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µL(x). x ↪→ null∨∃x′.x ↪→ x′∧L(x′)

(x ↪→0 x ∧ x ↪→1 x) x ↪→0 null

h0

h1

LTLmem

LTLmem LTLmem

SAT(CL) SAT(RF) CL
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LTLmem

SL

LTLmem

Var

Val N

nil
Val = N% {nil}

Lab u, v
i, j l, r, next, prev x, y

(x, i) ∈ Var× N (→ 〈x, i〉 ∈ Var

E ⇀fin F E F
E ⇀fin+ F E F

S H

S ≡ Var→ Val H ≡ N ⇀fin (Lab ⇀fin+ Val).

s, s′ h, h′, h1, h2

(s, h) ∈ S ×H

h dom(h) ⊆ N



e ::= x | null

π ::= e = e′ | e + i
l

↪→ e

A ::= π
| A ∗ B | A−∗B | emp

| A ∧ B | A → B | ⊥

(s, h) |= e = e′ ! e "s = ! e′ "s, ! x "s = s(x) ! null "s = nil

(s, h) |= e + i
l

↪→ e′ ! e "s ∈ N ! e " + i ∈ dom(h) h(s(x) + i)(l) = ! e′ "s

(s, h) |= emp dom(h) = ∅
(s, h) |= A1 ∗A2 ∃ h1, h2 h = h1 ∗ h2, (s, h1) |= A1 (s, h2) |= A2

(s, h) |= A′−∗A h′, h ⊥ h′ (s, h′) |= A′ (s, h ∗ h′) |= A
(s, h) |= A1 ∧A2 (s, h) |= A1 (s, h) |= A2

(s, h) |= A′ → A (s, h) |= A′ (s, h) |= A
(s, h) |= ⊥

SL

(s, h) i
i ∈ dom(h) h(i) = {l1 (→ v1, .., ln (→ vn}

SL

h1 h2

h1 h2 h1⊥h2 dom(h1)∩dom(h2) =
∅ h1 ∗ h2

|=

π x+ i
l
↪→ e

l x i
e e = e′

emp

A SL A
|A| A

| · |
LTLmem A ∗ B
A

B A−∗B
A B
A∨B ¬A

RF



x+ i
l
↪→ e i = 0 x

l
↪→ e

CL ∗ −∗
LF

x + i
l
↪→ e i = 0 l = next

x ↪→ e

SL ¬emp∗

¬emp x
l
(→ e

¬(¬emp ∗¬emp)∧ x
l
↪→ e x

l
↪→ e s, h |= x

l
(→ e

dom(h) = {s(x)} h(s(x))(l) = ! e "s (x
l
↪→ null)−∗⊥

(s0, h0) h1 h1⊥h0

x nil l x

h0

A (s, h) (s, h) |= A
|= A

LTLmem ω
(S × H)ω

ρ
ith ρ(i) (si, hi)

Sω ×H

LTLmem LTLmem

LTLmem SL
x x

ix

i times
︷ ︸︸ ︷

. . . x
ix O(i)

ρ, t |= φ ρ LTLmem t ∈ N φ

φ φ p, q
p xp = x"

xp, xq, . . . , x"
Frag SL LTLmem(Frag) LTLmem

Frag
ix SAT(Frag)

LTLmem(Frag) φ LTLmem(Frag)
ρ ρ, 0 |= φ

SATct(Frag) SATinit(Frag) SATct
init(Frag)



η ::= x | η | null

π ::= η = η′ | η + i
l

↪→ η′

A ::= π | emp | A ∗ B | A−∗B | A ∧ B | A → B | ⊥

φ ::= A | φ | φ φ′ | φ ∧ φ′ | ¬φ

ρ, t |= φ ρ, t + 1 |= φ.
ρ, t |= φ φ′ t1 ≥ t ρ, t1 |= φ′ ρ, t′ |= φ t′ ∈ {t, .., t1 − 1}.

ρ, t |= φ ∧ ψ ρ, t |= φ ρ, t |= ψ.

ρ, t |= ¬φ ρ, t *|= φ.

ρ, t |= A s′t, ht |= A[ kx ← 〈x, k〉] ρ = (st, ht)t≥0

s′t s′t(〈x, k〉) = st+k(x).

LTLmem

LTLmem I

instr ::= x := y | skip
| x := y→ l | x→ l := y | x := cons(l1 : x1, .., lk : xk) | free x, l
| x := y[i] | x[i] := y | x := malloc(i) | free x, i

instr

! instr " : S × H → S × H

G
(Q, δ, qI) Q qI δ

Q×G× I×Q q
g,instr
−−−→ q′

x := y x := y → l x := y[i]
P Pct

p = (Q, δ, qI)
Sp = (S,→) S = Q × (S × H)

(q, (s, h)) → (q′, (s′, h′)) q
g,instr
−−−→ q′ ∈ δ

(s, h) |= g (s′, h′) = ! instr "(s, h) Sp

p Sp

qI

p LTLmem

LTLmem

SL CL RF LF



! x := y " (s, h) ≡ (s[x /→ s(y)], h).

