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1. Introduction

1.1. Motivation and context.

Logical relations and their generalizations are a fundamental tool in
proving properties of lambda-calculi, e.g., characterizing lambda-definability
Jung and Tiuryn, 1993;|Alimohamed, 1995} |[Fiore and Simpson, 1999), proving equational
completeness (Statman, 1985 [Mitchell, 1996), studying parametric polymorphism
[Ma and Reynolds, 1992; [Lazi¢ and Nowak, 2000) notably. On the other hand, Moggi’s
computational lambda-calculus has proved useful to define various notions
of computations on top of the lambda-calculus: side-effects, input-output, continuations,
non-determinism (Wadler, 1992), probabilistic computation (Ramsey and Pleffer, 2002)
in particular.

What should then be a natural notion of logical relation for Moggi’s computational
lambda-calculus? Although there is no unique answer to this question, we propose one

that is satisfying in practice. We shall demonstrate the relevance of our approach by
illustrating our construction on monads for non-determinism, dynamic name creation,
and probabilistic computation.

Moggi’s insight is based on categorical semantics: while categorical models of the A-
calculus are cartesian closed categories (CCCs), the computational lambda-calculus re-
quires CCCs with a strong monad (T',n, u,t). The monadic types of the computational
lambda-calculus are given by the syntax:

Tu=blr — 7|7 X 7|T(7)

where b ranges over a set B of so-called base types, and T'(7) is meant to denote the type
of computations of type 7. Compared to the lambda-calculus, Moggi’s calculus has an
additional val operation, of type 7 — T'(7), and an additional let = u in v construct,
of type T'(7') provided u has type T'(7) and v has type T'(7') under the assumption z : 7.
Every computational lambda-term has a unique interpretation as a morphism in a CCC
with a strong monad. In fact the category Comp whose objects are types and whose
morphisms are terms up to Sn-conversion is the free CCC-with-a-strong-monad over the
set B.

Accordingly, our study will rest on categorical principles. While there is a flurry of
generalizations of logical relations (Kripke logical relations (Mitchell, 1996), lax logical
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relations (Plotkin et al., 2000), pre-logical relations (Honsell and Sannella, 2002), etc.),
we use subscones (Mitchell and Scedrov, 1993) as a unifying framework for defining
logical relations. Recall that subscones over Set allow one to define logical relations,
and subscones over the presheaf category Set? lead to Z-indexed Kripke logical rela-
tions (Mitchell and Scedrov, 1993)). Technically, the development in (Mitchell and Scedrov, 1993)
is based on unique lifting of the CCC structure to the subscone. Our whole endeavor then
reduces to finding appropriate liftings of monads on categories C' to the subscone category

(C I ]]) (see Section HI).

The important property of logical relations is the so-called Basic Lemma (Mitchell, T996)):
meanings of a lambda-term in different models w.r.t. related environments are related.
This is immediate for subscones, and stems from the fact that Comp is the free CCC-with-
a-strong-monad on B (a trivial adaptation of Proposition 5.2 in (Mitchell and Scedrov, 1993)).
In particular, that any two closed terms that are in logical relation are observationally

equivalent is immediate.

1.2. Outline.

We return to preliminaries in Section Pl We then define liftings of monads to scones in Sec-
tion & this is simpler than for subscones, and of independent interest. The construction
is based on the use of monad morphisms. We then lift monads to subscones in Section Hl
using a mono factorization system. The important case where the target category C' is
a product of two categories is investigated in Section Bt this is where binary logical re-
lations arise, allowing us to compare two models. We terminate our lifting construction
by lifting the monoidal structure and monad strength in Sections Bl and [d, respectively.
Section [ establishes a result by which adjunctions give rise to monad morphisms. In
Section @, we return to the basics of subscone theory. While the standard construction
of the CCC structure over the subscone requires a functor |-| that commutes with finite
products, we show that the use of mono factorization systems, as in Section Hl allows us
to relax this requirement to |_| being only monoidal. While we do not make any use here
of this observation, monoidal functors are more natural from a categorical point of view
than product preserving ones, and we feel it should be interesting in future applications
(we have some already, but we refrain from including them in this paper).

It remains to test the relevance of our construction (Section IM): the logical rela-
tions thus defined characterize bisimulations when T is the non-determinism monad (as
suggested in (Lazi¢ and Nowak, 2000)), a generalization of Larsen and Skou’s proba-
bilistic bisimulations (Larsen and Skou, 1991) when T is a measure monad
Hones, 1990), and a notion close to Pitts and Stark’s logical relations for observational
equivalence of programs that create names dynamically (Pitts and Stark, 1993;[Stark, 1998).
We conclude in Section [l




2. Preliminaries

Fix two categories C and C and a functor || : C — C.

Consider the comma (.zategory (C| |_|).7 whose objects g ! 1A (1)
are tuples (S, f, A), with f : S — |A| in C and whose

morphisms are pairs (g, h) : (S, f, A) — (S', f', A"), g : gl \Llhl

S — S inCandh: A — A" in C,such that the diagram g/ — |A/|
!

on the right commutes in C.
This category is the scone of C over C via ||, (C | |]|). (We extend here terminology of

(Mitchell and Scedrov, 1993), where the name scone was reserved to the case C = Set,
|| =C(1,.) only.) The projection functor U : (C | |-|) — C maps (S, f, A) to A and the
morphism (g, h) to h.

In the sequel we shall be especially interested in the case where C = Set, and || =
C(1,.) is the global section functor, where 1 is terminal in C. Another interesting situation
arises when C = CxC and |(4, B)| = Ax B, assuming that C has finite products. Objects
of the scone then represent binary relations between objects in C. In this case, given two
functors ||, : C; — C and ||, : C2 — C, we may define | | : C — C, for C = C;xCy,
by |(A1, A2)| = [As]; x| Azl

Further assume we are given a monad (T',n, ) on C. When C = C; xCy, the monad
T on C will be usually defined pointwise, by two monads T; and T on C; and Cj,
respectively: T'(A;, As) = (T'1(A1),T2(Az)).

2.1. Related work.

One succesful approach to categorical generalization of logical relations is the setting
of (Hermida, 1993) based on fibrations. We do not assume in this paper the forgetful
functor to be a fibration, similarly to other authors (e.g. (Plotkin et al., 2000)). Even if
we lose thereby the equivalence to logic, this is justified, since we do not focus on logical
rules corresponding to logical relations in this paper.

We have already said that there is no unique notion of monad lifting. One of the sim-
plest is the lifting, proposed in (Crole and Pitts, 1992), T of T, which maps the object
(S, f, A) of the scone to (S, |nal| o f,TA). This is a special case of our notion of lifting
on the scone (C | ||) (Section B), taking T the identity monad and o, = |pa|. Turi
(Turi, 1996) considers lifting monads to the category of coalgebras of a given endofunc-
tor. This is a special case of our framework, when C = C (and T = T) and moreover
only objects of the form § . |S| are taken into consideration, and only morphisms
of the form (g, g). This defines the category of |_|-coalgebras as a proper subcategory
of scones. Turi uses a simpler version of our monad morphisms (we recall monad mor-
phisms in Section Bl), namely distributivity law of a monad over an endofunctor; monad
morphisms involve two monads and a functor between distinct categories. Turi’s dis-
tributivity laws are similar enough to monad morphisms that we had called the latter
distributivity laws for monads in the conference version of this paper. This also influenced
(Goubault-Larrecq and Goubault, 2003), where comonad morphisms are used, but are
called distributivity laws for comonads. Calling these monad morphisms distributivities
turned out to be a bad choice, as distributivity laws denote a close but different concept,



due to Jon Beck (Beck, 1969); also, while distributivity laws tend to be rare, monad
morphisms abound.

In (Power and Watanabe, 2002) different possible ways to combine a monad and a
comonad were studied in a systematic way. In particular, the authors used a notion of a

distributivity of a monad over a comonad (and dual distributivity of the comonad over the
monad). This is a stronger notion than monad morphisms, as it requires commutativity
of two copies of diagrams (@) below, one for the monad and another one for the comonad.
On the other hand, both the monad and the comonad live in a single category, unlike in
our case.

We also note that neither Pitts nor Turi deal with subscones.

(Kinoshita and Power, 1999)) considers lifting of a monad on Set to the category of
relations in Set; this is a particular case of our setting. Although, the main topic of this
paper is a more complex situation of lax logical relations and data-refinement for the
computational lambda calculus. A subsequent paper (Power and Tanaka, 2000) develops
further the ideas of (Kinoshita and Power, 1999). It addresses in particular lax logical
relations for the computational lambda calculus and for the linear lambda calculus.

In the same way that we lift a monad to relations, Rutten defines an
extension of an endofunctor in Set to a category of relations. The latter has relations as
morphisms between sets. An endofunctor extends to relations iff it preserves weak pull-
backs(which in particular implies preserving monos), and if so, the extension is unique.
(This is actually a special case of a more general fact, proved in (Carboni et al., T990)
for regular categories.) The approach taken by Rutten is different from ours, where rela-
tions are objects rather than morphisms. Hence, Rutten imposes a different functoriality
condition: the action of a lifted endofunctor on a composition of two relations must coin-
cide with a composition of actions of the lifted endofunctor on these two relations. This
amounts to closedness under composition of relations yielded by the lifted endofunctor.

(P 996) considers litfing of certain constructions on domains to relations on these
domains. He focuses on categories on domains and does not consider (strong) monads.
Instead of category of relations he assumes a relational structure, relaxing a notion of
mapping (morphism) of relations.

An approach related to ours is (Goubault-Larrecq and Goubault, 2003)), where a comonad
lifting is defined. This relies on pullbacks, whereas we use mono factorization systems.
Nonetheless, the so-called distributivity laws of (Goubault-Larrecq and Goubault, 2003)
are comonad morphisms, dual to the monad morphisms we use.

3. Lifting of a Monad to a Scone

By lifting of a monad (T,n,p) to the scone (C | |-|) of C' over C we mean a monad
(T,7, 1) on (C | ||) such that the diagram

(C L) (L) (2)
c————=C




commutes, i.e. Uo T =T o U and moreover

Uj=mnu and Up = py. (3)
By Un and py we mean the two T?UX
possible compositions of a natural y H(ﬂ)
transformation with U, similarly Up

and py. The equations @) amount TuX TUX TUTX

to the requirement that the two dia- nV H ® H @ ‘ @
grams on the right commute, for all UX — UTX UTX ~—— UT2X
nx Unx

objects X in (C | |]):

In other words, the functor U together with the identity natural transformation is a
morphism of monads from T to T. (We recall monad morphisms shortly.) Note that
the equations @) determine the C-components of 7 and i unambiguously. Moreover,
diagram (B)) determines the C-component of the action of T on objects and morphisms,
i.e. (S, f, A) is necessarily mapped to <§, JT,TA>, for some S, f and a morphism (g,h) is
necessarily mapped to (g, Th), for some g.

Our notion of lifting could be stated more generally, for an arbitrary pair of categories,
a functor from the first one to the second one and a monad on the second category. In
fact, in the next section we consider a lifting of T' to another category, namely a suitable
subcategory of (C | |]).

To be able to give an appropriate lifting we assume another monad (T, n,u) on C such
that the two monads T' and T are related by a monad morphism from T to T, i.e. a
natural transformation

o:T|| = |T|

making the following two diagrams commute, for each object A in C:

T?|A] (4)
HlA|

/ l%“

T|A| T|A| T|T A

D

A A orA

|A| —= [T A TAl <~ |T? 4

[nal lpal

To be formal, a monad morphism is a pair (|-|,o) satisfying the equations above. We
shall however continue to say that o is a monad morphism, when || is understood.
Having o, we define T" on objects by

(S, f,A) — (TS,0, 0 Tf,TA)

exploiting that if S 1 |A] then TS e T|A| A |TA| is a morphism. On mor-
phisms we define T by

(g, h) — (Tg,Th)



g T o
gt |A| Ts—f>’[r|A| —> T A|
since from 9 l *L‘hl we deduce that Tgl l‘T}” commutes,
S —|A| TS — T|A'| — |TA/|
j./ VJTf/ UA/

by naturality of . Moreover, we put

ns,f,4) = (Ns,na) and s, ¢, 4y = (Ms, Ha)-

Checking that this defines a monad is straight- S i TS bs TS
forward. First, to check that unit and mul- )
tiplication are well defined it is sufficient to )
merge the commuting diagrams @) and com- T T=|A]
plete them with naturality squares for n and ¢ uy To s
p as shown on the right. T|A| T|T Al
Unit 77 and multiplication zi are natural since nial

they are defined pointwise and 7, g, n and 7 9Ta

p are. Verifying monad laws is immediate, by Al > |TA| < |T2 A‘
the same argument. .l lkal

The monad morphism #]) can be equivalently given by a lifting of |_| to the categories
of algebras of the monads, i.e. by a functor |_| : C7 — Cr making the diagram commute:

Cr—Cr

vr | |

C i C
where Cr and Cr denote categories of algebras of the monads and Ur and Ur denote
the obvious forgetful functors. In fact, for fixed monads T and T and a fixed functor ||,
there is a one-to-one correspondence between the monad morphisms o and liftings of || to
algebras. The proof of this fact can be found in [Appelgate, 1965)) or in (Johnstone, 1975)).

