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Abstract

In this paper we geometrically characterize sets and functions definable in the first
order additive theory of the reals and the integers, a decidable extension of the
Presburger arithmetic combining both integral and real variables. We introduce the
notion of polinear sets, an extension of the linear sets that characterizes these sets
and we prove that a function is definable in this logic if and only if it is piecewise
rational linear.
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1 Introduction

Presburger arithmetic is the decidable first order additive logic FO (Z,<,+)
over the integers [Pre29]. From [GS66], Presburger-definable sets are exactly
finite unions of linear sets. Some results about Presburger arithmetic allow to
use Presburger formulas for representing infinite sets of states in an efficient
way. Any Presburger formula can be encoded into a finite automaton whose
language is the binary encoding of the positive instances of the formula. This
gives the possibility to efficiently manipulate Presburger formulas by means of
(binary) finite automata [WB00, BC96, BHMV94|. Even if a finite automaton
can represent sets that are not definable in Presburger arithmetic (for instance
the powers of 2), it is possible to decide (in polynomial time) whether a finite
automaton represent a Presburger set [Ler05]. But models and programs do
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not only contain integer variables: hybrid systems and particularly timed au-
tomata use clocks whose values are in the reals. It is also well-known that the
first order logics on reals with addition FO (R, <,+) (and in fact with mul-
tiplication FO (R, <, 4+, %)) is decidable; moreover a subset of real vectors is
definable in FO (R, +, <) if and only if it is a finite union of rational polyhedral
convex sets.

Presburger sets: It is then natural to try to understand what are the sets
definable in FO (R, Z, <,+), this means to obtain some algebraic, logics, ge-
ometrical characterizations of these sets. It is well-known that this logic is
decidable; this fact is recalled in [BRW98| and the seminal ideas of Buchi
may be used. It is also interesting to know whether there exists some efficient
way for manipulating these sets. Surprisingly, it seems that very few results
exist: in [BRW98| the logic was proved decidable by using Buchi automata;
in [BJWO01]| the obtained Buchi automata are proved weak (allowing more ef-
ficient algorithmic boolean operations); note that a variant version of weak
Buchi automata was proved more efficient in [EK06]; in [Wei99] the logic was
proved decidable by using a quantification elimination algorithm.

Presburger functions: In the early development of the Presburger theory,
characterizations of the class of functions which are definable in the Pres-
burger arithmetic were given in different terms. Meyer and Ritchie in [MRG7|
proved that Presburger functions are computable by flat (without nested
loops) counter automata using the following primitives: incrementation, re-
set and transfer; note that there is no decrementation neither zero test. In
[Che76], Cherniavsky proved that one may add the zero test at the set of
primitives without leaving the class of Presburger functions. This gives another
characterization of Presburger functions: they are computable by flat counter
automata using the following primitives: incrementation, reset, transfer and
zero test. Gurari in [Gur85] showed that the class of Presburger functions is
exactly the class of functions computable by flat counter automata where the
following primitives are allowed: incrementation, reset, positive decrementa-
tion and zero test. Gurari and Ibarra in [GI79| proved that Presburger relations
and Presburger functions can be recognized by reversal-bounded counters au-
tomata. [IL81]| gave an algebraic view in showing that Presburger functions is
exactly the closure by composition of the six following elementary functions:
projection, successor, addition, positive subtraction, partial multiplication, in-
teger part. Chan and Ibarra in [CI83| showed that Presburger functions are
computable in linear space and quadratic time. Hence, the different character-
izations of the class of Preshurger functions say that this class is recognized by
reversal-bounded counters automata or by flat counter automata, is the clo-
sure by composition of 6 elementary functions and that they are computable
in linear space and quadratic time. Surprisingly, to the best of our knowledge,
Presburger functions have not been geometrically characterized.