! x := y → l " (s, h ∗ {i /→ {l /→ v, . . . }}) ≡ (s[x /→ v], h ∗ {i /→ {l /→ v, . . . }})
s(y) = i

! x → l := y " (s, h ∗ {i /→ {l /→ v, . . . }}) ≡ (s, h ∗ {i /→ {l /→ s(y), . . . }})
s(x) = i

! x := cons(l1 : x1, . . . , lk : xk) " (s, h) ≡

`

s[x /→ i], h ∗ {i /→ {l1 /→ s(x1),
. . . , lk /→ s(xk)}}

´

i *∈ dom(h)

! free x, l " (s, h ∗ {i /→ {l /→ v, . . . }}) ≡ (s, h ∗ {i /→ {. . . }})
s(x) = i

! skip " (s, h) ≡ (s, h)

! x := y[i] " (s, h ∗ {i + i′ /→ {next /→ v}}) ≡ (s[x /→ v], h ∗ {i /→ {next /→ v}}))
s(y) = i′

! x[i] := y " (s, h ∗ {i′ + i /→ {next /→ v}}) ≡ (s, h ∗ {i + i′ /→ {next /→ s(y)}})
s(x) = i′

! x := malloc(i) "(s, h) ≡

`

s[x /→ i′], h ∗ {i′ /→ {next /→ nil}, . . . ,
i′ + (i − 1) /→ {next /→ nil}}

´

i′, . . . , i′ + (i − 1) *∈ dom(h)

! free x, i " (s, h ∗ {i′ + i /→ f}) ≡ (s, h)
s(x) = i′

SL CL
i = 0 RF next LF

Frag SL MC(Frag)
Frag φ LTLmem

Frag p

ρ p ρ, 0 |= φ p |= φ

(s, h) MCct(Frag) MCinit(Frag)
MCct

init(Frag) p, (s, h) |= φ

Σ1
1

f : N → N

LTLmem

Σ1
1

x



Frag SL CL RF LF
MCct(Frag) SATct(Frag) MCct

init(Frag)
SATct

init(Frag)

p = (Q, δ, qI) φp

Q

qI ∧
∧

q∈Q

(q ⇒ (
∧

q′∈Q\{q}

¬q′ ∧
∨

τ∈δ+
q

φτ ))

φτ τ
δ+
q q φτ

x := y x = y x := y → l y
l
↪→ x x := y[i]

y+ i ↪→ x

p |= φ φ ∧ φp

[((x ↪→ x) (x ↪→
null))] ∗ (y (→ null)

(1) µX(x1, .., xk). A(x1, .., xk) ∨ ∃x
′
1..x

′
k. B(x1, .., xk, x

′
1, .., x

′
k) ∧X(x′

1, .., x
′
k)



SATct(SL)
SATct

init (1)
(

B(x1, .., xk, x1, .., xk)
)

A(x1, .., xk).

SATct(SL)

∗

LTLmem

↪→0 ↪→1 ↪→
〈(si)i≥0, h0, h1〉

RP P (s0, h0), (s1, h1)
(s0, h0)RP (s1, h1) P (s0, h0)
(s1, h1)

LTLmem ↪→0 ↪→1

x → l := y ( x)
l
↪→1 y x := y → l

y
l
↪→0 x

RF SL

SL



SL

alloc x ≡ (x
next
(→ null)−∗⊥ x

size ≥ k ≡
k times

︷ ︸︸ ︷
¬emp ∗ . . . ∗ ¬emp k

e + i
l
↪→ e e = e′

φ LTLmem µφ

φ

A LTLmem A
wA wA 1 max{wA1

, wA2
}

A1 ∧ A2 A1 → A2 A1−∗A2 wA1
+ wA2

A1 ∗ A2

wA ≤ |A| A
LabA Lab A VarA

Var A εA i

e + i
l
↪→ e′ A mA k kx A

x

N× Pf(N)× N× Pf(Lab)× Pf (Var)

Pf(X) X
µ ≤ µ′

µ[w ← 0] µ w = 0
A µA (mA, εA, wA, LabA, VarA)

φ LTLmem µφ sup{µA : A φ}

µ = (m, ε, w,X, Y ) Tµ

ψ

e ::= 〈x, u〉 | null f ::= e + i

ψ ::= f
l
↪→ e | alloc f | e = e′ | size ≥ k

u ≤ m i ∈ ε l ∈ X k < w x ∈ Y

Tµφ
|φ| 〈x, u〉

ux µ = (m, ε, w,X, Y )
(s, h) Absµ(s, h) = {A ∈ Tµ : (s, h) |= A}

(s, h) µ µ
(s, h) (s′, h′) (s, h) 6µ (s′, h′) Absµ(s, h) = Absµ(s′, h′)

Tµ



ε = {0} RF
(m, ε, w, Lab0, Var0)+(m, ε, w′, Lab0, Var0) = (m, ε, w+w′, Lab0, Var0)

(s, h) 6µ (s′, h′) h = h1 ∗ h2 µ = µ1 + µ2

h′
1 h′

2 h′ = h′
1 ∗ h′

2 (s, hk) 6µk
(s′, h′

k)
k ∈ {1, 2}

(s, h) 6µ (s′, h′) h =
h1 ∗h2 µ = µ1 +µ2 µ = (m, ε, w, Lab0, Var0) µ1 = (m, ε, w1, Lab0, Var0)

µ2 = (m, ε, w2, Lab0, Var0)
dom(hk) k ∈ {1, 2} dom(hk)∩

Im(s) dom(hk)\Im(s) h′
k dom(h′

1)∩
Im(s) = S1 dom(h′

2) ∩ Im(s) = S2 dom(h1)\Im(s) = C1 dom(h2)\Im(s) = C2

V1, . . . , Va ∼s′

{〈y, u〉 : y ∈ Var0, 0 ≤ u ≤ m} x ∼s′ y

s′(x) = s′(y) i1, . . . , ia s i′1, . . . , i
′
a

s′ u1, . . . , ua1

iun ∈ dom(h1) v1, . . . , va2
ivn ∈ dom(h2)