4. Lifting of a Monad to a Subscone

Following, and slightly extending (Mitchell and Scedrov, 1993)), we may call the subscone
of C over C the full subcategory (C [' ||) of (C | |-|) consisting of all objects (S, f, A)
with f a mono, written SC_Y, |A|. (We shall actually define the subscone slightly
differently below.)

When C = Set and |4] is given by C(1, A), each object SC_. |A] in the subscone
represents a subset of global elements of A. In the binary case, i.e. when C = C1xC5 and
[(A1, Ag)| = C1(11, A1) x Ca(1a, Ag), S |(A1,As)| corresponds to a binary relation
on global elements of A; and As—when A; and As are the respective denotations of
type 7 in two given models, this will be the logical relation at type 7.

For technical reasons, we require that C has a mono factorization system. This is
essentially an epi-mono factorization (Adamek et al., 1990), except we relax part of the
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definition: we keep the mono part but do not require the epis in the sequel. Alternately,
this is a factorization system where one of the classes of morphisms is required to consist
of monos only.

Formally, a mono factorization system is given by two distinguished subclasses of mor-
phisms in C, the so-called pseudoepis —s= and the so-called relevant monos . .
The latter must be monos, while the former are not required to be epis. Both classes
must be closed under composition with isomorphisms.

Each morphism f in C must factor as f = m o e for some R (5)
pseudoepi e and some relevant mono m; and each commut- l l

ing square (B has a diagonal making both triangles com-

mute as in ([@). We call this diagonal morphism the diagonal —

fill-in. Note that the diagonal fill-in is necessarily unique

and that whenever the lower-right triangle commutes, the T (6)
upper-left triangle does too. Furthermore, the latter prop- J/ l

erty guarantees that the factorization f = m o e is unique (1/_) .

up to iso.

In particular, we do not require neither pseudoepis nor relevant monos to be closed under
composition, which holds true for an epi-mono factorization system, see e.g. (Adamek et al., 1990,
Chapter 14). But it is easy to deduce from the diagonal fill-in property that a composi-
tion of two pseudoepis is pseudoepi indeed, and similarly a composition of two relevant
monos is a relevant mono, see e.g. (Barr, 1998). It is also proved there that both classes
contain all isomorphisms.

In fact, the factorization of f as moe determines uniquely a so-called relevant subobject
of the codomain, defined as follows. Two relevant monos in C with the same codomain,

St s and S, 2. § are called equivalent if and only if there exist g; and go
making the two triangles commute:

g2

S i=—/————=05,
g1
i f2
S

ie., fiogr = fo and fyogo = fi1. A relevant subobject of S is an equivalence class of
relevant monos with codomain S. Equivalently, we could take as objects of the subscone
all relevant subobjects of |A|, for all objects A in C. We prefer to keep the simpler
presentation, despite the fact that this implies that some constructions in the sequel are
only determined up to isomorphism, e.g., (@) below.

We come back to the definition of the subscone:

Definition 1. Given two categories C, C, a functor |_| : C — C, and a mono factorization
system on C, the subscone of C over C is the full subcategory (C [' |-|) of (C | |-])

consisting of all objects (S, f, A) with f a relevant mono S /. |A| .

It may seem that the notation (C {' ||) is too vague, as it does not mention C or the

9



mono factorization system explicitly. It will be clear that making all parameters explicit
would make the notation extremely heavy.

Additionally, we shall assume that Te is pseudoepi for every morphism e in a subclass
of all pseudoepis called relevant pseudoepis, which we shall define shortly. This will be
used in Diagram ([[Il) below. In most applications, it will suffice to check that T preserves
pseudoepis.

Note the following simple and important fact:

S |A]

Fact 1. The first component g of a morphism (g, h) (recall that ¢ l i'h‘ com-
S o |A|

mutes) in a subscone is uniquely determined by the second component h.

This is because the bottom arrow is now mono.

Let us define a lifting of the monad to the subscone by analogy with () and (Bl for the
scone. In the binary case mentioned at the beginning of this section, this corresponds to a
lifting of a monad to the category of binary relations (as objects) and relation preserving
functions (as morphisms).

4.1. T on objects.

Tf
~ —T|A
The lifting T" on objects is given by the mono TS 14l (M
part of the mono factorization of the lifting ei J/"A
of the previous section: (S, f, A) is taken to 5C IT A

<§ ,m,TA) given by the diagram on the right.

We call pseudoepis e arising in this way T, o -relevant pseudoepis. That is, a T, o-relevant
pseudoepi is the pseudoepi part of a factorization of a morphism of the form o, o Tf,
where f is a relevant mono. For short, we shall call them relevant pseudoepis when T
and o are clear from context.

Clearly T is defined only up to iso. Formally, the construction would be unambiguous if
we worked with subobjects of |[T'A|, which are determined uniquely.

42. T on morphisms.

Given a morphism (g, h), the diagram on the  ¢c f A (8)
right commutes. Then the action of T on (g, h) \ \Ih‘

will be obtained from the unique diagonal guar- I §'c |A'|
anteed by (@). We construct diagram (@) below f

from two copies of ().
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All four given faces of the cube com-

mute. Both front and back faces com- TS — T|A| T|h| (9)
mute by definition of T" on objects: they Tg\{ s N

are copies of diagram (@). The right- el = TS ———T|4|

hand face is a naturality square of o; 7a

the top face is by application of T to §——|— T4 in |7

’
€

diagram (@), hence commutes by defi- A
nition of morphisms in the subscone. S’ CT ITA|

Now, an instance of diagram () can be found in @) by two walks from TS to |T'A’|: one
starts with the pseudoepi TS —= § , the other ends with the relevant mono grc_m™ [T A’ .
Since all faces commute, there is an arrow §---> g7 as in diagram (@), making the two
newly created faces of the cube commute. This arrow is unique by Fact Il Now T(g, h)
is given by the bottom face. Functoriality follows immediately from uniqueness of the

diagonal arrow in (@).

4.3. Unit 7.
The (C-component of the) unit 75 ¢ 4y is de- e ! A (10)
fined by post-composing ng with the pseu- n)a|
doepi part of the mono factorization in (). ne
This is well-defined since everything in sight TS L T|A] Inal
in the diagram on the right commutes. Indeed, ei \‘i
the right triangle is the monad morphism dia- Y "
. .
gram (@) (left), the upper square is the natu- S - T Al

rality of n while the lower one is a copy of ({@).

4.4. Multiplication 1.

The (C-component of the) multiplication fi(g 4y will be induced by a diagram similar
to (@) (below).

Again, all the faces not having the

dashed arrow or the required dotted ar- 'IF2 S v T2| A]

row as edge commute. The front face To

and the lower half of the back face Al

are instances of (), defining T(S, f, A) S TT/\

and T2(S, f, A), respectively. The up- Ty ‘

per half of the back face is by appli- T|A|
cation of T to the front face. The right- \ oT a

hand face is the other monad morphism 5(_\\_ _m ‘T2 A| o
diagram () (right), which we had not S e lpal
used yet, while the upper one is a nat- N \
urality square for p. S ITA|

Note that Te is a pseudoepi, since e is a relevant pseudoepi by construction, and T maps
relevant pseudoepis to pseudoepis. The composition ¢ o Te is necessarily a pseudoepi as
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well (Barr, 1998). We may use this result, or use a diagonal (@) twice. Here, and in some
other cases later, we prefer to do so.

First, similarly as in diagram ([@) we find an instance of diagram (@) by two walks
from T2S to |T'A|, one starting with Te and the other ending with m. Hence, the unique
dashed arrow exists and makes the two triangles commute. One of them, involving the
pseudoepi Te, is the upper part of the left-hand side. The other one, namely that involving
the relevant mono m, allows us to apply () again, since the following two walks from
TS to T A| commute: one starting with the pseudoepi € and the other consisting of
the dashed arrow followed by m. Hence, the unique dotted arrow exists and makes the
bottom face as well as the triangle in the left-hand face commute. The multiplication
fi(s,f,4y is then defined by the bottom face of the cube.

Verification of the monad laws is a formality due to the following:

Fact 2. Given two parallel arrows in (C [' |.|), say (g1, h1) and (g2, h2), they are equal
whenever the second components h; and hy are.

The proof is immediate by Fact [l Using this fact, and knowing that second components
of 77 and fx satisfy the monad laws (as they are unit and multiplication of T', respectively),
we deduce immediately that 77 and g satisfy the monad laws too. Similarly one proves
naturality of 7 and pi. We shall use this argument extremely often in the sequel.

It is useful to summarize the ingredients we have used here. To lift a monad (T',n,p)
on C to (C ' |]), we need:

(i) a category C and a functor |-| : C — C,
(ii) a monad (T,n,p) on C,
related to (T',n, ) by a monad morphism (||,o) from T to T,
(iii) a mono factorization system on C,
(iv) T maps relevant pseudoepis to pseudoepis.

Recall that to lift the CCC structure of C to the subscone, we additionally require C to
be a CCC with pullbacks, and |_| to preserve finite products (Mitchell and Scedrov, 1993).
Description of the construction can be found e.g., in (Goubault-Larrecq and Goubault, 2003)),
Section 5.4. We shall see in Section [ that the existence of a mono factorization system
on C allows us to relax the requirements on |_| somewhat.

5. Lifting of a Monad to Relations

Recall that we would like to lift monads to categories of binary relations as objects.
Hence, assume in this section that C is a product category, C = C'; xC3 and that both
C, and C; are equipped with monads Ty and T, and functors ||, : C; — C and
||, : C2 — C. A monad T on C can be defined pairwise: T (A1, A2) = (T'1 A1, T2A2) and
similarly we define |_| : C' — C by (A1, A2)| = |A1]; x| Az2],-

12



To this aim we assume binary products
in C, i.e., for each pair of objects Ay, A C

of C, an object A; x Ay in C, together N
with two morphisms 71 : A; X As — A3
and mg @ Ay X Ay — As satisfying the
requirement that for every morphisms

A -~
Al X A2 —— Al

7T2l
h making the whole diagram commute. As
We write (f1, f2) for h.
In the same vein monad morphisms from T'; to T and from T3 to T induce a monad

morphism from T to T. Indeed, given any two monad morphisms

f1 and fy, there is a unique morphism

o' T||, = |Th|, and o°:T||, = [Ts,,
we can define o, 4y T(|A1|; x[Az]y) — [T1 41|, X[T2Az], by
O(ay ay) = <01141 o T7T170,242 o Tra), (12)

where 7, and 75 denote the projections from |A;|; x|Az],.

The situation gets much simpler when C = Set, ||, = C1(11,-) and ||, = C2(12, ),
where we assume that C; and C3 have terminal objects, 17 and 15 respectively. Each
object S |(A1, A2)| in the subscone defines a binary relation (again noted S) on
global elements of A; and As. Obviously Set satisfies all requirements from previous
sections, with surjections as pseudoepis and injections as relevant monos.

For a moment imagine that T’y and T'; are strong monads and that we are able to lift
strong monads to subscones — this will be tackled in detail in the following Sections
and [d Given two CCCs C; and Cy with respective strong monads T'; and T'5, the fact
that Comp is the free CCC with strong monad on the set B of base types means that
there are two representations of CCCs-with-strong-monads, [-]; and [_],, from Comp to
C1 and Cs respectively: they are the natural meaning functions for monadic types and
computational A-terms.

Our construction of a lifting together
with standard constructions on sub-

scones (Mitchell and Scedrov, 1993) (Set ['|])
yield another representation of CCCs- [-] iU
with-strong-monads [.] from Comp to

(Set [' ||). That [] is a lifting means that Comp (191,032 C1xCs

Uo[.] = ([-];;[-]5), i-e., the diagram on
the right commutes. When C; and Cs are
concrete categories, this means that

Vay € [, a2 € [I]; (a1, a2) € [T] = ([t]; (a1), [t]; (a2)) € [7] (13)
for all terms t of type 7 in the context I' = z1 : 7y,...,x, : T,; representations of I' are
taken to be products of the representations of 71, ..., 7,; [7] is a relation between [7],
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and [7],, defined by induction on types 7 (the case where 7 is a base type is arbitrary):

(f1, f2) € [r = '] <= V(a1,a2) € [7] .(f1(a1), fa(az)) € [7]
((a1,a1), (a2,a3)) € [r x 7] <= (a1,0a2) € [7] A (a},a3) € [7']
(Bl,BQ) S [[TT]] e (Bl,BQ) (S T[[TH

These equations (except possibly the last one) are the standard definition of a logical
relation. ([3)) is the already cited Basic Lemma.