Our contribution: We present two results. First, we extend the well-known
characterization of Presburger-definable sets (i.e. FO (Z, <, +)-definable sets)
by semi-linear sets to FO (R, Z, <, +)-definable sets. We show that a set is
FO (R, Z, <, +)-definable if and only if it is a finite union of polinear sets
where a polinear set is the sum L + C of a linear set L and of a non-empty
rational polyhedral convex set C. Second, we characterize functions definable
in FO (R, Z, <,+). If it is well-known that linear functions (with a Presburger
domain) are Presburger-definable, there exist some Presburger functions which
are not linear. So the problem we address here is to obtain a geometrical
characterization of functions definable in FO (R, Z, <, +). We show that these
functions are exactly the piecewise linear functions (with rational matrices)
with a FO (R, Z, <, +)-definable partition as domain. More generally, we show
that FO (R, Z, <, +)-definable functions are exactly piecewise rational linear
functions.

2 Presburger sets

In this section, we introduce the class of so-called polinear sets equal to the
sum of a polyhedral convex set and a linear set. We prove that sets definable
in FO (R, Z, <, +) are exactly the finite unions of polinear sets.

Given a finite set P C Z", we denote by P* = {0/ € Z" | ¥ = Ef:l a;p;, k€
N, a; € N}. A set L C Z™ is said linear if there exist a vector beZ"and a
finite set P C Z" such that L = b+ P*. Since |GS66|, we know that a subset of
7" is definable in the Presburger logic FO (Z, <, +) if and only if it is a finite
union of linear sets. A set H C R" is called a rational half-space if there exists
aeQ,#e{>>}tand € Qsuchthat H ={7 € R" | X, a;.v;#0}. A set
C C R" is said rational polyhedral convex if it is equal to a finite intersection of
rational half-spaces. Recall (the Fourier-Motskin elimination) that a subset of
R™ is definable in the additive logic of the reals FO (R, <, +) if and only if it is
a finite union of rational polyhedral convex sets. In the sequel, the polyhedral
convex sets considered are rational.

Definition 1 A set S C R" is said polinear if S = C + L where C CR" is a
non-empty polyhedral convex set and L C 7™ is a linear set.

Remark 2 Observe that a polinear set S included in 7" is a linear set. Let
C C R be a non-empty polyhedral convezr set and let L C 7™ be a linear set
such that S = C + L. There exists b € Z™ and a finite subset P C 7" such that
L= 5—1— P*. From C + L C Z™ we deduce that C + b C 7" and n particular
C C Z". Note that if C contains two distinct vectors then it contains some
vectors that are not in Z". As C' is non empty and included in 7", we deduce

-,

that C' is reduced to C = {¢} where ¢ € Z". Observe that S = (¢+ b) + P* is



a linear set.

A polinear set S = C + L is said canonical if C' C [0,1[". The projection of a
set S C R" is a set of the form IT,,;(S) C R™! where IT,,; : R* — R""! is the
projection function defined by II,, (%) = (z1, ..., Ti1, Tiz1, .-, Tn)-

Proposition 3 The class of finite union of canonical polinear sets is stable
by the boolean operations (intersection, union and complement), by projection
and inverse projection.

PROOF. Observe that class of finite union of canonical polinear sets is stable
by union. Moreover, since the intersection of two canonical polinear sets C;+ L
and Cy+ Ly is (C1NCy) + (Ly N Ly), we deduce that this class is also stable by
intersection by recalling that the intersection of two linear sets is a finite union
of linear sets. This class is also stable by complements since the complement
of C'+ L is equal to (C'+ (Z™\L))U(([0,1]*\C) + L) and by recalling that the
complement of a linear set is a finite union of linear sets and the complement of
a polyhedral convex set is a finite union of polyhedral convex sets. The stability
by projection is obtained by remarking that II,,;(C' + L) =11, ;(C) + I1,,;(L)
and by remarking that II,, ;(C) is a polyhedral convex set included in [0, 1[*~"
and II,;(L) of a linear set. The stability by inverse projection is obtained
symmetrically by observing that I, ;(C + L) = ([0,1[" N II,;(C)) + (2" N
I} (L)) and by remarking that [0,1[" N II,;(C) is a polyhedral convex set

n,i

included in [0, 1[" and Z" NI, ;(L) is a linear set. O

Theorem 4 A set is definable in FO (R, Z,<,+) iff it is a finite union of
polinear sets.

