v "N Vo).

|

Proof of theorem 8
%y is a Petri relation.

Proof: We are interested in proving that = is a Petri relation. This
problem is equivalent to prove that = N((m, n)+P) is a Lambert relation
for every (m,n) € N? x N¢ and for every finitely generated periodic
relation P C N9 x N, We introduce the order <p over P defined by p <p
p if p’ € p+P. Because P is finitely generated, there exists a1, ...,a, € P
such that P = Na; + Nas + ... Nay. Hence, if we define the surjective
function f from N? to P defined by f(x) = X;z(i)ai, we have v < 2’ =
f(z) <p f(2'), and because < is a well-order on N <p is a well-order
on P. We introduce the set 2., p,», of runs p such that (sre(u), tgt(p)) €
(m,n) + P. Thanks to theorem 5, this set is well-ordered by the relation
=p defined by pu < 1" and (sre(p), tgt(p))—(m,n) <p (srce(u’), tgt(p')) —
(m,n). We deduce that B = min<, ({2,m,p») is finite.

We now show the following equality:

5 0((myn) + P) = | (sre(n), tgt(w) + (a0 P)

Let us first prove D. Let 1 € 24, . Proposition 4 shows that (src(p), tgt(pn))+

.7 €. Since (sre(p), tgt(p)) € (m,n)+ P and P is periodic we deduce

the inclusion C.

Now, let us prove C. Let (z2’,%) in the intersection = N((m,n) + P).
There exists a run u' € 2, p,n such that 2’ = src(y’) and y' = tgt(u').
There exists u € min<, (2m,pn) such that u <p p'. We deduce that
(', y) € (sre(p), tgt(n)) + (5 N P) and we have proved the inclusion
C.

Theorem 7 shows that T> is a polytope periodic relation. As P is a
finitely generated relation, it is a polytope periodic relation. Polytope
periodic relations are stable by finite intersections ([8], Lemma 4.5) and
we deduce that £ NP is a polytope periodic relation. This induces that
% n((m,n) + P) is a Lambert relation for every (m,n) € N% x N and
for every finitely generated periodic relation P C N% x N, Therefore, =
is a Petri relation.

|
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