S1 = {i′u1
, . . . , i′ua1

} S2 = {i′v1
, . . . , i′va2

} h1⊥h2 dom(h′) ∩
Im(s′) = S1 % S2

dom(h′)\Im(s′) A1 A2

B = dom(h)\Im(s) B1 = dom(h1)\Im(s) B2 = dom(h2)\Im(s) k ∈ {1, 2}
|Bk| = |dom(hk)| − |Sk| A1 A2 |A1| |A2|

dom(h′)\Im(s′) |Ak| = |dom(hk)|− |Sk|
A1 A2

|dom(h1)| |dom(h2)|

|dom(h)| < w
|dom(h′)| = |dom(h)| dom(h′)\Im(s′)

A1 A2 A1 %A2 = dom(h′)\Im(s′) |A1| = |dom(h1)|− |S1|
|A2| = |dom(h2)|− |S2|

|dom(h)| ≥ w
|dom(h1)| ≥ w1 |dom(h2)| ≥ w2

|dom(h′)| ≥ w A1 A2 A1 % A2 =
dom(h′)\Im(s′) |A1| = |dom(h1)|− |S1| ≥ w1 |A2| = |dom(h2)|− |S2| ≥
w2

|dom(h1)| < w1 |dom(h2)| ≥ w2

A1 A2 A1%A2 = dom(h′)\Im(s′) |A1| = |dom(h1)|−
|S1| |A2| = |dom(h2)|− |S2| ≥ w2

|dom(h1)| ≥ w1 |dom(h2)| < w2

h′
1 h′

|A1∪S1
h′

2 h′
|A2∪S2

A1 A2 S1 S2 A1 ∪ S1 A2 ∪ S2

A1 ∪ A2 ∪ S1 ∪ S2 = dom(h′) h′ = h′
1 ∗ h′

2



k ∈ {1, 2} (s, hk) 6µk
(s′, h′

k)
size ≥ κ ∈ Absµ(s, hk) |dom(hk)| ≥ κ |dom(hk)| ≥ wk

|dom(h′
k)| = |Ak ∪Sk| = |Ak|+ |Sk| ≥ |dom(hk)|− |Sk|+ |Sk| ≥ wk |dom(hk)| <

wk |dom(h′
k)| = |Ak ∪ Sk| = |Ak| + |Sk| = |Bk| + |dom(hk) ∩ Im(s)| ≥

|(dom(hk)\Im(s)) ∪ (dom(hk) ∩ Im(s))| ≥ |dom(hk)| ≥ κ size ≥
κ ∈ Absµ(s′, h′

k)

A = e1 + i
l
↪→ e2 ∈ Absµ(s, hk) hk(s(e1 + i))(l) = s(e2)

h(s(e1 + i))(l) = s(e2) A ∈ Absµ(s, h) A ∈ Absµ(s′, h′) h′(s′(e1 +
i))(l) = s′(e2) s(e1) ∈ dom(hk) s′(e1 + i) ∈ dom(h′

k)
h′

k(s
′(e1 + i))(l) = h′(s′(e1 + i))(l) = s′(e2) A ∈ Absµ(s′, h′

k)

Absµ(s, hk) ⊆ Absµ(s′, h′
k)

9:

(s, h) 6µ (s′, h′) h0⊥h h′
0⊥h′

(s, h0) 6µ (s′, h′
0)

(s, h0) 6µ (s′, h′
0) h0⊥h1 h′

0⊥h′
1 (s, h1) 6µ

(s′, h′
1) (s, h0 ∗ h1) 6µ (s′, h′

0 ∗ h′
1)

(s, h0) 6µ (s′, h′
0) (s, h1) 6µ (s′, h′

1) h0⊥h1 h′
0⊥h′

1

µ = (m, ε, w, Lab0, Var0) (s, h0∗h1) 6µ (s′, h′
0∗

h′
1)

6µ Absµ(s, h0∗h1) ⊆ Absµ(s′, h′
0∗

h′
1) A ∈ Absµ(s, h0 ∗ h1)

A

A = size ≥ k k ≤ |dom(h0 ∗ h1)| k ≤
|dom(h′

0 ∗ h′
1)| A ∈ Absµ(s, h′

0 ∗ h′
1)

• |dom(h1)| ≥ w |dom(h0)| ≥ w |dom(h′
1)| ≥ w |dom(h′

0)| ≥ w
|dom(h′

0 ∗ h′
1)| ≥ w k ≤ |dom(h′

0 ∗ h′
1)|

• |dom(h1)| ≤ w |dom(h0)| ≤ w |dom(h0 ∗ h1)| = |dom(h1)| +
|dom(h0)| = |dom(h′

1)| + |dom(h′
0)| = |dom(h′

0 ∗ h′
1)| k ≤ |dom(h′

0 ∗ h′
1)|

A e = e′ ! e "s = ! e′ "s A ∈ Absµ(s, h1)
A ∈ Absµ(s′, h′

1) ! e "s′ = ! e′ "s′ A ∈ Absµ(s′, h′
0 ∗ h′

1)

A = e
l
↪→ e′ (h0 ∗h1)(! e "s)(l) = ! e′ "s k ∈ {0, 1}

hk(! e "s)(l) = ! e′ "s h′
k(! e "s′)(l) = ! e′ "s′ (h′

1 ∗ h′
0)(! e "s′)(l) =

s′! e′ "s′ A ∈ Absµ(s, h′
1 ∗ h′

0)
A = alloc e ! e "s ∈ dom(h0 ∗h1) k ∈ {0, 1}

! e "s ∈ dom(hk) ! e "s′ ∈ dom(h′
k) ! e "s′ ∈ dom(h′

0 ∗ h′
1)

A ∈ Absµ(s, h′
0 ∗ h′

1) 9:

CL
RF



SL (s, h) (s′, h′)
(s, h) 6µ (s′, h′) (s, h) 6µ[w←0] (s′, h′)