PROOF. Naturally a finite union of polinear sets is definable in FO (R, Z, <, +).
For the converse, note that the predicates R, Z, < are canonical polinear. The
set of vectors {5 € R3 | s; + so = s3} is equal to S; U Sy where S; and S, are
the following two canonical polinear sets:

S =4{¢e[0,1P | 14+ ¢ =3} + P
Sy ={ce 0,1 | e1+c=c5+1}+(0,0,1) + P*
P:{(17071)7_(17071)7(07171)7_(07171)}

An induction over the the grammar of FO (R, Z, <,+) proves that any set

definable in this logic is a finite union of canonical polinear sets. In particular
such a set is a finite union of polinear sets. O

Corollary 5 A set S C 7" definable in FO (R, Z, <, +) is definable in FO (Z, <, +).



PROOF. As S is definable in FO (R, Z, <,+) it is equal to a finite union of
polinear sets. As a polinear set included in Z" is a linear set we deduce that
S is a finite union of linear sets. Thus S is definable in FO (Z,<,+). O

3 Presburger-functions

In this section, a function f : R — R? is proved definable in FO (R, Z, <, +)
if and only if it is piecewise rational linear.

The graph of a function f : R"™ — R? defined on a domain dom(f) C R" is the
set Gy = {(a@,b) € dom(f) x R? | b= f(a)}. A subset S C R" x R? is said
functional if it is equal to the graph of such a function.

A function f : R™ — R? is said definable in FO (R, Z, <,+) if there exists a
formula ¢ (%, ¢) in this logic that encodes G¢. Observe that we can effectively
decide if a formula ¢ (Z, §) encodes the graph of a function since this problem
reduces to the satisfiability of the following formula:

VIV Vi (V(Z, 1) ANO(T,52)) = th = i)

Definition 6 A function f : R* — R? is said rational linear if dom(f) is
polinear and there exist M € M, ,(Q) and v € Q such that f(a) = M.a+v for
any @ € dom(f). A function f is said piecewise rational linear if there exists
a sequence Dy, ..., Dy such that dom(f) = Uj?:l D; such that the restriction
of f to each Dj is a rational linear function.

Lemma 7 A function f : Q" — Q7 such that dom(f) + dom(f) C dom(f)
satisfies Gy + Gy C Gy if and only if there exists M € M, ,(Q) such that
f(a) = Ma for any @ € dom(f).

PROOF. Naturally if there exists M € M, ,(Q) such that f(a) = Ma for
any d € dom(f) then Gy + Gy C Gy. Conversely, assume that Gy + Gy C Gy
and let us prove that there exists M € M,, ,(Q) such that f(a@) = Mda for any
a € dom(f). Let V be the Q-vector space generated by G;. Recall that V is
the set of finite sums Y-, \i(a@;, f(@;)) where k > 0, (@;)1<i<x is a sequence
of vectors in dom(f) and \; € Q. Classical linear algebra results show that it
is sufficient to prove that V' is functional to get the existence of M. Consider
(@,b1) and (@,by) in V. There exists k > 0, a sequence ((d;, f(@;)))1<i<k of
vectors in Gy, and two sequences (\;1)1<i<x and (A;2)1<i<k in Q such that
(@,b;) = S8, \i (@, f(d@;)) where j € {1,2}. Hence (0,by — by) = S5, (Mg —



Ni2)(@;, f(@;)). Let us consider d € N\{0} larger enough such that d.(\;; —
Ai2) € Z for any 1 < i < k. As any integer in Z is equal to the difference of
two integers in N, there exist i1, Hi2 € N such that Hi2 — i1 = d.(/\@l — /\i,2)
for any 1 < i < k. Let (¥,;) = S5, pi;(a@;, (@) where j € {1,2}. From
(0,d.by — d.by) = b (i — pin) (@i, £(@)) we deduce that @) = @. Moreover
as Gy + Gy C Gy an induction proves that % lu”f(cfl) = f(ZX l,uuc_il)
Thus w; = f(v;) for any j € {1 2}. From vl = 2)2 we deduce that w, = .
We have proved that d. b1 d. bg = (. Thus b1 = b2 and we deduce that V is
functional. O

Proposition 8 A function is rational linear if and only if its graph is polinear.

