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P ⊆ n P ∗ = {!v ∈ n | !v =
∑k

i=1 αi!pi, k ∈
, αi ∈ } L ⊆ n !b ∈ n

P ⊆ n L = !b+P ∗

n FO ( ,≤, +)
H ⊆ n

!α ∈ n # ∈ {≥, >} β ∈ H = {!v ∈ n | ∑n
i=1 αi.vi#β}

C ⊆ n

n FO ( ,≤, +)

S ⊆ n S = C + L C ⊆ n

L ⊆ n

S n

C ⊆ n L ⊆ n

S = C +L !b ∈ n P ⊆ n

L = !b + P ∗ C + L ⊆ n C +!b ⊆ n

C ⊆ n C
n C n

C C = {!c} !c ∈ n S = (!c +!b) + P ∗



S = C + L C ⊆ [0, 1[n

S ⊆ n Πn,i(S) ⊆ n−1 Πn,i : n → n−1

Πn,i(!x) = (x1, . . . , xi−1, xi+1, . . . , xn)

C1+L1

C2 +L2 (C1∩C2)+(L1∩L2)

C +L (C +( n\L))∪ (([0, 1[n \C)+L)

Πn,i(C + L) = Πn,i(C) + Πn,i(L)
Πn,i(C) [0, 1[n−1

Πn,i(L)
Π−1

n,i(C + L) = ([0, 1[n ∩ Π−1
n,i(C)) + ( n ∩

Π−1
n,i(L)) [0, 1[n ∩ Π−1

n,i(C)
[0, 1[n n ∩ Π−1

n,i(L) !
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{!s ∈ 3 | s1 + s2 = s3} S1 ∪ S2 S1 S2

S1 = {!c ∈ [0, 1[3 | c1 + c2 = c3} + P ∗

S2 = {!c ∈ [0, 1[3 | c1 + c2 = c3 + 1} + (0, 0, 1) + P ∗

P = {(1, 0, 1),−(1, 0, 1), (0, 1, 1),−(0, 1, 1)}
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f : n → q FO ( , ,≤, +)

f : n → q (f) ⊆ n

Gf = {(!a,!b) ∈ (f) × q | !b = f(!a)} S ⊆ n × q

f : n → q FO ( , ,≤, +)
ψ(!x, !y) Gf

ψ(!x, !y)

∀!x∀!y1∀!y2 (ψ(!x, !y1) ∧ ψ(!x, !y2)) =⇒ !y1 = !y2

f : n → q (f)
M ∈ Mn,q( ) !v ∈ q f(!a) = M.!a+!v

!a ∈ (f) f
D1, . . . , Dk (f) =

⋃k
j=1 Dj

f Dj

f : n → q (f) + (f) ⊆ (f)
Gf + Gf ⊆ Gf M ∈ Mn,q( )

f(!a) = M!a !a ∈ (f)

M ∈ Mn,q( ) f(!a) = M!a
!a ∈ (f) Gf + Gf ⊆ Gf Gf + Gf ⊆ Gf

M ∈ Mn,q( ) f(!a) = M!a
!a ∈ (f) V Gf V∑k

i=1 λi(!ai, f(!ai)) k ≥ 0 (!ai)1≤i≤k

(f) λi ∈
V M

(!a,!b1) (!a,!b2) V k ≥ 0 ((!ai, f(!ai)))1≤i≤k

Gf (λi,1)1≤i≤k (λi,2)1≤i≤k

(!a,!bj) =
∑k

i=1 λi,j(!ai, f(!ai)) j ∈ {1, 2} (!0,!b1 −!b2) =
∑k

i=1(λi,1 −



λi,2)(!ai, f(!ai)) d ∈ \{0} d.(λi,1 −
λi,2) ∈ 1 ≤ i ≤ k

µi,1, µi,2 ∈ µi,2−µi,1 = d.(λi,1−λi,2)
1 ≤ i ≤ k (!vj, !wj) =

∑k
i=1 µi,j(!ai, f(!ai)) j ∈ {1, 2}

(!0, d.!b1− d.!b2) =
∑k

i=1(µi,2− µi,1)(!ai, f(!ai)) !v1 = !v2

Gf + Gf ⊆ Gf
∑k

i=1 µi,jf(!ai) = f(
∑k

i=1 µi,j!ai)
!wj = f(!vj) j ∈ {1, 2} !v1 = !v2 !w1 = !w2

d.!b1 − d.!b2 = !0 !b1 = !b2 V
!

f : n → q

Gf M ∈ Mn,q( ) !v ∈ n

f(!a) = M!a + !v !a ∈ (f) (f)
C P ⊆ n

(f) = C + P ∗ Gf = {(!c, f(!c)) | !c ∈ C} +
{(!p,M!p) | !p ∈ P}∗ Gf

f : n → q Gf f
Gf

C ⊆ n × q P ⊆ n × q S = C + P ∗

(f) C0 + P ∗
0

C0 = {!c ∈ n | ∃!d ∈ q (!c, !d) ∈ C} P0 = {!p ∈ n | ∃!q ∈ q (!p, !q) ∈ P}∗
C

(!c, !d) ∈ C ∩ ( n× q)
!d = f(!c) S = Gf ∩ ( n × q) − (!c, !d) S

S + S ⊆ S M ∈ Mn,q( )

(!a,!b) ∈ S !b = M.!a
!v = !d −M.!c S ∩ ( n × q) (C ∩ ( n × q)) + P ∗

f(!a) = M!a+!v !a ∈ (C0∩ n)+P ∗
0

C0

C0 f(!a) = M!a + !v !a ∈ C0 + P ∗
0

f !
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f : n → q f
f FO ( , ,≤, +) f

FO ( , ,≤, +) S1, . . . , Sk

Gf =
⋃k

j=1 Sj Sj

Gf



Dj ⊆ n f |Dj Sj

(f) =
⋃k

j=1 Dj f
!

f : n → q FO ( ,≤, +)
D1, . . . , Dk ⊆ n (f) =⋃k

j=1 Dj M1, . . . ,Mk ∈ Mn,q( ) !v1, . . . , !vk ∈ q

f(!x) = Mj!x + !vj !x ∈ Dj 1 ≤ j ≤ k

f : n → q FO ( ,≤, +)
D1, . . . , Dk (f) =⋃k

j=1 Dj M1, . . . ,Mk ∈ Mn,q( ) !v1, . . . , !vk ∈ q

f(!x) = Mj!x + !vj !x ∈ Dj 1 ≤ j ≤ k Dj

(f) ⊆ n Dj

!

Mj ∈ Mn,q( ) !vj ∈ q

Mj ∈ Mn,q( ) !vj ∈ q

f : →
ψ(x, y) := (x = 2y + 1) D1, . . . , Dk

(f) =
⋃k

j=1 Dj M1, . . . ,Mk ∈ v1, . . . , vk ∈
f(x) = Mjx+vj x ∈ Dj 1 ≤ j ≤ k

1 ≤ j ≤ k Mj /∈ !vj /∈

(f) 1 ≤ j ≤ k Dj

Dj x1, x2

f(x1) = x1−1
2 f(x2) = x2−1

2 f(x1) = Mjx1 + vj

f(x2) = Mjx2 + vj x1 /= x2 Mj = 1
2 vj = −1

2 !
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