A µA ! µ A RF CL
(s, h) |= A (s′, h′) |= A

(s, h) 6µ (s′, h′) A ∈ RF
µA ≤ µ (s, h) |= A (s′, h′) |= A

A e = e′ e
l
↪→ e′ emp

(s, h) |= A A = B1 ∗ B2 h1 h2

h = h1∗h2 (s, hk) |= Bk k = 1, 2 µ " µA µA " µB1
+µB2

µ1 µ2 µk " µBk
µ1 +µ2 = µ

h′
1 h′

2 h′ = h′
1 ∗ h′

2 (s, hk) 6µk
(s′, h′

k)
k = 1, 2 k ∈ {1, 2} (s′, h′

k) |= Bk

∗ (s′, h′) |= A
A = B1−∗B2 h′

1⊥h′ (s′, h′
1) |= B1

h1 (s, h1) 6µ (s′, h′
1) h1⊥h

(s, h1) |= B1 (s, h ∗ h1) |= B2

(s′, h′ ∗ h′
1) |= B2 (s′, h′) |= B1−∗B2

SL
e + i = e′ + j

SL

SL
SL SL SL

RF

LF LF
SL LF SL

SL SL SL
SL

SL SL
SL

RF RF

RF RF

SL SL



SL RF

t(A) A SL

x + i
l
↪→ e 〈x, i〉

l
↪→ e t(A) RF

s t(s) t(s)(〈x, i〉) = s(x) + i
h (s, h) |= A (t(s), h) |= t(A)

A 9:

µ = (m, {0}, w,X, Y )

O(m + w + |X|× log(|X|) + |Y |× log(|Y |)).

µ = (m, {0}, w,X, Y ) l0
X (s, h) 6µ (s′, h′) h0⊥h

h′
0

h′
0 ⊥ h′

(s, h0) 6µ (s′, h′
0)

|dom(h′
0)| ≤ max(w, (m + 1)× |Y |)

max dom(h′
0)∪ Im2(h′

0) ≤ max ({s′(〈x, i〉) : x ∈ Y, 0 ≤ i ≤ m}∪dom(h′))+w
Im2(h) h i

i′ l h(i′)(l) = i
n ∈ dom(h′

0) {l : h(n)(l) is defined} ⊆ X % {l0}

h′
0 µ (s′, h′)

|µ| + |h0| + |(s′, h′)|

(s, h) 6µ (s′, h′) h0⊥h
h01 h02 dom(h01) = Im(s)∩ dom(h0) dom(h02) = dom(h0)\Im(s)

h0 = h01 ∗h02 h′
0 h′

01 ∗h′
02

h′
01 h′

02 dom(h′
01) = Im(s′) ∩ dom(h′

0)
dom(h′

02) = dom(h′
0)\Im(s

′) V {〈y, i〉 : y ∈ Y, 0 ≤ i ≤
m}

h′
01 V1, . . . , Va

s(x) = s(x′) x, x′ V

s′ (s, h) 6µ (s′, h′) Vk

ik Vk s i′k s′

k ≤ a l ∈ dom(h01(ik)) h′
01

• l /∈ X h′
01(i

′
k)(l0) = nil h′

01(i
′
k)(l)

• l ∈ X h01(ik)(l) = in n h′
01(i

′
k)(l) = i′n

• l ∈ X h01(ik)(l) ;= in n h′
01(i

′
k)(l) = nil

h′
01 Im(s′) Im(s′|V) = {i′1, . . . , i

′
a}

h′
02 b = max(0,min{|dom(h02)|, w − |dom(h01)|})

j′1, . . . , j
′
b b i′1, . . . , i

′
a dom(h′)

|dom(h01)| ≥ w
k ≤ b h′

02(j
′
k)(l0) = nil dom(h′

02) = {j′1, . . . , j
′
b}



h′
0 h′

01 ∗ h′
02 h′

0

h′⊥h′
0 h′⊥h′

01 h⊥h01 h′⊥h′
02

(s, h0) 6µ (s′, h′
0)

x = y (s, h) 6µ (s′, h′) s(x) = s(y) s′(x) = s′(y)
size ≥ k |dom(h01)| = |dom(h′

01)| |dom(h02)| ≥ w −
|dom(h01)| |dom(h′

02)| ≥ w − |dom(h′
01)| |dom(h0)| ≥ w

|dom(h′
0)| ≥ w size ≥ k

|dom(h02)| < w |dom(h0)| = |dom(h′
0)| k

size ≥ k ∈ Absµ(s, h0) size ≥ k ∈ Absµ(s′, h′
0)

e1
l
↪→ e2 e1

l
↪→ e2 ∈ Absµ(s, h0) e1 ∈ Vk k e2 ∈ Vn

n l ∈ X h0(ik)(l) = in h′
0(i

′
k)(l) = i′n

s′, h′
0 |= e1

l
↪→ e2

alloc e1 alloc e1 ∈ Absµ(s, h0) e1 ∈ Vk k ik ∈
dom(h0) i′k ∈ dom(h′

0) (s′, h′
0) |= alloc e1

(s, h0) (s′, h′
0)

|dom(h′
0)| ≤ max(w, (m+1)× |Y |) a ≤ (m+1)× |Y |

|dom(h′
01)| ≥ w h′

02 |dom(h′
0)| ≤ a

|dom(h′
01)|+ |dom(h′

02)| ≤ w |dom(h′
0)| ≤ max(w, (m+1)× |Y |)

max dom(h′
0) ∪ Im2(h′

0) ≤ max {s′(〈x, i〉) : 〈x, i〉 ∈ V} ∪
dom(h′)+w h′

01

s′ nil dom(h′
01)

h′
02 {nil} h02

{s′(〈x, i〉) : 〈x, i〉 ∈ V} dom(h′)
w wth

max {s′(〈x, i〉) : x ∈ Y, 0 ≤ i ≤
w} ∪ dom(h′) + w

n ∈ dom(h′
0) {l : h(n)(l) is defined} ⊆ X % {l0}

h′
01 h′

02

RF

|A|+ |(s, h)|
A

h −∗
A µA ≤ µ (s, h) |= A (s, h),A, µ

<
−∗ (s, h) ;|= A1−∗A2

h0 ⊥ h (s, h0) |= A1 (s, h ∗ h0) ;|= A2

(s′, h′) = (s, h) h′
0 µ (s, h)