Further simplification is gained when C'; = C5 = Set, the three monads Ty, T5 and T
are identical and both ||, and ||, are identity functors. The monad morphism o reduces
to distributivity of the monad T over binary product, and () rewrites to

U(AI,AQ) = <T7T1,T7T2> : T(Al XAQ) — TAl XTAQ

where by T we denote a given single monad on Set. This is a particularly important
special case, so we study it in more detail.

Every binary relation S C A; x A3 has a representatlon S% A1 x Ay where
the arrow is the inclusion induced by two projections 7°; : § — A; and 755 : S — A,. In
fact, the full subcategory of the subscone consisting exclusively of inclusions instead of all
injections is equivalent to the whole subscone, so without loss of generality we consider
only inclusions in the rest of this section.

771772

Recall the action of a lifted monad T TS —— T(A1xAsz)
on a relation ST LT A x A, - $ i"(Al,Az)
§C—> TA;xTA,

The functor T maps a relation S to the relation between sets TA; and TAs defined
as the direct image of the function (T, Tn®,) : T'S — TA; xTAs, since the middle
(dashed) triangle in the following diagram commutes by the universal property of product
(together with all other triangles):

, T(x%q,795)
(TrS1,Tr% ) v

/ T(Al XAQ)
/.

/ 2/771, T2) Ty
TAl ’ TAl XTAQ TAQ

!
St o

where by 7] and 75 we denote two projections from TA; x T As.

It is instructive to look at some concrete example before going to more technical
Sections [l and [ Further examples are presented in more detail in Section [[(} Consider
TA = Pg,(A), the finite powerset monad on Set. If we assume for simplicity that 7
and 7%, are simply inclusions, then the function T7°; takes a finite relation R C S to its
domain, i.e. {z|3y-(x,y) € R}, and Tn®, takes R to its codomain, i.e., {y|3z-(z,y) € R}.

14



Hence, the image of the function (Tws 1, Tns 2) is a relation S between finite subsets of Aq
and As that contains precisely domain-codomain pairs of finite relations R C S. Hence
(Bl,BQ) e S iff

Vb € By.dby € Bg.(bl,bg) es A Vby € By.dby € Bl.(bl,bg) e s.

6. Lifting Monoidal Structures
6.1. Monoidal Categories

In this section, and the following ones, we assume that each of the categories C' and C is
equipped with a monoidal structure. In other words, we assume that (C,®,I,a,£€,r) and
(C,®,1,0,1,r) are monoidal categories (Mac Lane, 1971)). This will allow us to extend
our lifting of a monad to one of a strong monad in the following Section [

This means that I is an object of C, ® is a functor from C x C to C, and wa p,c :
(AB)®@C —-A®(B®C),l4: I A— A, ra: A®I — A are natural isomorphisms
called the associativity, the left unit and the right unit laws respectively, making the
following squares commute.

(A@B)®C)e D224 B)® (Co DY 2L A0 (Be (C® D)) (14)
l‘D‘A,B,C(@idD idA®UB,C,DT
(A (B®C))®D YW A® (Be®(C)® D)
(A®I)® B saLe A® (I® B) (15)
A®B

And similarly for I, ®, a, £, r.
We prefer to work in a slightly more general setting compared to (Mitchell and Scedrov, 1993),
where cartesian structure was assumed. In Section fl we show how this added generality
can be exploited for a fragment of linear lambda calculus. Typically, our categories will
have finite products, then I will be a terminal object, ® will be binary product, and e, [
and r will be the obvious isomorphisms.

We also assume that |_| is a monoidal functor (Eilenberg and Kelly, 1966). That is,
there is a mediating pair (0,1), composed of a natural transformation 04 p : |A| ® |B| —
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|A® B| and a morphism & : T — |I| satisfying the following coherence conditions:

@Al IB.IC|

(lAl®|B|) @ [C] |Al ® (|1B| @ |C]) (16)
[BA,B®idCl lidA(@[BB,C
|[A® B| ® |C| Al ® |B® C|
@A®B’cl leA,Bth
(A® B)® C| IA® (B® C)
lea,B,cl
1|4 (17) Al ® 1 (18)
n®1d‘A‘ ld‘A‘®n
1| @ | A Al |A] ® I |A]
@LA ®A,I
\L Af l A{
184 PeY(

Finally, we assume that pseudoepis and relevant monos form a so-called monoidal mono
factorization system, i.e., for every two pseudoepis e1, ez, then e; ®es is again a pseudoepi.
This name stems from (Ambler, 1991]), Definition 5.2.1, p.91.

We define below a lifting of the monoidal structure to the subscone: we show that the
subscone is a monoidal category ((C [ ||),®,1,d,¢,7) in such a way that U(A®B) =
UA® UE, Ul = I U&E,E’,@ =QyivBuUc UZA =4£,5, Ury =r, ;. Lifting to scones is
omited here but can be easily extracted from diagrams below by dropping all factoriza-
tions.

6.2. Unit element 1. (19)

I
Let I be the triple (I,§,I) as built from the diagram on GI¢
the right, obtained from a factorization of . T

6.3. Tensor product ®.

We build the tensor product (S;,m1, A;)®(Sa,ma, A3) in the obvious way: compose
mi1 ® meo with the mediating natural transformation 0, and factorize.

mi®@ma
The tensor product is then given by 5185 [Ar] @Az (20)

<S12, mia, Al ® A2> on the I‘ight; ThlS elzi [BAI’AZ\L
is similar to the construction of T
S1o S |A1® Ay
mi2
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6.4. Associativity a.

This is more involved, but basically similar to the construction of the multiplication of
the monad in the subscone. In the diagram below, e12 ® idgs, is pseudoepi because both
e12 (given by Diagram B) and idg, are pseudoepis, and because our mono factorization
system is monoidal. The two front faces and the two back faces are derived from the
definition of ®, the top face is a naturality square for o, the right face is the coherence
condition ([@). The dashed arrow, and then the dotted arrow @, are by the diagonal
fill-in property of our factorization system. The desired associativity morphism is then

the pair (@, @4, 4,,45) (bottom face).

mi®@ma)@ms

(S1®S2) ® S3 (

(1] @ |Az2]) @ |A3]

QA1 A2],|As]

W,sy,
. m1®(m2®mj¥
e12®idsg S1® (52 ® S3) A1 ® (|A2| ® |As])
® e idja;)®0a5,45
S0 ® S3 s |A1 ® A2| & |A3|
N ids; ®e23
cama| N\ 1 ® Sk I L 4] @ A2 @ Ay
\ 04,045,445
\ 041, 4,045
S(12)3C A [(A1 ® A2) ® As|
N 81(23)m(12)3
51(23)( o1 2 A7141 ® (A2 ® A3)|

miy(23)

The inverse is given by a very similar diagram (below).

mi®@ma)@ms

(51 ®S2) ®Ss (

Wsa

S1® (S2 ® Ss3)

e12®idg,

mi12@ms3

S12 ® 3

0a,,4,®idag

(1A1] @ |Az2]) @ | As]

Al 1A2].1A3]

mi1®(ma2®@m3a
TSR [ @ (|Aa] © |As))

idja;|®Bay a5

|A1 ® A2| & |A3|

ids, ®e23

mi1®ma3

€(12)3

S1 ® Sas

-
—~

A

|A1] ® |A2 ® As]

04,045,445

0a,,4,044

5(12)3(

e €1(23)

a~t "

.. 5’1(23)(

m(12)3

(A1 ® A2) ® As|

|aA1>A3|:J_x\1 ® (A2®A3)|

mi(23)
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6.5. Left unit ‘.

Let (S, m, A) be any object of the subscone. We build the diagram below. The left triangle
in the upper back face is the definition of I , the rest of this face corresponds to two ways
of writing § ® m, the lower back face is the definition of I~(§~©<S, m, A). The upper, slanted
face is a naturality square for l.

Finally, the right- I®S digm I® |A (23)
most triangle is $@idg Neig
the coherence ~ ¢®ids .
o S idj; ®m
condition ([). T®S'—>I|®SL>|I|®|A
As usual, we first \ :
derive the dashed, el?i AN l“aI,A 14l

then the dotted ar- g
-~ . 12C
row [ by diagonal

: I ® Al
. . [€a
fill-ins. The desired \
left unit is (1,£4). N

Sc |Al

m

~

The inverse to [ is also given by a diagonal fill-in. Start from S, then go to S (again) by
the identity morphism—this is a pseudoepi—, then follow m, ’KA_I’ to [I ® AJ; or start

from S, climb along [Igl, then follow e; ® idg, €12, m12 (a mono) to |I ® A|. The diagonal
fill-in is then an arrow from S to Sy, which is inverse to [ by Fact B

6.6. Right unit .

m@id

This works exactly S®l H Al ®1 (24)
as for the left unit, . ids®i A .

K ids®er idja| ®1
see diagram on the S )
. . . = \ids®f m®idr
right. The right tri- ST \—= S|l —[A|®|I
angle is the coher- AN

- e12 Oar

ence condition (). \
The desired right S1oC . |A®I|
unit is given by e Ira
(T,7a).
The inverse of T is R e |A|
built as for [. m

Finally, all required naturality, isomorphism, and coherence conditions hold by Fact

We recap what we need to lift monoidal structure to the subscone:

(i.a) monoidal categories (C,®,I,a,£,r) and (C,®,L a1, 1),
and a monoidal functor || : C — C,
(iii.a) a monoidal mono factorization system on C.
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6.7. Symmetric Monoidal Categories

We now assume that we have got, and want to preserve symmetric monoidal structure.
Recall that a symmetric monoidal category (C,®,[ o, [,r,c) is a monoidal category
(C,®,La,l,r), together with a commutativity natural transformation c4p : A® B —
B ® A obeying the following coherence conditions.

The first coherence condition is ¢p 4 0 ¢4 B = idagp, which implies that ¢ is actually
a natural isomorphism. The others are:

ca,B®idc

(Ao B) o2 o Ay C (25)
A® (B®C) Be(A®0)
CA,B@C\L J{idB(@cA,c

(B®O)®AWB®(O®A)

I A——2 S~ A®I (26)

N A

We now need |_| to be a symmetric monoidal functor, that is, it should be monoidal
and satisfy the extra coherence condition:

Clail,1Az]
41| ® | Az 22 | 4y| © | Ay (27)
@AI,A2l leAz,Al

c )
|A1®A2|M>|A2®A1|

6.8. Commutativity ‘.

We lift the commutativity to the subscone, assuming C and C are symmetric monoidal,
as follows. The back and front face are the definition of the two tensor products of
(S1,m1, A1) and (S3,mg, As), the top face is by naturality of commutativity, the right
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face is coherence ([2). Finally T is given by a diagonal fill-in, and all expected diagrams
commute by Fact

S @ Sy — ™2 Ay ® | A (28)

CS1,52 ClAp],]Az|
0aq,4,

e12 S2 & Sl M2 @ |A2| ® |A1|

i

|A1 ® A2| 0ay,4,
2

mi1

C N |CA1,A2|

Sa1C |[As ® A4

ma1

We recap what we need to lift symmetric monoidal structure to the subscone:

(i.b) symmetric monoidal categories (C,®,1I,a,€,r,¢)
and (C,®,L o, r,c),
and a symmetric monoidal functor || : C — C,
(iii.a) a monoidal mono factorization system on C.

6.9. Lifting Cartesian Products

An important special case of symmetric monoidal structure is that given by finite prod-
ucts. This is given by one terminal object 1 such that, for every object A in C, there is
a unique morphism A—!>1, and by a binary product operation as explained in Section Bl

For any two morphisms f from A to A’, g from B to B’, we write f x g for the morphism
(fom,goms) from A x B to A’ x B'.

It is well-known that binary product can be turned into a functor from C x C to C,
which is symmetric monoidal with unit 1, associativity (m o 71, (7 0 71, m2)), left unit
79, right unit 71, and commutativity (ma, ).

When C and C are both equipped with finite products, and || is a functor from C to
C that is monoidal with respect to these products, then the construction of Sections
and yields a symmetric monoidal structure on (C [' |_|) that we claim stems from a
finite product structure on the subscone.