PROOF. Assume first that f : R* — R? is a rational linear function and
let us prove that G is polinear. There exists M € M, ,(Q) and ¢ € Q™ such
that f(@) = Ma + v for any @ € dom(f). Moreover, as dom(f) is polinear
there exists a non-empty polyhedral convex set C' and a finite set P C Z"
such that dom(f) = C + P*. Just observe that Gy = {(¢, f(¢)) | ¢ € C} +
{(p, Mp) | pe P}*. Thus Gy is polinear. Conversely, let us consider a function
[ R" — R?such that G is polinear and let us prove that f is a rational linear
function. Since G is polinear, there exists a non-empty polyhedral convex set
C C R" x R? and a finite subsets P C Z" x 79 such that S = C + P*.
Observe that dom(f) is polinear since this set is equal to Co + Fj where
Co={¢eR|3deRi (Gd)eC}and By={pez2"|3]ec 2 (5] € P}
Moreover, recall [Sch87| that any non-empty rational polyhedral convex set C
contains at least one rational vector. Thus there exists (¢,d) € C'N (Q" x Q7).
Note that d = f(¢). Let S = GrN(Q" x Q) — (¢,d) and observe that S is
functional and S + S C S. Lemma 7 proves that there exists M € M, ,(Q)
such that (@, 5) € S if and only if b = M.d. Let us consider the rational vector
T=d— MZc As SN (Q* x Q) is equal to (C'N(Q" x Q7)) + P*, we deduce
that f(a@) = Ma+v for any a € (CoNQ"™)+ BF}. Recall [Sch87] that any vector
in a non-empty rational polyhedral convex set () is the limit of a sequence of
rational vectors in Cy. Thus f(d@) = Ma + v for any a@ € Cy + P;. We have
proved that f is a rational linear function. O

Theorem 9 A function is definable in FO (R, Z,<,+) if and only if it is
piecewise rational linear.

PROOF. Let f: R* — R? be a function. Naturally, if f is piecewise rational
linear then f is definable in FO (R, Z, <,+). Conversely, assume that f is de-
finable in FO (R, Z, <, +). There exists a finite sequence S, ..., S of polinear
sets such that Gy = U;?:l S;. Observe that S; is functional since it is included
in the functional set Gy. From proposition 8 we deduce that there exists a



polinear set D; C R" such that f|Dj is rational linear and such that S; is the
graph of this function. Observe that dom(f) = 521 D;. Thus f is piecewise
linear. 0O

We deduce the following corollary when considering functions over the integer
vectors.

Corollary 10 A function f : 7" — 7% is definable in FO (Z, <, +) if and only
if there ezists a sequence Dy, ..., Dy C Z" of linear sets such that dom(f) =
U§:1 D;, a sequence My, ..., M, € M, 4(Q) and a sequence v1,...,0; € Q2
such that f(Z) = M;Z + v; for any & € D; and for any 1 < j <k.

PROOF. Let f : Z" — 79 be definable in FO (Z, <,+). Theorem 9 shows
that there exists a sequence of polinear sets Dy, ..., Dy such that dom(f) =

?:1 D;, a sequence M, ..., M, € M, ,(Q) and a sequence v1,...,v; € Q7
such that f(Z) = M;z + v; for any © € D; and for any 1 < j < k. As D, is
a polinear set included in dom(f) C Z", remark 2 proves that D; is a linear
set. We are done since the converse is immediate. O

Finally, we observe that neither M; € M, ,(Q) nor v; € Q? can be replaced by
M; e M, 4(Z) or vj € 79,

Lemma 11 Let f : Z — 7 be the function defined by the Presburger formula
U(x,y) == (xr =2y + 1), let Dy,..., Dy be a sequence of linear sets such that
dom(f) = ;?:1 D; and let My,..., M, € Q and vy,...,v, € Q be sequences
such that f(x) = Mjx+v; for any v € D; and for any 1 < j < k. There ezists
1 <j <k such that M; ¢ Z and v; ¢ Z.

PROOF. As dom(f) is infinite, there exists 1 < j < k such that D; is
infinite. Thus there exists in D; two distinct integers x1, 2. On one hand
f(z1) = =1 and f(z2) = 2. On the other hand f(z;) = M;z; + v; and
f(x2) = Mjzy 4+ vj. As 1 # x2 we deduce that M; = % and v; = — O

[

References

[BCI6| Alexandre Boudet and Hubert Comon. Diophantine equations,
Presburger arithmetic and finite automata. In Proc. 21st Int. Coll.
on Trees in Algebra and Programming (CAAP’96), Linkdping,
Sweden, Apr. 1996, volume 1059 of Lecture Notes in Computer
Science, pages 30—43. Springer, 1996.