(s, h′
0) 6µ (s, h0) A1 µ



MC((s, h),A, µ)

A (s, h) |= A
A = A1 ∧A2 (s, h),A1, µ (s, h),A2, µ

∗ A = A1 ∗A2 ⊥ h1, h2 h = h1 ∗h2 (s, h1),A1, µ
(s, h2),A2, µ

−∗ A = A1−∗A2 ⊥ h′ µ (s, h)
(s, h′),A1, µ (s, h ∗ h′),A2, µ

0

(s, h′
0) |= A1 (s, h ∗ h′

0) ;|= A2

(s, h) ;|= A1−∗A2 h′
0 (s, h′

0) |= A1

(s, h ∗ h′
0) ;|= A2 9:

σ h σ •h = σ · (h ◦ σ−1) σ ·h
i σ ◦ (h(i))

l i (σ • h)(i)(l) = σ(h(σ−1(i))(l))

A SL µ = (0, ε, w,X, Y )
(s, h) σ N

(x, i) ∈ Y×ε σ(s(x)+i) = σ(s(x))+i (s, h) |= A (σ◦s,σ•h) |= A

•

σ h1 h2 σ • (h1 ∗ h2) = (σ • h1) ∗
(σ • h2)

σ h σ−1 • (σ • h) = h

σ ◦ s
σ−1 (x, i) ∈ Y × ε σ−1((σ ◦ s)(x) + i) =

σ−1((σ◦s)(x))+i A µ µA s
h (s, h) |= A (σ ◦ s,σ • h) |= A

A
A

A x = y s(x) = s(y) σ ◦ s(x) = σ(s(x)) = σ(s(y)) = σ ◦ s(y)

A x + i
l
↪→ y h(s(x)+i)(l) = s(y) σ•h(σ◦s(x)+i)(l) = σ·h(σ−1(σ(s(x))+

i))(l) = σ · h(σ−1(σ(s(x) + i)))(l) = σ · h(s(x) + i)(l) = σ(h(s(x) + i)(l)) =
σ(s(y)) = σ ◦ s(y)

A emp dom(σ • h) dom(h)

A = A1 ∗A2 h1 h2 h = h1 ∗h2 (s, hi) |=
Ai i ∈ {1, 2} µAi

! µA ! µ



(σ ◦ s,σ • hi) |= Ai σ • h = σ • (h1 ∗ h2) = (σ • h1) ∗ (σ • h2)
(σ ◦ s,σ • h) |= A

A = A1−∗A2 h0 σ • h
(σ ◦ s, h0) |= A1 (σ−1 ◦ (σ ◦ s),σ−1 • h) |= A1

(s,σ−1 • h0) |= A1 (s, h ∗ (σ−1 • h0)) |= A2

(σ ◦ s,σ • (h∗ (σ−1 •h0))) |= A2 (σ ◦ s, (σ •h)∗ (σ • (σ−1 •h0))) |= A2

(σ ◦ s, (σ • h) ∗ h0) |= A2 (σ ◦ s,σ • h) |= A

A SL
s (s, ∅) |= ¬(A−∗ ⊥)

x ∈ Y s(x) ≤ (|Y |+1)×max ε ∅
Y A ε i

x + i A x

A SL
s (s, ∅) |= ¬(A−∗ ⊥) ∅

|=
A SL s (s, ∅) |= A s′

(s′, ∅) |= A x ∈ Y s′(x) ≤ (|Y | + 1) × max ε

s (s, ∅) |= A
s i max ε

x0 s(x0) = 0 {x1, . . . xn}
A j ∈ !0;n− 1" s(xj) ≤ s(xj+1)

k s(xk+1) ≥ s(xk)+ i x ∈ Y s(x) ≤ (n+1)× i
k s(xk+1) ≥ s(xk) + i

α = s(xk+1)− (s(xk) + i) σ

j ≤ s(xk) + i σ(j) = j
s(xk+1) ≤ j ≤ s(xn) + i σ(j) = j − α
j ≥ s(xn) + i σ(j) = j
s(xk) + i < j < s(xk+1)

σ(j) = j − (s(xk) + i) + (s(xn) + i− α)

(s, ∅) A
k s(xk+1) ≥ s(xk) + i

x ∈ Y s(x) ≤ (n + 1)× i s(x) ≤ (|Y |+ 1)×max ε 9:

SL



SL
SL

¬(A−∗ ⊥)

SAT(CL)
SAT(RF)

ω
CL RF

SL

µ Σµ Tµ Σµ

a ∈ Σµ µ
σ ∈ Σω

µ

LTLmem ρ : N → S ×H µ
Absµ(ρ) : N → Σµ µ t

Absµ(ρ)(t) = {A ∈ Tµ : ρ, t |= A[〈x, u〉 ← ux]}
a Aa =

∧

A∈a A ∧
∧

A (∈a ¬A
σ φ µφ ≤ µ

σ, t |=µ φ
σ, t |=µ A

|= Aσ(t) ⇒ A[ ux ← 〈x, u〉]. Lµ(φ)
σ µ σ, 0 |=µ φ

φ LTLmem(RF) LTLmem(CL)
µφ ≤ µ ρ ρ |= φ Absµ(ρ) |=µ φ Absµ[w←0](ρ) |=µ

φ

φ ∈ LTLmem(RF) φ ∈ LTLmem(CL)
µ µ[w ← 0] ρ, t |= B A

LTLmem Absµ(ρ)(t) = {B ∈ Tµ : ρ, t |= B[〈x, u〉 ← ux]}
|= AAbsµ(ρ)(t) ⇒ B[ ux ← 〈x, u〉]