To this end, we assume that |_| satisfies 41| x |As] (29)
the coherence condition on the right, ! g

for i € {1,2}. We shall say that such a ®A1,A2l §

functor is cartesian monoidal. (Then |-

! . idal. (Then || Ay x Ag] — |AJ

is automatically symmetric monoidal.) i

20



6.10. Terminal object 1.

Let 1 be the object (T,,1) given by dia- 1 (30)
gram (). Specializing this diagram to ew i

th(? case %t hand, t}'liS is gi.ven as the 7o |1

unique object up to iso making the fol- :

lowing diagram commute:

For any object (S,m,A) of the
subscone, there is a unique arrow
(u,v) from (S,m, A) to (I,§,1).
Indeed, v is the unique arrow !
from A to 1, and u is given by
erol; u is also unique, by Fact

6.11. Binary product x.

Specializing the definition ) of the Sy x Sy 1 |A1] x [42]  (31)
lifted tensor product & to the case at elzi ®A1,A2l

hand yields the object (S12,m12, 41 ®

A2> = <Sl,m1,A1>;<S2,m2,A2> de— 512(—77112>|A1 X A2|

fined by the diagram on the right.

The ith projection (7;,m;) is

then given by the diagram on

the right. The back square is S1 x S
a copy of (&), the right trian-
gle is an instance of the coher-
ence condition (), while the
top, slanted face is by stan-
dard properties of m;. From
two routes from S; x S to
|A;|, we get 7; by a diagonal
fill-in.

It remains to show that whenever we have two subscone morphisms (f1, f1) from (S, m, A)
to (S1,m1, A1) and (fg,fg} from (S, m, A) to {S2,ma, As), there is a unique morphism
(h, h) from (S, m, A) to the product (S12,m12, A1 x Ag) such that (7, m:)o (h, h) = (fi, fi)
(i € {1,2}). Existence is assured: take h = (f1, f2), h = e13 o (f1, f2), which satisfies
the claim: this is an easy consequence of the diagram above. Uniqueness follows from
the uniqueness of h given by the definition of binary product in C, and from Fact
guaranteeing the uniqueness of h.

mi Xmsa

|A1| x |Az]

As is now usual, we recap what we need to lift products to the subscone:

(i.c) categories C and C with finite products,
and a cartesian monoidal functor || : C — C,
(iii.a) a monoidal mono factorization system on C.
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7. Lifting Strong, Monoidal, and Commutative Monads to a Scone and a
Subscone

Once we have got a monoidal structure on C' and C, we may consider strong monads
T and T instead of just monads on each category. This is what we need to develop a
theory of logical relations for Moggi’s monadic A-calculus. We shall also consider the
more demanding cases of monoidal monads, and of commutative monads.

7.1. Lifting Strong Monads

That T is a strong monad means that a strength natural transformationty g : AQTB —
T(A ® B) is given such that the diagrams in Definition 3.2 in (Moggi, 1991)) commute,
that is:

1,B id B
19 TB—%T(I®B) (32) AeB 12 A0 TR (33)
Irp lTUB M l&A’B
TB T(A® B)
(A® B)® TC taos.c T((A® B)® C) (34)

l@A,B,Tc l']l‘uA,B,c

ta,Bgc

tare Tt
A®T?B —2T(A® TB) —%T*(A @ B) (35)
idA®u-JBl/ \LI}U’A@B
A®TB T(A® B)

ta,s

Formally, a strong monad is a four-tuple (T, n, p,t) where (T,n,p) is a monad and t
is a strength making the above diagrams commute.

By lifting of T to (C | [|) we now mean a strong monad, i.e. a monad (T, 7, 1)
together with a strength ?X7y : X®RTY — T(X®Y), such that diagram () commutes,
equations (@) hold and

Utxy =tux.uy,

i.e., U preserves strength.

To be able to give an appropriate lifting, we extend the monad morphism to a strong
monad morphism, i.e., a monad morphism making the following additional diagram
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commute, which relates the strengths 4, 4, and E 4|4,

blagla;g)
[Ax] @ T|Ag| ——— T(|A1] @ |A2]) (36)
id\A1\®aA2\L $T(®A1,A2)
|A1] ® T As| T|A; ® Ay
6a,, T4,y \L ¢0A1®A2
|[A1 @ TAs| ———— |T'(A1 ® As)|
|tA1’A2|
Having lifted T to scones and subscones in previous sections, we only need to give a
lifting of the strength ¢. For scones this is straightforward—define ¢ pointwise by

t<511m17A1>1<S21m27A2> = <[t51752 ) tA17A2>'

Verifying that this is well-defined amounts to pasting together a naturality square for
t and a diagram (B):

m m 04, o(id R0 4.)
Sl (X)TSQ 1®Tme |A1| ®T|A2| A1, TAy [A1] Ag |A1 ®TA2|
l&sl,% &Al,Azl |tA1,A2|l/
T(mi1®m o oT(0a,,4,)
T(S) ® Sp) — 2" p(|Ay] @ |4,]) T2 A, @ 4,)|

The upper side of this diagram is precisely (S1,m1, A1>®T<SQ, ma, A2) in the scone while
the lower side is T({(Sy,m1, A1)®(Sa,m2, A)). (We let the interested reader define for
herself the tensor product ® in the scone.) Checking naturality of t and strength laws is
immediate since t, &, 7, 7 and i are all defined pointwise.

Now we move to subscones. Call T the lifted monad defined in @), @), () and (T
in Section @l

As in previous sections, ¢ in subscones will differ from the case of scones only in its
C-component [E, and this component will be induced as a unique diagonal guaranteed by
diagram (@) in the diagram below.

idg, ®Tm m1 ®idr) A,
S, ® TS, &Sl—2>sl ® T|Ao| —> [A}] ® T| 4z, (37)
S1,8 [A1l,1A2]
\2 ids, @0, idja,| Q0 4, \2
id el T(|A A
e T(S1®5) - (141] @ |421)
. Te12 ;
—_ids; ®m/ M1 ®id|T A,
S @G > 51 ® [TAs| — [A] © [T Az|  T(0ay.a)
\
\ T 0a,,T4a,
€l \\ TSz - T|A; ® As
\ ’
Slc \ mis |A; @ T A, ’ ifA1®A2
N A1, Ao
S15C , IT(A1 ® Az)|
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As ingredients of this diagram we have used:

— An instance TS i T|As| of Diagram (@) defining T(Ss, ms, As); this is tensored

el2¢ l/UAz

by S; on the left to get the upper left square of the back face. Notice that idg, ® e,
is pseudoepi because our mono factorization system is monoidal.

’
mi1®my

— An instance g, © § ——— |A1| ® [TA2| of Diagram (1) defining the tensor

eizi leAlvTAz

Slo—— [A1 ® T A

myg

product of (S7,mq, A1) with T<SQ, ma, Ag) = (E;, mb, T Ay); this is the lower square of
the back face. (Note that the upper right square of the back face commutes trivially.)

— Another instance S; ® Sy — "2 |A1] ® |A2| of Diagram [£0) defining the ten-

e12l l®A1,A2

512(—mm> |A; ® As

sor product (S12,mi12, A1 ® Ag) of (S1,mq, A1) with (So, ma, A3); we apply T to this
square to get the upper half of the front face.

— Another instance of Diagram () defining the application of T to the just mentioned
tensor product (S12,m12, A1 ® Ag): this is the lower half of the front face.

— A naturality square for b (top face), and

— An instance of Diagram (BHl), which defines the right face.

As usual, the dashed and the dotted arrows are given by diagonal fill-ins, therefore
t= ([E,t) is well-defined. Again, checking naturality of ¢ and strength laws is immediate
by Fact

Here is the final set of ingredients for lifting a strong monad (T, n, p,t) on category C
to (C ' |]):

(i.a) monoidal categories (C,®,I,a,£,r) and (C,®,1,¢,1, 1),
and a monoidal functor || : C — C,

(ii.a) a strong monad (T, n,y,t) on C, related to (T',n,p,t) by
a strong monad morphism (||, o) defined in @) and (B4,

(iii.a) a monoidal mono factorization system on C.

(iv) T maps relevant pseudoepis to pseudoepis.

7.2. Monoidal Monads

Several strong monads are in fact monoidal—in fact all the monads of Section [ are
monoidal. While this notion is not needed in Moggi’s account of computation (Moggi, 1991)),
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this occurs naturally, and will be used in Section B4l A monoidal monad is a four-tuple
(T,n,p,d), where da g : TA® TB — T(A ® B) is a mediator natural transformation,
making the following diagrams commute:

1o TB (38) TA®I (39)
‘T]H®id11‘B\l/ idra ®DH\L
TI @ TB \"® TA®TI N ™
dH,B\l/ dA,][\l/
T(l® B) —>TB T(A®I) —>TA
B rA
A© B 222 T4 o TB (40)
o L
T(A® B)

A®B c

(TA®TB) o TE 224 0 B) © TCX2ET(A® B) @ C) (41)
\LUTA,TB,TC \LT‘D‘A,B,C

TA® (TB®TC) —=TA®T(B®C) ——>T(A® (B®())
idra®dB,c da,BeC

Td
T?A 9 T2B "2 T(TA © TB) % T2 (A ® B) (42)
PA@MB\L \LI}JA®B
TA® TB T(A® B)

da,B

Diagrams BY), BY), @) state that T is a monoidal functor with mediating pair
(d, n1). Diagram [{0) states that n is a so-called monoidal natural transformation, while
Diagram ([H2) states that p is another monoidal natural transformation.

Given any monoidal monad (T, n,p,d) on C, it is easy to check that (T,n,u,t) is a
strong monad, where ta p = da,p o (N4 ® idyp). Furthermore, [t;l,B defined as da, p o
(idra®mng) is a dual strength, that is, a natural transformation ty 5 : TA® B — T(A®B)
obeying the obvious duals of the strength laws B2), B3), B4d), BH). (Formally, a dual
strength is a strength on the dual monoidal category (C,I, ®°P,a~!,r, ), where A ®°P B
is defined as B ® A.)

Moreover, the strength t and the dual strength U’ are compatible with the associativity,
in the sense that the diagram below commutes.

B®i thon
(A®TB) @ C 222 140 By o ¢ 22 T((A® B) ® C) (43)
@A,TB,ci/ \LT@A,B,C

ida®t
A®(TB®C) —2C A0 T(B® C) %S T(4® (B® C))
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Finally, the strength and

the dual strength commute, TA® TB frap T(TA® B) (44)
in the sense that the di- W&/A’ N
agram on the right com- - T?(A ® B)
mutes. In fact, the common

diagonal from TA ® TB to iM@B
T(A@B) iS just dA,B- T<A®TB)’]1‘D:—A)BT2(A®B)I]JEE T(A@B)

In general, a monoidal monad can be defined equivalently as a monad with a strength
and a dual strength that make the diagrams ([E3]) and @) commute. See Appendix [A]
in particular Appendix [A]] and Appendix [AZ, for a proof.

It is natural to define a monoidal monad morphism from (T,n,p,d) to (T,n,,d) as a
monad morphism ¢ from (T,n,u) to (T,n,p) making the following diagram commute:

T|Ay| © T|Aa] S22 (| 44| @ | 4o]) (45)
UA1®UA2¢ \LT(®A1,A2)

TA;| @ |TAs] T|A; ® As
®TA1,TA2¢ \L‘TA1®A2

TA @ T 43| > IT(41 8 A1)

Every monoidal monad morphism o is also a strong monad morphism from (T',n, u,t)
to (T, m, p, L), and also from (T,n,u,t') to (T,n,p,t'), where ta g =da po(Ma®idrp),
tap =dapo(na®idrp), th p =dapo(idra®ng), ty p = dapo (idra ®np). In
Appendix [A3, we show that the monoidal monad morphisms are exactly the natural
transformations ¢ that are both a strong monad morphism and a dual strong monad
morphism.

One may think that lifting monoidal monads to scones and subscones is easy: get
the strength and the dual strength from the mediator, and lift them as in Section [T}
However, it is not immediately clear that what one would get would arise as strength and
dual strengths of a mediator, in particular that {d]) would commute. Let us therefore
state the construction explicitly. This mimicks the construction of the lifted strength
from Section [l For scones, the lifted mediator is again defined pointwise by

d<511m17A1>1<S21m27A2> = <d517527 dA17A2>

For subscones, we mimick Diagram (B7) in Diagram #@l) below. We let the reader check
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all commutations.