[BHMV94| Véronique Bruyére, Georges Hansel, Christian Michaux, and

[BIWO1]

[BRWYS]|

[Che76]

C183]

[EK06]

[GIT9]

[GS66]

[Gur85s|

181

[Ler05)

[MR67]

Roger Villemaire. Logic and p-recognizable sets of integers. Bull.
Belg. Math. Soc., 1(2):191-238, March 1994.

Bernard Boigelot, Sébastien Jodogne, and Pierre Wolper. On the
use of weak automata for deciding linear arithmetic with integer
and real variables. In Proc. 1st Int, Joint Conf. , IJCAR 2001
Siena, Italy, June 18-23, 2001, volume 2083 of Lecture Notes in
Computer Science, pages 588—603. Springer, 2001.

Bernard Boigelot, Stéphane Rassart, and Pierre Wolper. On the
expressiveness of real and integer arithmetic automata (extended
abstract). In Automata, Languages and Programming, 25th In-
ternational Colloguium, ICALP’98, Aalborg, Denmark, July 13-
17, 1998, Proceedings, volume 1443 of Lecture Notes in Computer
Science, pages 152-163. Springer, 1998.

John C. Cherniavsky. Simple programs realize exactly presburger
formula. SIAM Journal on Computing, 5(4):666-677, 1976.

Tat Hung Chan and Oscar H. Ibarra. On the space and time
complexity of functions computable by simple programs. SIAM
Journal on Computing, 12(4):708-716, 1983.

Jochen Eisinger and Felix Klaedtke. Don’t care words with an
application to the automata-based approach for real addition. In
Computer Aided Verification, 18th International Conference, CAV
2006, Seattle, WA, USA, August 17-20, 2006, Proceedings, volume
4144 of Lecture Notes in Computer Science, pages 67-80. Springer,
2006.

Eitan M. Gurari and Oscar H. Ibarra. The complexity of the
equivalence problem for counter machines, semilinear sets, and
simple programs. In New York ACM, editor, Conference Record
of the Eleventh Annual ACM Symposium on Theory of Computing,
pages 142-152, 1979.

Seymour Ginsburg and Edwin H. Spanier. Semigroups, Presburger
formulas and languages. Pacific J. Math., 16(2):285-296, 1966.
Eitan M. Gurari. Decidable problems for powerful programs. Jour-
nal of the Association for Computing Machinery, 32(2):466-483,
1985.

Oscar H. Ibarra and Brian S. Leininger. Characterizations of pres-
burger functions. SIAM Journal on Computing, 10(1):22-39, 1981.
Jérome Leroux. A polynomial time presburger criterion and syn-
thesis for number decision diagrams. In 20th IEEE Symposium
on Logic in Computer Science (LICS 2005), 26-29 June 2005,
Chicago, IL, USA, Proceedings, pages 147-156. IEEE Computer
Society, 2005.

Albert R. Meyer and Dennis M. Ritchie. The complexity of loop
programs. In Proceedings of the 1967 22nd national conference,
pages 465—469. ACM, 1967.



[Pre29]

[Sch87]

[WB00]

[Wei99)]

M. Presburger. Uber die volstandigkeit eines gewissen systems
der arithmetik ganzer zahlen, in welchem die addition als einzige
operation hervortritt. In C. R. Ier congres des Mathematiciens
des pays slaves, Varsovie, pages 92-101, 1929.

Alexander Schrijver. Theory of Linear and Integer Programming.
John Wiley and Sons, New York, 1987.

Pierre Wolper and Bernard Boigelot. On the construction of au-
tomata from linear arithmetic constraints. In Proc. 6th Int. Conf.
Tools and Algorithms for the Construction and Analysis of Sys-
tems (TACAS’2000), Berlin, Germany, Mar.-Apr. 2000, volume
1785 of Lecture Notes in Computer Science, pages 1-19. Springer,
2000.

Volker Weispfenning. Mixed real-integer linear quantifier elimina-
tion. In ISSAC, pages 129-136, 1999.