(s, h) |= AAbsµ(ρ)(t) (s, h) |= B[ ux ← 〈x, u〉]
Absµ(ρ), t |=µ B |= AAbsµ(ρ)(t) ⇒ B[ ux ← 〈x, u〉]

ρ, t |= AAbsµ(ρ)(t)[〈x, u〉 ←
ux] ρ, t |= (B[ ux ← 〈x, u〉])[〈x, u〉 ← ux]

ρ, t |= B



Absµ Lµ
sat µ

LTLmem φ LTLmem(RF)
Lµφ(φ) ∩ L

µφ

sat

ω

SAT(RF) SAT(CL)
Lµφ(φ)∩L

µφ

sat

RF CL µφ µφ[w ← 0]
µ µ[w ← 0]

A

L(A) A A

(Σ, Q, δ, I,F)
µ ≥ µφ

Q φ
cl(φ)

I = {X ∈ Q : φ ∈ X}
Σ = Σµ

X
a
−→ Y A X |= Aa ⇒ A[ ux← 〈x, u〉].

φ′ ∈ cl(φ) φ′ ∈ X φ′ ∈ Y
{φ1 φ′

1, . . . ,φn φ′
n} cl(φ) F

{F1, . . . , Fn} Fi = {X ∈ Q : φi φ′
i ;∈ X φ′

i ∈ X} i ∈ {1, . . . , n}

A
µ
φ

A A
µφ

φ

φ
φ

φ LTLmem(RF) LTLmem(CL) µ ≥ µφ µ[w ←

0] ≥ µφ[w ← 0] L(Aµ
φ) = Lµ(φ) L(Aµ[w←0]

φ ) = Lµ[w←0](φ)

A
µ
sat L(Aµ

sat) = Lµ
sat A

µ
sat

(Σ, Q, δ, I, F ) Σ = Σµ Q = Σµ F = I = Q a
a′

−→ a′′

Aa,Aa′′ a = a′

〈x, u〉 = 〈x′, u′〉 ∈ Tµ u, u′ ≥ 1 〈x, u〉 = 〈x′, u′〉 ∈ a
〈x, u− 1〉 = 〈x′, u′ − 1〉 ∈ a′′

µ = µφ A
µ
sat φ

φ

φ LTLmem(RF) LTLmem(CL) µ = µφ µ =
µφ[w ← 0] L(Aµ

sat) = Lµ
sat



L(Aµ
sat)

L(Aµ
sat)

µ = (m, ε, w, Lab0, Var0)
µφ α max ε+1 (ai)i∈N

L(Aµ
sat) k k

s0, . . . , sk+m h0, . . . , hk u ≤ k

A ∈ Tµ (s'
u, hu) |= A A ∈ au s'

u : 〈x, v〉 (→ su+v(x)
Im(s'

u) ⊆ αN ∪ {nil}

s0, . . . , sk+m h0, . . . , hk

sk+m+1 hk+1 (ai)i∈N ∈ L(Aµ
sat)

Aak+1

s′0, . . . , s
′
m h′ Aak+1

A
µ
sat 〈x, u + 1〉 = 〈x′, u′ + 1〉 ∈ ak 〈x, u〉 = 〈x′, u′〉 ∈ ak+1

0 ≤ u, u′ ≤ m − 1
sk+1+u(x) = sk+1+u′(x′) s′u(x) = s′u′(x′) 0 ≤

u, u′ ≤ m − 1 σ σ ◦ s′v = sk+1+v

0 ≤ v ≤ m− 1 Im(σ ◦ sv) ⊆
αN∪{nil} 0 ≤ v ≤ m 0 ≤ v ≤ m−1 Im(sk+1+v) ⊆ αN∪{nil}

sk+m+1 = σ ◦ s′m
RF

ε = {0} hk+1 = σ •h′

ak+1

CL sk+m+1

ak+1

ε = {0} w = 0
ak+1 size ≥ 0

〈x, u〉 + j
l
↪→ 〈x′, u′〉 ak+1

hk+1(sk+1+u(x) + j)(l) = sk+1+u′(x′)
alloc 〈x, u〉 + j ak+1 hk+1(sk+1+u(x) + j)(l0) = nil

l0 /∈ Lab0 α
↪→ alloc size ≥ 0 ak+1

(ai)i∈N ∈ L(Aµ
sat)

Aa0

s′0, . . . , s
′
m h′

0 A0

ε = {0} ε ;= {0} CL w = 0
σ

α si = σ ◦ s′i

〈x, u〉 + j
l
↪→ 〈x′, u′〉 alloc 〈x, u〉 + j ak+1

α



a0

9:

LTLmem x+ i = y+ j

SAT(RF) SAT(CL)

φ
SAT(RF) SAT(CL) µφ µφ[w ← 0]

φ Lµφ(φ) ∩ L
µφ

sat φ
L(A

µφ

φ ) ∩ L(A
µφ

sat) ;= ∅
φ

φ
φ

9:

Frag
MCct

init(Frag) SATct
init(Frag)

SATct
init(Frag)

SAT(Frag)

SAT(Frag)
SATct

init(Frag) MCct
init(Frag)

SATct
init(RF) MCct

init(RF) SATct
init(CL)