Tm1®Tmo

TS ® TS, - T|A1] @ T| Az (46)
S1,8 A1l A2]
x2 T4, 804, \
aodg  T(51©8) T T(|A1] ®|A2])
Telz m, ®m,
:gvl & :9; ——— [TA:| @ |TAs| T(®a),42)
\
\ T Ora, TA,
e N TS oL T|A; ® Ao
\ o
512( \ m/12 |TA1 ® TA2| |d |‘7A1®A2
RN Ap,Ag
S | IT(A ® As)|

So, to lift a monoidal monad (T',n, u,d) on category C to (C [ |.|), we require:

(i.a) monoidal categories (C,®,I,a,£,r) and (C,®,1,¢,1, 1),
and a monoidal functor || : C — C,
(ii.b) a monoidal monad (T,n,u,d) on C, related to
the monoidal monad (T',n,u,d) on C by
a monoidal monad morphism (||, o) defined in @) and @),
(iii.a) a monoidal mono factorization system on C.
(iv) T maps relevant pseudoepis to pseudoepis.

7.3. Commutative Monads

In the case of symmetric monoidal categories C and C, recall that if we also want to
make the subscone a symmetric monoidal category, it suffices to replace (i.a) by (i.b),
which requires |_| to be a symmetric monoidal functor. This case occurs notably if we
want to lift a commutative monad to the subscone.

Recall that a strong monad (T, n,p,t) is commutative if and only if, letting [t;\, g be

the dual strength Tep 4 o b 4 o €14, B, then Diagram ) commutes.
Let d4,p be the common diagonal pagp ©

Tty g o brap = pags © Ttap oty 1p.

We can check that d is then a media- TA® TB da.z T(A ® B) (47)
tor , whence every commutative monad

is monoidal. In fact, a monoidal monad CTA*TBl chAvB

is commutative if and only if the follow- TB ® TA T(B ® A)
ing additional diagram commutes (see Ap- ds,4

pendix [A).

For convenience, we shall now understand commutative monads as monoidal monads
satisfying (D). The lifting of monoidal monads of Section then yields a lifting of
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commutative monads, by Fact Bl Therefore, to lift a commutative monad (T',n,u,t) on
category C to (C [' |.|), we require:

(i.b) symmetric monoidal categories (C,®,I,a,€,r,c) and (C,®,I,¢,1,r,c),
and a symmetric monoidal functor || : C — C,

(ii.c) a commutative monad (T, n,y,d) on C, related to
the commutative monad (T',n,p,d) on C by
a monoidal monad morphism (||, o) defined in @) and @),

(iii.a) a monoidal mono factorization system on C.

(iv) T maps relevant pseudoepis to pseudoepis.

When C has all finite products and we consider the induced symmetric monoidal struc-
ture, we might require that the monoidal monad (T, n, u, d) is not just commutative but
even cartesian, by which we mean that T is a cartesian monoidal functor with mediating
pair (d,ng). (Recall that T is always a monoidal functor with this very mediating pair.)
This means that Tm;oda, g = 7, @ € {1,2}. We just do not need this in our constructions;
but it is often easier to prove that a monad is cartesian and infer that it is commutative
than to prove that it is commutative directly: we shall see examples of cartesian monads
in Section [0

8. Building Monad Morphisms from Adjunctions

It is often the case that we have a (strong) monad on C, and wish to build another one
on C related to the latter by a monad morphism. The following results are then of some
help.

Recall that, given two categories C and D, a pair of functors F': C - Dand U : D — C
is an adjunction F 4 U if and only if there are natural transformations n. : . — UF. (the
unit of the adjunction) and € : FU. — . (the counit) such that ep(4y0 Fna = idp4) and
Ueaonyay = idy(a)- F is said to be left adjoint to U, U is right adjoint to F.

Then any adjunction F' 4 U gives rise to a monad (UF,n ,Uer) on C. Conversely,
there are two standard ways of retrieving an adjunction from a monad (7,7, u) on C,
from Eilenberg-Moore algebras, or from the Kleisli category of the monad.

8.1. Eilenberg-Moore algebras.

A T-algebra is a morphism T(A) = A, for some object A of C, satisfying the com-
mutativity conditions:
T2(A) (48)
e 1

n
27 s z ys

A——A A A
ida
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A'is called the support of the algebra, s its structure map. A morphism from T'(A) = A

to T(B) = B is amorphism f : A — B in C that commutes with structure maps, i.e.,
such that fos=wuoT(f). T-algebras together with these morphisms forms a category
T-Alg.

Then FT 4 U7 is an adjunction, where U : T-Alg — C maps objects T(A4) > A
to A and morphisms f from T(A) 2= A to T(B) = B to the underlying morphism
f from A to B in C; and where FT : C — T-Alg maps the object A to the T-algebra

T?(A) £ T(A) , and the morphisms A . B to f seen as morphism from F7(A)
to FT(B). The unit of the adjunction is 7, while the counit ¢ is given on each T-algebra
HA

T(A) =— A as the morphism s itself, from FTUT( T(A) == A ) = T?(A) —=T(A)

to T(A) 2= A .
Moreover, the monad of this adjunction is the original monad (T, 7, u).

8.2. Kleisli category.

The objects of Kleisli(T') are the objects of C, while the morphisms A—f>B of

Kleisli(T") are the morphisms A 4 T(B) of C. To avoid confusion, we write f the
morphisms f seen as a morphism in Kleisli(7'). The identity id4 on the object A in

Kleisli(T') is n4, while composition g o f is puc oT(g) o f, where A—f>T(B) and

B—%T(C) inC.
Define Fr : C — Kleisli(T) as mapping the object A to A, and the morphism

A . B to the morphism from A to B in Kleisli(T') defined as np o f. Define Uy :
Kleisli(T) — C as mapping the object A to T'(A), and the morphism f from A to B in
Kleisli(T') to pup o T'(f). Then Fr 4 Ur is an adjunction, whose unit is 1, and whose
counit e is the identity morphism from FrUr(A) to T(A) in C, seen as a morphism from
FrUr(A) to A in Kleisli(T'). The monad of Fp - Uy is again (T, n, u).

8.3. Monad Morphisms from Adjunctions

Proposition 1. Let (T,n,p) be a monad on a category C, || : C — C be a functor
with a left adjoint D : C — C. Let €4 : D|A| — A be the counit of the adjunction,
N : E — |D(F)| be the unit of the adjunction.

Define T = || oT oD = |TD|, ng = |[np(r)| e, v = |kp(E) © Térp(r)|. Finally,
let 04 = |T€a| : T|A| — |T'A|. Then (T,n,p) is a monad on C and (|-|,0) is a monad
morphism from T to T.

Proof. Let F' 4 U be any adjunction generating the monad, i.e., such that UF =T,
whose unit is 5, and whose counit € is such that g = Uer. We may choose, e.g., FT 4 UT
or Fr 4 Up. Compose the adjunction D - || with F 4 U, yielding an adjunction
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FD H|U|. The unit of this adjunction (on object E) is ’nD(E)‘ ofg, its counit (on object
A) is €40 F(éUA).

The monad of this adjunction is ([UFD|, ‘UD(.)‘ on., |U(erp() OF(éUFD(_)))’). But
the monad of F HU is (T,n,u), so UF =T and p = Uep. It follows that the monad of
FD H|U| is (|TD|, ﬂD(.)’ 0., |1D() © T(éTD(.))’). This is (T, n, ), which is therefore a
monad.

It remains to show that o = |T¢| is a monad morphism from T to T. This is checked
using the following diagrams. In the left diagram, the top triangle is one of the adjunction
laws, the bottom square is by naturality of |p|; so o, (bottom arrow) composed with
4| (leftmost vertical path) equals [pa| (rightmost path from |A| to [T Al).

In the right diagram, the
top square is by naturality

TD|Té4l|
|A] |TD|TD|A||| — |TD|T A

of |T¢|, the bottom square
is by naturality of |u|, so ﬁAl i) 4 |TéTDA|l ITeépal
o, (bottom arrow) com- ITTe 4|

. DIA|| ——=|A - o
posed with 4| (leftmost [DlA]] léal 4] [TTD|Al| |T7|1A|
vertical path) equals |[palo |np, 4 |l ﬂAL lepa| |l leal
op 4 0To, (the other path
from top left to bottom [TDI|Al Teal [T Al ’TD|A|‘ T T Al
right). U

Note that we could have checked the required diagrams directly; the proof would be
longer than going through adjunctions, as we did.

8.4. Monoidal, and Strong Monad Morphisms from Monoidal Adjunctions

We first reproduce the argument of Proposition [l in the monoidal case. While monads
correspond to adjunctions in well-defined ways, only monoidal monads can be linked to
so-called monoidal adjunctions. This is the reason why we deal with monoidal monads
first.

Let (C,I¢,®C,aC, ¢ %) and (D, IP,®P,aP,¢P rP) be two monoidal categories. Let
F - U be an adjunction, where F' : C — D, U : D — C, with unit 7, and counit e. This
is a monoidal adjunction if and only if F' and U are monoidal functors (with respective
mediating pairs (0¥, .F) and (6Y,/Y)), and the unit  and the counit e are monoidal
natural transformations, by which we mean that the following diagrams commute:

na®°ns C
§ A®C B UF(A)®“UF(B)
¢ —> U(IP) (49) A(A),F(B)
lU(LF) NagCr U(F(A) ®P F(B))
e . U5 )
UF(I%) UF(A&C B)
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FU(A)®@P FU(B) (52)

P (51) 95(“’”(%
€D
Fl ! F(U(A) @ U(B)) |ea®en
U
F(I€) — FU(IP) o,
FGT) FU(A®P B) ———— AgP B
ARDPB
The value of monoidal adjunctions is their relation with monoidal monads (Section [2).

Recall that a monoidal monad on C is a tuple (T, 7, 4, d), where (T,n, 1) is a monad on
C and da p is a natural transformation from TA ®° TB to T(A ®@° B) such that the
following diagrams commute:

I°®°TB B3) TA®CI¢ (33¢)
n1c®cidre¢ “ idTA®C771C\L <,
TI¢ ®°TB TACTIC
dIC,B\L dA,IC\L
T(I°®° B)——=TB T(ARCIC) ——=TA
TS Tr<
B A

®C
Aef B ragcTr @)

\ \LdA,B
NagCB

T(A®C B)
c ¢ da80Cidr c C paeCE .G c c
(TA®CTB) & TC'—T(AcC B) ¢ TC ZZET((AxC B) @° C) @)
\LO‘%A,TB,TC \LT"%,B,C

TARC(TBeCTC) —>TA T(B&C C)—=T(Ax (Bc°C))

idra®~ds,c A,BRCC

dra

Td
T2A ©C T?B —T(TA&F TB) —2 T*(A & B) @2)
,uA®cuBl ‘L#A@’CB

TA®CTB T(A@C B)

da,B

The following lemmas show respectively that every monoidal adjunction gives rise to
a monoidal monad, that every monoidal monad yields a monoidal adjunction between
the base category and the Kleisli category of the monad, and that monoidal adjunctions
compose to yield monoidal adjunctions. Except for the first, the arguments are tedious
computations, and therefore relegated to appendices?.

T These results are folklore, and were confirmed in discussions with Paul-André Mellies, Francois
Lamarche, and Albert Burroni notably. However, we have been unable to find references on this.
We have often been directed to the pioneering paper (Street, 1972), but could not find the expected
results therein.
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Lemma 1. Let FF 4 U be a monoidal adjunction, with unit n and counit €, where
F:C—D,U:D—C.Let Tbe UF, jua be Uep(4), and da g be UHQB OGg(A))F(B).
Then (T,n, pt,d) is a monoidal monad on C.

Proof. (T,n, ) is a monad by Proposition [ We check the mediator laws B, [B9),
D), @), (@) for d.

Diagram (B8] is obtained by considering the following diagram. The top left triangle is
a copy of ([EJ), tensored by UF(B) on the right. The square next to it on its right is a
naturality square for V. The next trapezoid on the right (the top right trapezoid) is U
applied to a coherence square ([[) for 7, ¢ and ¢P. The bottom face, atop the curved
arrow Ef] F(B) is another instance of a coherence square ([7) for 7, ¢¢ and ¢P.

1° g° UF(B7§I@5?(IC) ®° UF(B%ZMB&(F(IC) QP F(B)U)(@ UF(I° @° B)
}®cidUF(@ ,TU(LF)®CidUF(B) TU(LF®DidF(B))
U(I?) @° UF(B) NI U(I” " F(B)) UF((%)
I F(B)
¢ p(B) m

UF(B)

Now the topmost composition of arrows is tjc g, the bottommost arrow from I ¢ ®C
UF(B) to UF(B) is %5, and the rightmost vertical arrow is T¢5.

Diagram ([BY). This is checked by similar arguments, replacing the coherence square ()
by ([@3).

Diagram (). This is the diagram . e .

on the right, an instance of Di- A®"B—— lﬁjBF(A) ®“ UF(B)

agram (B0), stating that »n is a \LGU(F(A),F(B))
monoidal Tlatural transformajmon. e U(F(A) @P F(B))
We recognize da p as the right- € \LUQF
A,B
most composition of vertical arrows, c
UF(A®" B)

hence the desired Diagram (B3]).

Diagram (). For space reasons, we flip the diagram so that arrows involving strengths
are vertical, and arrows involving associativities are horizontal. Also, we drop most sub-
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scripts, which are inferrable from context.
(UF(A) ®@° UF(B)) o€
@UF(C)

0Ve iy}

UF(A)@°
(UF(B) @ UF(C))

Vidura)©©oY

U(F(A) @” F(B))

UF(A)@°

&CUF(C) (coherence ([IB) for 8Y) U(F(B) ®P F(C))
oY oY
U9F®cidUF(C)\L o l/idUF(A)@CUGF
UF(A&C B) (?atutur; Ué(F(A) b U(F(A)(E%) (rll.z:tur% UF(A)@°
UR(C) ality of ®“F(B)) — (F(B)® ality o UF(B e C)
N o) &PF(e) FE)) 9
QU\L F oD x \LQU
c (67 ®©7idp(c)) U(ldpa)®~0 P
U(F(Ag" B) (U applied to coherence (IH) for §) U(F(A)@
@PF(C)) F(B®°C))
voTy YueF
UF((A&° B) UF(Ag°
®C0) UFa© (B®°0))

The vertical arrows on the left compose to form dgep ¢ o (da,B ®° idy (), while the
vertical arrows on the right compose to form dagcp ¢ o (idyr(a) ®C dp.c), whence the
result.

Diagram ([#2). Similarly, we flip the diagram so that vertical arrows become horizontal
and conversely:

c UeF(A)®CUeF(B)
UFUF(A) @° UFUF(B)

UF(A) ®@° UF(B)

oy
U(FUF(A)®P FUF(B)) (naturality of 8Y) oU
veFy \U(EF(A)®D€F(B))
UF(UF(A)@° UF(B)) (U applied to @) _ U(F(A) @ F(B))
UFoU Y Uep(ayoP F(B)
UFU(F(A)®P F(B)) (naturality of Ue) UoF
UFUOT
UFUF(A®C B) - UF(A®° B)
€F(ARC B)

We recognize T'da g o dra,rp as the leftmost composition of vertical arrows, and the
rightmost vertical composition is d4_g. Also, the top horizontal arrow is pa ® pp, while
the bottom arrow is psecp- [

Lemma 2. Let (C,I¢, ®¢,a%,(¢,7°) be a monoidal category, and let (T,7n,u,d) be a
monoidal monad on C.

Let D be the Kleisli category of T, I” = I, ®P be defined on objects by A @ B =
A ®C B and on morphisms by letting f ®” g (in D) be the morphism d o (f ® g) in C;
let aP? =noaf, P =not’, P =norC. Then (D, IP, 2P, aP, (P, rP), is a monoidal
category.

Moreover, Fpr 4 Ur is a monoidal adjunction. The mediating pairs of Fr and Ur are
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(0Fr Fr) and (9U7,.YT) respectively, where 95:?8 : Fr(A) ®@P Fr(B) — Fr(A ®° B)
(in Kleisli(7)) is the morphism nagep in C, (7 : IP — Fr(I¢) (in Kleisli(T)) is n;e,
05375 : Ur(A) @€ Up(B) — Ur(A®P B) (in C) is da,p, and (U7 : I — Up(IP) (in C) is
nre-

Finally, Fr 4 Up generates the monoidal monad, in the sense that UpFpr =T, n is the
unit of the adjunction and of T', pa = Urep(a) where € is the counit of the adjunction,

F U
and da,p = Urf,’p o GF;(A),FT(B)'

Proof. Tedious. See Appendix ]

D F
—_— —_—
- C -

-l U
tors are monoidal; let (B,f) be the mediating pair of ||, (8,4) that of D, (6Y,/Y) that of
U, (6F,.F) that of F.

Then FD and |U| are monoidal functors, with respective mediating pairs (FOo 0, Fio
) and (|6Y] 06, [.Y| o).

Furthermore, if D 4 || and F 4 U are monoidal adjunctions, then FD H |U| is a
monoidal adjunction, too.

Lemma 3. Let C D be a diagram of functors. Assume that these func-

Proof. Straightforward. See Appendix ]

The following proposition is then both similar and proved similarly to Proposition [

Proposition 2. Let (C,®,1,a,£,r) and (C,®,[, o, r) be monoidal categories.

Let (T,n,p,d) be a monoidal monad on C, || : C — C and D : C — C be monoidal
functors, yielding a monoidal adjunction D  |_|. Let é4 : D|A| — A be the counit of the
adjunction, ng : E — |D(E)| be the unit of the adjunction. Let (0,8) be the mediating
pair of ||, (8,%) be the mediating pair of D.

Define T = || oT o D = |TD|, ng = [np(r))| © e, ve = |pr) ° Térpr)|, dp,r =
|T0g r odpe pr| ©obrperpr. Finally, let 0, = |Téa| : T|A| — |TA|. Then (T,n,p,d)
is a monoidal monad on C and (||, o) is a monoidal monad morphism from T to T.

Proof. Let F = Fp, U = Up. By Lemma [l F 4 U is a monoidal adjunction which
generates the monoidal monad (T',n,u,d). Compose the monoidal adjunction D H ||
with the monoidal adjunction F 4 U, yielding the adjunction FD - |U|. This is also a
monoidal adjunction by Lemma Bl

By Lemma Bl this monoidal adjunction generates a monoidal monad, and this is
(T, m,p,d) as stated in the Proposition. Indeed, all cases except the mediator have been
dealt with in Proposition [l and the mediator is by definition |U(F8 o 6F)| o |6V] 0 6 =
|[UF0| o |U9F o HU‘ o8 =|T6|o|d| ob.

It remains to check the monoidal monad morphism Diagram (EH). This is given by the
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following diagram:

ITD|A||
®|TD|As||

LOWEILOW

TD|A| | D|A| o)
T TD(|A:| ® |A
®TD|A,| ‘_> ( — [TD(A @ |41

®D|A;|
(52]) T\%e

turality of |d| o O
ITA)| @ T4, (maturality of [d] o) T(en 00, |TDIA1® As]
|
$ T€A1V®A2|
|TA1 ® TAs| IT(A1 ® Az)|

|d|

We can in fact prove something similar with just strong monads. Unfortunately, it
seems that we cannot use the nice trick of going through some adjunction generating the
strong monad. The proof therefore goes through extremely tedious diagram checking.

Proposition 3. Let (C,®,1,0,£,r) and (C,®,[, o, ,r) be monoidal categories.

Let |-| be a monoidal functor from C to C, with mediating pair (6,§), D be a monoidal
functor from C to C, with mediating pair (8,%), and assume that D || is a monoidal
adjunction.

Define T = |_| oToD = |T.D|7 Neg = ’nD(E))’ O’I?E7 ME = ’ﬂD(E) OTéTD(E)’u Op =
[Téa| : T|A| — |TAJ.

Define also g, r as the composite |TDOg p otpr pr|obperpr o (N ® idrr).

Then (T, n, p, t) is a strong monad on C and (||, o) is a strong monad morphism from
T to T.

Proof. Because of Proposition [l we only have to check the strength laws [B2), B3),
@B4), B3) for t, and the strong monad morphism law [BH). As we said, this is tedious,
hence relegated to Appendix ]

9. Lifting Closed Structures to the Subscone

If we are to lift the whole structure of a cartesian-closed category together with a strong
monad on it, to the subscone, the only thing that remains is to lift exponential objects.
As this is essentially the subject of (Mitchell and Scedrov, 1993)) (together with the fact
that subscones generalize logical relations), it would be legitimate to skip over this con-
struction, knowing that it has been dealt with elsewhere.

However, we notice that the standard lifting construction of exponentials to the sub-
scone requires |_| to preserve products, at least up to natural isos. That is, it requires
1] 21, |A x B| 2 |A| x|B|. This is certainly the case for the functor || = C(1, _), which
is the standard choice in sconing constructions (Mitchell and Scedrov, 1993).

Until now, we have only assumed that |_| was a monoidal (Section E), resp. a sym-
metric monoidal (Section [E7), resp. a cartesian monoidal (Section B3) functor. It would
therefore be nice if we could dispense with the stringent requirement that || preserved
monoidal or cartesian structure exactly. This would also afford us some added generality.
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It turns out that having a monoidal mono factorization system is all we need: expo-
nentials lift to the subscone without any additional requirements compared to Section Bl
This only requires a slight adjustment of the standard exponential lifting diagrams. This
is the topic of Section [l We deal with fragments of the linear A-calculus in Section (L2

9.1. Lifting Exponentials

Recall that an exponential, or internal hom object (on the right), in a monoidal category
(C,®,I,a,1,r), is an object B4 together with a morphism App from B4 ® A to B and,
for every morphism u from C ® A to B, a morphism A(u) from C to B# satisfying the
two equations

A(u)®id
Caod 2% by (53)
\ lApp
B
for every morphism u from C' ® A to B (8-equivalence), and
A(O®A i BA®AAL>B>_U (54)

for every morphism v from C to B4 (n-equivalence). A(u) is called the currification or
the abstraction of u.

A more traditional definition is to require the existence of a unigue morphism A(u) as
in Diagram (B3)). Uniqueness is indeed implied by (B4): if there were two morphisms v
and v’ such that u = Appo (v ®ids) = Appo (v ®id4), then v = A(Appo (v ®idy)) =
A(u) = A(App o (v ®idy4)) = v'. Conversely, uniqueness of A(u) implies Diagram (B2):
take u = App o (v ® id4) in Diagram (B3]).

Exponentials on the right are unique up to iso when they exist. A monoidal category
is said to be monoidal closed (on the right) if and only if the exponential B4 exists for
all objects A and B. Similarly, we call exponential on the left any object 4B with a
morphism qqgA from A ® 4B to B such that, for every morphism u from A ® C to B,
there is a unique morphism (u)A from C to 4B such that u = qqA o (ida ® (u)A). In
a symmetric monoidal category, it is equivalent to require the existence of exponentials
on the right or on the left, and they coincide up to iso. A category with finite products
that is also monoidal closed (for the monoidal structure induced by the product) is called
cartesian closed.

Note that, in a monoidal closed category, there is a functor _4 for each object A, which
maps every object B to B4, and every morphism B-L.B to f4 = A(foApp), from BA
to B'*. In fact, there is a bifunctor from C° x C to C mapping A, B to B*.

Moreover, the functor _4 preserves monos: if m is mono, then so is m* = A(moApp). It
suffices to show that there is at most one morphism f such that A(moApp)o f = h where
h is given. Indeed, Appo (h®id) = Appo (A(moApp)®id)o(f®id) = moAppo(f®id) by
E3); if there were two such morphisms f and f’, then moAppo(f®id) = moAppo(f'®id),
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so Appo (f ®id) = App o (f' ® id) since m is mono. Applying A on both sides implies
f=r"by &)

Once this is known, the standard way of lifting exponentials to the subscone is to
require that C and C are cartesian closed, C has pullbacks, and that |-| preserves finite
products (exactly, or up to natural iso). This standard construction actually does not
require cartesian closedness, and works equally well with monoidal closed categories,
assuming C has pullbacks and |_| preserves unit and tensor.

We recall this construction now. As || preserves unit, the unit (terminal object in the

cartesian closed case) I is (I,idy, I) witness by the arrow Hﬂ»H | = I, tensor product
(binary product in the cartesian closed case) is given by (S, m1, A1)®(Sa, ma, Ag) =
<S1 X SQ, mq ®m2, Al ®A2>, and the exponential <§21, ﬁ’L%, A2A1> = <S2, ma, A2><S1’m17A1>
is given by the square on the left below.

~ 1
521( ................. M2 - ‘AQAI‘ |A2A1| ® S,
J ‘ ¢id|A2A1|®ml
42| @ A
t A<|APP\0<id|A241|®m1 |
| 42" © Ay
v | |App|
51 my 51 51 A
997 ————— |4y | Az|

where the vertical morphism A (|App| o (id|A2A1 | ® ml)) is A applied to the composition

of vertical morphisms on the right, the morphism m3°>! is mono because _' preserves
monos, and m3} is mono because pullbacks preserve monos. (We temporarily revert to
the notation . to denote all monos.)