MCct
init(CL)

SATct
init(RF)

SATct
init(RF)

φ (s, h)
φct

s,h SAT(RF) φ
(s, h) φct

s,h

SAT(RF)
SATct

init(RF)
SAT(RF)

φ φct
s,h

V = {xi : i ∈ dom(h) ∪ Im(s)} ∪ {xi,l : i ∈ dom(h), l ∈ dom(h(i))}.
φct

s,h (ψ1 ∧ ψ2 ∧ ψ3) ∧ ψs ∧ ψ′,



ψ1 h
dom(h) = {i1, . . . , ik}

ψ1 = (
∧

l∈dom(h(i1))
xi1

l
(→ xi1,l) ∗ . . . ∗ (

∧

l∈dom(h(ik)) xik

l
(→ xik,l)

ψ2

i ;= j ∈ dom(h) ψ2

xi ;= xj h(i)(l) = j j ∈ dom(h) xi,l = xj

ψ2

ψ3

∧

x∈V x = x.

ψ′ φ x
l
↪→ e

x
l
↪→ e ∧

∧

i∈dom(h),l (∈dom(h(i))

x ;= xi.

ψs s ψs =
∧

x∈φ x = xs(x).

φ
(s, h) φct

s,h

MCct
init(CL) SATct

init(CL)
SATct

init(CL) SAT(CL) 9:

MCct
init(SL)

MCct
init(SL)

(p, s0, h0,φ)
MCct

init(RF) p = (Q, δ, qinit)
(s0, h0) φ LTLmem(SL)

Σ {s : Im(s) ⊆ Im(s0) ∪ Im(h0)}
p φ Sp

(s0, h0)
Σ × {h0} p

i j jx

φ G = (QG,→, Qinit) QG = Q × Σi

Qinit (qinit, s1, s2, .., si) (s1, h0), .., (si, h0)
p (s0, h0) →

(q, s1, .., si) → (q′, s′1, .., s
′
i)

{

sk+1 = s′k, k = 1, .., i− 1, ∃q
g,instr
−−−→ q′ ∈ δ

(s1, h0) |= g (s2, h0) = ! instr "(s1, h0)

Prop
φ φ



Prop
M = (G,λ)

λ : QG → P(Prop), (q, s1, .., si) (→ {A ∈ Prop : s1, .., si, h0 |= A}

M, (qinit, s1, s2, .., si) |= φ (qinit, s1, s2, .., si) ∈
Qinit p, (s0, h0) |= φ M

(p, s0, h0,φ)

M (p, s0, h0,φ)
(qinit, s1, s2, .., si) ∈ Qinit M, (qinit, s1, s2, .., si) |= φ

Aφ

φ Prop
(p, s0, h0,φ) M

(qinit, s1, s2, .., si) ∈ Qinit M, (qinit, s1, s2, .., si) |= φ
Aφ ∩M O(log(|Aφ ∩M |)

(p, s0, h0,φ)
9:

SATct
init(SL \ {−∗})

SATct
init(CL)

CL SL \ {−∗}

SATct
init(SL\{−∗}) SATct

init(RF) (s0, h),φ SATct
init(SL\{−∗})

(s′0, h),φ′ SATct
init(RF)

E = dom(h)∪ {k− i ∈ N, k ∈ dom(h) ux+ i φ}
〈k〉 k ∈ E 〈x, i〉 x i

φ ux + i u i
s′0 s0 〈k〉 k 〈x, i〉

s0(x) + i

φ′ = φ[ ux + i← u〈x, i〉]

∧
∧

k∈E

(〈k〉 = 〈k〉)

∧
∧

x+i∈φ

∧

(k+i)∈dom(h)

(x = 〈k〉 ⇔ 〈x, i〉 = 〈k + i〉)

s′0 φ′ (s0, h),φ
(s0, h),φ SATct

init(SL\{−∗}) (si)i≥1

(si, h)i∈N |= φ s′i si 〈k〉 k 〈x, j〉
si(x) + j (s′i, h)i∈N |= φ[ ux+ i ← u〈x, i〉] s′i

(s′i, h)i∈N |=
∧

k∈E(〈k〉 = 〈k〉) 〈k〉
k (s′i, h)i∈N |=

∧

〈x,i〉∈φ

∧

(k+i)∈dom(h)(x = 〈k〉 ⇔
〈x, i〉 = 〈k + i〉) 〈k + i〉 〈k〉 i

〈x, i〉 x i (s′i, h)i∈N |= φ′ (s′0, h),φ′

SATct
init(RF)



(s′0, h),φ′ SATct
init(RF)

(s′i)i≥1 (s′i, h)i∈N |= φ′ (s′i, h)i∈N |=
∧

k∈E(〈k〉 = 〈k〉)
t s′t(〈k〉) = s′0(〈k〉) = k (s′i, h)i∈N |=

∧

x+i∈φ

∧

(k+i)∈dom(h)(x = 〈k〉 ⇔ 〈x, i〉 = 〈k + i〉) k ∈ dom(h)
ux + i φ s′t+u(x) = k − i s′t+u(〈x, i〉) = k

h′ ≤ h h′′ h = h′ ∗ h′′

φ0 φ
t ∈ N h′ ≤ h (s′i, h

′)i∈N, t |= φ0 (s′i, h
′)i∈N, t |= φ0[

ux + i ←
u〈x, i〉] (s′i, h)i∈N, 0 |= φ (s′0, h),φ

SATct
init(SL\{−∗}) (s0, h),φ

s′0 φ s0

φ0
ux + i

l
↪→ u′

y k = s′t+u(〈x, i〉)
• k /∈ dom(h) (s′i, h

′)i∈N, t |=
φ0[

ux+i← u〈x, i〉] (s′i, h
′)i∈N, t |= φ0 (s′i, h

′)i∈N, t |=
φ0[

ux + i ← u〈x, i〉] k′ ∈ dom(h)
k′ = s′t+u(x) + i s′t+u(x) = k′− i
s′t+u(〈x, i〉) = k′ k = k′ ∈ dom(h)

k′ (s′i, h
′)i∈N, t |= φ0

• k ∈ dom(h) s′t+u(x) = k = s′t+u(〈x, i〉) − i
h′(s′t+u(x)+i) = s′t+u′(y) h′(s′t+u(〈x, i〉)) =

s′t+u(〈y, 0〉) (s′i, h
′)i∈N, t |= φ0 (s′i, h

′)i∈N, t |= φ0[
ux+ i← u〈x, i〉]