Application from (S}, ml, A;41)&(S1, m1, A1) in the subscone is given by

.
~ m2®1d51 A id@mi A
Si® S |A2 1|®S1—>‘A2 1‘®|A1|
|
Zé@idﬁl’ A(|APP\°(id§m1))®idsl
S1 Y S1 S
52 ® Sl m251®idsl| 2| © o
Appl lAPP
|App|
Sac |Ag| ~———— A2 ® A

where the top left square is the definition of the exponential <§21,ﬁ1%, As™) tensor S
on the right. The bottom left square and the right square commute by (B&3)). Then,
application in the subscone is (App o (¢4 @ id), |App|).

Abstraction of the morphism (u,v) in the subscone from (S, m, A)®(S;, m1, A1) to
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(Sa2,ma, As) is then the pair (@, A(v)) given by the diagram

|A]
NG
| 42|
¢A(|App|o(id®m1))
SyS1cmTp,

where w is given by the universal property of pullbacks. To this end, we must first check
that the outer contour of the diagram commutes. We leave this to the reader.

The equations ([B3]) and @4 then hold in the subscone, because they hold in C, and
using Fact

In the case we are interested in here, || does not preserve unit and tensor. Rather,
we have required || to be a monoidal functor, a strictly weaker notion. We have already
seen in Section Bl that this was enough to lift monoidal structure to the subscone, using
a monoidal mono factorization. We now realize that this is also enough to lift monoidal
closed structure to the subscone. This requires only minor adjustments to the construc-
tions above.

First, we require that the functor 4 preserves relevant monos, for all A. While it
always preserves monos, it is not clear that it should preserve relevant monos, hence the
added assumption. (We return to our convention that . denotes relevant monos
only.) We might also require that pullbacks preserve relevant monos, but this is not
necessary, as we can use the mono factorization instead. Summing up, the exponential
(53, mb, Ay™t) = (S5, mo, A2><Sl’m1’A1> is given by the diagram on the left below.

[ 2 - S1Con . | Ao | |44 @ S, (55)
T Yd|azar | @m
: ) |A2A1| ® |A1|
52___. A(JApp|oBo(id@my) ) V0,41 4,
- 42" @ A
Vy ; | 1App
Sy5ic me |4o] %! |As|

where the vertical morphism A (JApp| o 0o (id ® m;)) is A applied to the composition of
vertical morphisms on the right, the morphism ms°" is a relevant mono by our assumption
that %1 preserves relevant monos, the topmost horizontal composition of arrows (from
St to ‘AQAI |) is given by pullback, and is factored as €} followed by mj}; and finally the

morphism £} is given by a diagonal fill-in, from two paths from §21 to |A2|Sl.

Application from <§%,ﬁl;,A2A1><§><Shm1,A1> is then given by @@, |App|) as given
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in the diagram below.

~ 1
~ 77’L2®1ds1 A . )
] 427 @ 51— 42| @ A4 (56)
ser l A(‘App|°@°(ify®m1))®id51
SQSI ® Sl ﬁ |14~2|S1 ® Sl ®A2A1,Al
m21 ids,
s Appl iAPP J«
|App|
: SaC | As| A2 ® A, |
7 m2 .........................
k App .......................................... mApp
e

The top left square comes from the definition of the exponential <§21, ma, A2A1>, tensored
by S; on the right. The bottom left square commutes because App o (m2°! ® idg,) =
Appo (A(mgoApp) ®idg, ) = mo o Appby ([B3). The right square commutes by ([B3) again.
The outer contour, defined by m}®m; on the top, 04,41 4, on the right, eapp on the left,
Mapp at the bottom, is the definition of the tensor product (S, md, Ay*)&(Sy, m1, Ar)
in the subscone. A/p\p is given by a diagonal fill-in, considering the two paths eapp followed
by |App| © mage and App o (£ @ idg, ) followed by ms from 53 ® Sy to |As|.

Given any morphism (y,v> in the S® 8 L®m>1|A| ® | A1 (57)
subscone from (S, m,AY®(S1, m1, A1)

to (S2,ma, A3), by definition the EW [BA’A1¢

following diagram commutes. The S .1;77“) [A® Ay

top square is the definition of “L w”|

(S,m, AY®(S1, m1, Ay). Sy ————= |4,
Abstraction of the I m 1A (58)

morphism  (u,v) in

the subscone from ) [A(v)]
<S,m,A>®<Shm1,A1> B

§1 —%)) §21C ) ’A2A1’

. A(uoe 1)
to <SQ,7’)’L2,A2> is then J / |
the pair (e} o @ A(v)) P
given by the diagram: Sp51C ma” |4, | %t

In this diagram, u is given by the universal property of pullbacks, and this will be justified
by the fact that the two outer paths from S to |A2|S1 are equal, which we have to check.
First, we note the identity

A(s)ot =A(so (t®ide)) (59)

whenever ¢ is a morphism from A to B, and s from B ® C' to D. Indeed, A(s) ot =
A(Appo((A(s)ot)®@idc)) (by @A) = A(Appo(A(s)®ide)o(t®ide)) = A(so(t®@ide))(by
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E3)). It follows that the lower path from S to |A3|®* in Diagram BR is

me >t o Aluoer) = A(mgooApp)oAluoces)
A(mg o Appo (A(uoe;)®idg,)) (by E9))
A(mgouoey) (by B&3)

while the upper one is

A(|App| B0 (id @ my)) o [A(v)] om
= A(|App[oBo (id ®m1) o ((JA(v)| om) ®idg,))  (by (BJ))
= A(|App| 0 Bo (JA(v)] ®id)a,)) o (m @ ma))
= A(JApp|o|A(v) ®ida,| 0B o (Mm@ my)) (by naturality of 0)
= A(jv[obo(m®@mi))  (by BF))

and these two quantities are equal by Diagram (&1).

Finally, the equations (&) and ([&4]) then hold in the subscone, because they hold in
C, and using Fact &

We sum up what we need to lift exponentials to the subscone, as usual. To lift expo-
nentials on the right:

(i.a.r) monoidal closed (on the right) categories (C,®,1I,a,£,r)
and (C,®,I,@,1,r), and a monoidal functor || : C — C,

(iii.a) a monoidal mono factorization system on C.

(v) C has pullbacks.

(vi.r) 4 preserves relevant monos.

Exponentials are given by (BH), application by (Bf), abstraction by ES).
The construction works equally well to lift exponentials on the left, reversing arguments
to tensor products, so we require in this case:

(i.a.l) monoidal closed (on the left) categories (C,®,I,a,£,r)
and (C,®,L o, ,r) and a monoidal functor |_| : C — C,

(iii.a) a monoidal mono factorization system on C.

(v) C has pullbacks.

(vi.l) 4_ preserves relevant monos.

Clearly, in the symmetric monoidal closed case we require the following to get a sym-
metric monoidal closed subscone:

(i.b) symmetric monoidal closed categories (C,®,I,a,£,r,c)
and (C,®,I,¢,1,r,c), and a symmetric monoidal functor |_| : C — C,
(iii.a) a monoidal mono factorization system on C.
(v) C has pullbacks.
(vi) _# preserves relevant monos.

And in the cartesian closed case, we require:
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(i.c) cartesian closed categories C and C,
and a cartesian monoidal functor || : C — C,
(iii.a) a monoidal mono factorization system on C.

(v) C has pullbacks.
(vi) # preserves relevant monos.

Putting all conditions together, we get a notion of subscone for categorical models
of Moggi’s meta-language, i.e., for cartesian closed categories with a strong monad, we
require:

(i.c) cartesian closed categories C and C,
and a cartesian monoidal functor || : C — C,

(ii.a) a strong monad (T, n,y,t) on C, related to (T,n,u,t) by
a strong monad morphism (||, o) defined in @) and (B4),

(iii.a) a monoidal mono factorization system on C.

(iv) T maps relevant pseudoepis to pseudoepis.

(v) C has pullbacks.

(vi) _4 preserves relevant monos.

9.2. Linear \-Calculus

Similarly, we may deal with fragments of the linear A-calculus. In particular, the intu-
itionistic multiplicative fragment has symmetric monoidal closed categories as models.
(We base ourselves loosely on (Bierman, 1995).) We sketch how this can be enriched with
a strong monad ‘?’. (Said otherwise, we take models of multiplicative-exponential intu-
itionistic linear logic where the comonad !’ is the identity.) This will be the framework
that we shall use in Section [LT2 for example.

Syntactically, consider the intuitionistic multiplicative fragment with a strong monad.
Types 7 are given by:

Tu=bllr@7|T —T|?T

where b ranges over a given collection of base types. Linear A-terms are given by:

S, tu, v, ... = x|x|letx=sint|sRt|letz @y =sint|st|\x-s

|vals|letvalz = sint

Typing rules are given as follows, where contexts I are multisets of bindings x : 7, with
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pairwise distinct variable parts z.

— (Var)
r:AFx2: A
I'ks:1 Azxz:1kFt:7T (1)
I''AtFletx=sint: T Fol
'Fs:77 A,I:T,y:T’Ft:T”( &) Nks:7 Akt:T’(P -
& alr
INAFletz®y=sint: 7" DAFst: 77
's:7—o7 Al—t:T(A ) Nz:tks:71 (b
s
DAFst:7 P 'FXx-s:7—o7 )
kst Az:7thHt:?27 (Let) T'kFs:T Val
et _ a
I'AF letvalz =sint: 77 I‘I—vals:?T( )

Conversion rules are given by judgments I' - s — ¢ : 7 (which we write s — ¢ when T’
and 7 are clear or irrelevant), of which the most important are:

letx=xins — s Fs—x:1
letz @y =sQ@tinu — u[z := s,y =t letz@y=sinz Ry — s
Az - s)t — s[z :=t] Az - sx — s (znot free in s)
letvalz =valsint — t[z := s letvalz = sinvala — s

letvalz = letvaly =sintinu — letvaly =sinletvalz ={inu

There are other rules, notably the infamous commutative conversion rules—which orig-
inate in (Prawitz, 1965)—and which we won’t state. The interpretation in symmetric
monoidal closed categories follows the same lines as those of the ordinary A-calculus with
a monadic type, replacing cartesian products by tensor products. Our constructions then
yield a notion of subscone for this kind of calculus and models, requiring:

(i.b) symmetric monoidal closed categories (C,®,I,a,£,r,c)
and (C,®,I, ¢, r,c), and a symmetric monoidal functor |_| : C — C,
(ii.a) a strong monad (T, n,p,t) on C, related to (T',n,u,t) by
a strong monad morphism (||, o) defined in @) and B4),
(iii.a) a monoidal mono factorization system on C.
(iv) T maps relevant pseudoepis to pseudoepis.
(v) C has pullbacks.
(vi) _A preserves relevant monos.

We let the reader do similar mixing-and-matching to handle his/her own favorite model
or logic.

10. Examples

At this point, we suspect the reader is relatively fed up with categorical diagrams and
general abstract nonsense. It is therefore time to instantiate our constructions. We start
with fairly easy cases in the category Set of sets in Section [Tl We examine in more
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detail the non-determinism monad in Section 7 A more demanding case is the name
creation monad, which involves presheaves, and which we deal with in Section We
terminate with the subtle case of the probability monad, and its numerous variations in

Section A

10.1. Lift, Exceptions, State, Non-Determinism, and Continuations in Set

As in Section B, suppose C; = C; = C = Set, and |-|; and ||z are identities. In
particular, |-| is the cartesian product functor from Set x Set to Set. Below we summarize
the action of 7 on a relation SC_ o A1 x A, , for different computational monads T of
Moggi (Moggi, 1991]). This is parameterized by a binary relation Rg on exceptions in F
in the exception monad A + F, by a binary relation Rs; on states in the state monad
(AxSt)St, and by a binary relation R in the continuation monad RR

Monad T relation S C TA; xTAs
TA=A, =AU{l} S=S5uU{(L L)}
TA=A+E (v1,v2) €S <= (v1,v2) €SV (v1,v2) € Rpg
TA = (AxSt)S* (f,g) € 8 < Vs1,s2 € St.

(s1,82) € Rst = (m1(fs1),m(gs2)) € S A (ma(fs1),m2(gs2)) € Rst

TA = Pgn(A) (B1,B2) € §
Vb, € B1.3bs € Bz.(bl,bg) €S A
Vbe € B2.db; € Bl.(b17b2) es

TA = RR" (1, a0) € 8 — (
Vk1,k2.(Va1, az.(a1,a2) € S = (ki(a1), k2(az2)) € Rr) =
(o1 (k1), az(k2)) € RR)

We examine each case in more detail. We take surjections as pseudoepis, injections as
relevant monos. This is the canonical choice for an epi-mono factorization system on
Set. Note that condition (iv), that T maps relevant pseudoepis to pseudoepis, is always
satisfied when C = Set. In fact, T preserves pseudoepis: every pseudoepi (surjective
function) e : A — B has a section m : B — A (i.e., eom = idp), by the Axiom of Choice.
Then Te o Tm = idrp, showing that Te is surjective, hence pseudoepi.