φ0 = A1 ∗ A2 h′
1 h′

2 (s′i, h
′
1)i∈N, t |= A1

(s′i, h
′
2)i∈N, t |= A2 h = (h′

1∗h
′
2)∗h

′′ = h′
1 ∗

(h′
2 ∗h′′) (s′i, h

′
1)i∈N, t |= A1[

ux+ i← u〈x, i〉] (s′i, h
′
1)i∈N, t |= A1

h′
2 h′

1

h′
2 h′ = h′

1 ∗ h′
2

9:

−∗

h

M
C1 C2 n ≥ 1

l Ci := Ci + 1 l′ l Ci = 0 l′ Ci := Ci − 1 l′′

l1 l2



M (l, c1, c2) 1 ≤ l ≤ n c1 ≥ 0
c2 ≥ 0 C1

C2

M
(1, 0, 0)

C n n x

C

SAT(SL)

SATct(LF) MCct(LF) Σ0
1

SATct
init(LF)

SATct(LF) Σ0
1

MCct
init(LF) MCct(LF) Σ0

1

MCct(LF) Σ0
1

Σ0
1

M
n

φ p Pct

(s0, h0) p, (s0, h0) |= φ
M n

z

(s0, h0)

z#
next
−→ #

next
−→ · · ·#

next
−→ #

next
−→ nil

z p

n
xi i = 1, 2 p xi

xi

Ci p xi null

p

z

M

p

null M



1
(0, y := z)

(y *= null, y := y → next)

(y == null, skip)

z

p p

p

y′ y xi

l

l′

l′′

(xi *= null, xi := xi → next)

(xi == null, skip)

l l′
(0, y := z) (0, y′ := z → next)

(y′ *= xi, y := y′) (0, y′ := y → next)

(y′ == xi, xi := y)

l M
p φ n

n
(s0, h0)

p n (s0, h0) M
n p M 9:

Σ1
1

MC(LF) MCinit(LF) Σ1
1

MC(LF) MCinit(LF) Σ1
1



n n
LTLmem

LTLmem

Ci xi := cons(next : xi)
xi Ci

xi := xi → next null

null

9:

x = y+ 1

x
next
(→ η

−∗

φ∗
x++ = ( x

next
↪→ null ∧ x + 1

next
↪→ null) ∧ ¬( x

next
↪→ null ∗ x + 1

next
↪→ null)

φ∗
x−− = ( x + 1

next
↪→ null ∧ x

next
↪→ null) ∧ ¬( x + 1

next
↪→ null ∗ x

next
↪→ null)

φ−∗x++ = emp ∧
(

( x
next
(→ null)−∗x + 1

next
(→ null

)

φ−∗x−− = emp ∧
(

(x
next
(→ null)−∗ x + 1

next
(→ null

)

x, x + 1, x − 1
−∗

SAT?
?(SL)

SAT?
?(SL) Σ1

1

SAT?
?(SL) φ0 (emp ∧

∧2
i=1(xi ;= null))

φ−∗x++

φ−∗x−− ρ ρ, 0 |= φ0 t

ρ, t |= φ−∗xi++ st(xi) + 1 = st+1(xi)

ρ, t |= φ−∗xi−− st(xi) > 0 st(xi) − 1 = st+1(xi)
xi = xi

φ1 = (xzero = xzero∧ xzero ;= null) xi = xzero

M ψl

l l C1 = 0
l′ C1 := C1 − 1 l′1 l′2 ψl

((l ∧ x1 ;= xzero) ⇒ (x2 = x2 ∧ ( l′1 ∨ l′2) ∧ φ−∗x1−−))∧

((l ∧ x1 = xzero) ⇒ (x1 = x1 ∧ x2 = x2 ∧ l′)).

(x1 = x2 = xzero) ∧ φ0 ∧ φ1 ∧
∧

l ψl ∧ n M
n 9:



SAT(SL \ {−∗}) Σ1
1

φ∗
x++

φ∗
x−−

LTLmem

SAT(LF) SATct
init(LF)

MCct
init(LF)

SATct(LF)

SATct
init(CL)

MCct
init(CL)

SATct
init(RF)

MCct
init(RF)

SATct(CL)

SATct(RF)

MCct(LF)

MCct(CL)

MCct(RF)

SAT(CL)

SAT(RF)

MCct
init(SL) SATct

init(SL\{−∗})

Σ0
1

LTLmem

MC MCct MCct
init MCinit SAT SATct SATct

init

LF Σ1
1 Σ0

1 Σ1
1 Σ0

1

CL RF Σ1
1 Σ0

1 Σ1
1 Σ0

1

SL\{−∗} Σ1
1 Σ0

1 Σ1
1 Σ1

1 Σ0
1

SL Σ1
1 Σ0

1 Σ1
1 Σ1

1 Σ1
1 Σ1

1

LTLmem heap=

SATct
? (Frag)



heap= heap=

+