10.2. Lift monad A, .

The monad morphism o from (A X B); to Ay x B, maps L to (L, 1), and every pair
(z,y) € Ax B to itself. This is a commutative monad, hence monoidal, hence strong. The
mediator d4 g from A x By to (Ax B), maps (L,y) and (x, L) to L, and (x,y) where
x € A and y € B to itself. Note that it is not a cartesian monad, because (7)) oda g
maps (L,y) to L, while mo(L,y) = y. Nonetheless, all required conditions are satisfied
to lift T to a commutative monad on the subscone.
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10.3. Exception monad A+ E.

The monad morphism o from (Ax B)+FE to (A+FE)x (B+FE) maps the pair (z,y) € AxB
to itself, and the exception e € E to the pair (e, e). The strength t4 p from A x (B+ E)
to (A x B) + F maps (x,y) with z € A and y € B to (z,y), and (z,e) with € A and
e € E to e. (This is not a commutative monad.) Therefore this lifts to a monoidal monad
on the subscone. As shown in the table above, the lifted monad relates two values v; and
vg if and only if both are non-exceptional values (in A) and are related by S, or both are
exceptions related by some a priori relation Rg.

10.4. State transformer monad (A x St)St.

The monad morphism ¢ from ((A x B) x St)°* to (A4 x $t)°" x (B x $t)°" maps f : St —
(A x B) x St to the pair of functions mapping s € St to (v1, s’) and to (ve, s’) respectively,
where f(s) = ((v1,v2),s'). The strength maps (z, f) € A x (B x St)°" to the function
mapping s € St to ((z,y),s"), where (y,s’) = f(s). (Again, this is not a commutative
monad.)

It follows that our lifting constructions apply, yielding the lifted monad described in
the table above. Note that f : St — Ay x St, g : St — Aa X St can be read as the transition
functions of deterministic transition systems, which go from a state s to another state s’
and emit a value in A; (resp. in As). These transition functions are in relation by S if
and only if, for any two states that are in relation via Rgt, the values emitted by firing
the transitions by f and g are in relation by S, and the target states after the transition
are in relation via Rg; again. This states that f and g are in relation by S if and only if
Rs; is a bisimulation between states.

10.5. Finite powerset (non-determinism) monad Pgy(A).

The monad morphism from Pgn(A x B) to Pgy(A) x Pg,(B) maps every relation R C
A X B to the pair consisting of its domain {x|3y - (x,y) € R} and its codomain {y|3z -
(xz,y) € R}. The mediator d4, g maps X C A and Y C B to the relation X xY C A x B,
and makes T a commutative monad.

Our construction in the case of the finite powerset monad Pgy() in fact expands to:
(B1,Bsy) € S iff By = {z|(z,y) € R} and By = {y|(z,y) € R} for some R C S. (Recall
that T maps relations S to the direct image S of (T, Tma) : TS — TA; xTAsz, see the
end of Section B) This is equivalent to the condition given in the table above, which is
the more usual way of defining bisimulations.

Indeed, if By = {z|(z,y) € R} and By = {y|(z,y) € R} for some R C S then for
every by € By by construction there is some b € Bs such that (b1,b2) € R, therefore
(b1,b2) € S since R C S, and symmetrically for every by € Bo there is some by € By such
that (b1,b2) € S: By and B are bisimilar.

Conversely, if By and By are bisimilar (in the sense just given), then let R be the
restriction of S to By x Bs. For every by € By, by bisimilarity there is some by € By such
that (by,b2) € S, so (b1,b2) € R, therefore by € {z|(z,y) € R}; so By C {z|(x,y) € R}.
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The reverse inclusion is obvious, so B1 = {z|(z,y) € R}. The other equality By =
{y|(x,y) € R} is by symmetry.

That logical relations on powersets define bisimulations was conjectured in (Lazi¢ and Nowak, 2000])
and, for pre-logical relations, in (Honsell and Sannella, 2002)).

Note that there is nothing special with the finite powerset monad here. We might have
taken the set of all subsets instead, or the set of all subsets of cardinality at least o and
strictly less than (3, where a@ < § are two cardinal numbers such that o < 1, and every
finite product of cardinals between « (inclusive) and 3 (exclusive) is again so. The finite
powerset monad is the case a« = 0, # = Ny; the lift monad is the case « =0, g = 2.

Note also that although this monad is always commutative, it is a cartesian monad if
and only if & > 1. Indeed, T is a cartesian monad if and only if the domain of the relation
X xY is X, and its codomain is Y. This is wrong if Y or X is allowed to be empty,
but holds as soon as X and Y are non-empty. In particular, the finite-and-non-empty
powerset monad (for serial non-determinism—no state is final) is cartesian.

10.6. The continuation monad RRA.

The monad morphism ¢ from RRYP o RR* x RR” maps o : RA*E — R to the pair
(o1, @), where a; maps k1 € R4 to a(k; om) and ap maps ky € RE to a(ks o m).
The strength t4 p maps (z,a) € A X RR” to the function mapping k € RA*B to
a(M\y € B - k(x,y)). This monad is not commutative.

Our construction yields the rather opaque condition in the table above, where a;, a2
are values, ki, ke are continuations, and oy, oy are programs, taking continuations to
answers in R. Intuitively, think of continuations as computation environments (a toplevel
loop, a shell) that take the result of a program and print something (called an answer,
in R) on a computer terminal. To evaluate a program « in continuation (environment)
k, apply « to k. For simplicity, assume that the relation Rz on answers is equality. The
condition then states that two programs are related by S if and only if they give identical
answers when evaluated in related continuations (environments), where two environments
are related if and only if they print the same answer on values that are related by S, i.e.,
if and only if they do not make any difference between S-related values. This is a form
of observational equivalence.

10.7. Labelled transition systems and bisimulations

The case TA = Pgsy(A) allows one to define labelled transition systems as elements of
(TA)A*E | with labels in L and states in A, as functions mapping states a and labels £ to

the set of states a’ such that a——a’. Our monad lifting S in this case is parameterized
by a binary relation on R, on labels and is defined by:

(fi,f2) €5 <<= (Yai,az, 1,02 (a1,a2) € SA (f1,02) € Ry =

Vb, € f1(a17€1).3b2 S fz(a27£2).(b17b2) €S A )
Vb € fz(az,fz).abl S fl(al,fl).(bl,bz) cSs
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In case Ry, is the equality relation, the relation S relates f1 and fo iff S is a strong
bisimulation between the labelled transition systems f; and fs.

10.8. Logical relations for dynamic name creation

Consider the categorical model of dynamic name creation defined in (Stark, 1996). Let Z
be the category of finite sets and injective functions, and Set” be the category of functors
from 7 to Set and natural transformations (the category of covariant presheaves over T).
For short, write T'As for T'(A)(s) and similarly for other notations. Let 4+ denote disjoint
union in Z.*

We define the strong monad (T',n,u,t) on Set? by:

— TA = colimy A(-+ ') : T — Set.
On objects, this is given by TAs = colimy A(s + §'), i.e., TAs is the set of all
equivalence classes of pairs (s',a) with s’ € 7 and a € A(s + s’) modulo the smallest
equivalence relation = such that (s, a) = (s, A(ids+j)a) for every morphism s’ 5"
in Z (intuitively, given a set of names s, elements of T'As are formal expressions (vs’)a
where all names in s’ are bound and every name free in a is in s + s—modulo the
fact that (vs', s")a = (vs')a for any additional set of new names s” not free in a). We
shall write [/, a] the equivalence class of (s',a).
On morphisms s; ——so, T Ai maps [s', a] to the equivalence class of [s, A(i + id, )al.
— For any f : A — B in Set?, Tfs: TAs — TBs is defined by Tfs[s',a] = [¢, f(s +
s')a]. This is compatible with = because f is natural.
— nas: As — T As is defined by nasa = [0, a.
— pas : T?As — TAs is defined by pas[s’,[s”,a]] = [s' + 5, a].
—taps: AsxTBs — T(Ax B)s is defined by t4 gs(a, [s',b]) = [¢', (Ainlss’a, b)] where
inlss’ : s — s+ s’ is the canonical injection.
Furthermore, T is a commutative monad, whose mediator d4 ps: TAs x TBs — T(A x
B)s maps ([s',al,[s"”,b]) to [ + 5", (A(ids +inls’s”)a, A(ids + inrs”s")b)], where inrs”s” :
s — s + s is the other canonical injection. In fact, T is a cartesian monad. Indeed,
(T'myoda,g)s maps ([, al, [s”,b]) to [s'+s", A(ids+inls’s")a] = [¢', a], so Tmioda g = 71,
and similarly T'my o da,p = ma.

It is important to note how = works. The category Z has pushouts: in particular, if
s0—+51 and syp—2-s5 are two morphisms in Z, then there is a finite set s1 +s, s2 and two
morphisms lesl 450 52, szisl ~+s, S2 such that j; o413 = jo o ig—take s1 45, S2 to
be the disjoint sum s; + sz modulo the equivalence relation relating i;(ag) = i2(ag) for
every ap € So.

It follows that (%) for every a; € A(s + s1), a2 € A(s + s2), (s1,a1) = (82,a2) if
and only if there is a finite set s;2 and two arrows leslg and 52j—2>512 such that
A(idsl —|—j1)a1 = A(1d52 +j2)a2.

We take C; = Cy = C = Set?, hence objects in the subscone give rise to Z-indexed

 Note that + is not a coproduct in Z. In fact, Z does not have a coproduct. However + is functorial in
both components, associative, and has a neutral element, and this is all we need.
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Kripke logical relations. Furthermore, |_|; = |_|2 = || is the identity functor and T is just
T. The category Set’ has a mono factorization consisting of pointwise surjections and
pointwise injections.

As in Section B, the monad morphism o4, a,)s @ T(A1 x Az)s — TA;s x TAss is
equal to (T, Tma)s. That is to say

0(a;,A2)8[8", (a1, a2)] = ([s', a1, [¢', az])

where s’ € Z, a1 € A1(s+ §'), ag € Az(s + &).

Again as in Set, every functor S from Z to A; x Ay has a representation

<7T51,7T 9) : S — A x As
where each arrow <7rsl, 7r32>s : Ss — Aqs x Ass is an inclusion.

Hence, S is a family of relations Ss between Aj;s and Ass, functorial in s (for each
s’ Si is the appropriate restriction of Aji x Asi). Recall from Section E that S
is defined as the direct image of (T751,Tn%5). So, (1) [s1,a1] Ss [s2,as] if and only
if for some ¢ € I, a} € A5, afy € Aszs', (s1,a1) = (¢,d}), (s2,a2) = (¢,a}) and
ay S(s+s') al

Using (*) above, (s1,a1) = (¢',a}) means that there is a finite set s§ and two arrows
81J—>81, s’J—1>sl in Z such that: (a) A (ids+j1)a1 = Al(ld —i—jl)al Similarly, (s2,a2) =

(s',a%) means there is a finite set s, and two arrows 52—>s2, s J—>52 in 7 such that: (b)
Ao (ids + j2)as = As(ids + j5)ah. Consider arrows ji and ]2, wh1ch both have s’ as source,
and build their pushout sg = s} +4 s, with arrows slj—nso, 52—>50 Let j be 57 o ji =
j4 oj5. By applying A (ids+71) to both sides of (a), A (ids+ (j1 041))ar = A1(ids+7)al.
By applying As(ids + j4) to both sides of (b), A2(ids + (j§ © j2))az = Aa2(ids + j)ab.
Since aj S(s + §') a4 and S is functorial, A;(ids + j)aj S(s + so) A2(ids + j)ah, so
Ar(ids + (77 0 j1))ar S(s + s0) Az(ids + (j2 © j2))az-

So if (s1,a1) Ss (s2,az) then there are arrows s, ——sq and 52—>so, namely i; = ji o
and iy = ji o ja, such that A;(ids +i1)a1 S(s + so) A2(ids + i2)az.

Conversely, if the latter holds, then (f) above clearly holds for s = sg, af = A;(ids +
il)al and 5/2 = AQ(lds + iQ)CLQ.

Ss < TAys x TAss is thus given by

[sl,al] §S [Sg,ag] << dsg€Z-Ji1:81 =89 €L -Fig:89 — 59 €L

(A1(ids + il)al) S(S + 80) (Ag(ids + iz)ag) (60)

where a1 € A1(s+ s1) and a2 € Az(s + s2).

From (@) we define a logical relation for Moggi’s metalanguage, as suggested in Sec-
tion B by induction on types 7. Each relation [7] is a functor from Z to Set x Set, so
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that [7] s is a binary relation for each type 7 and each finite set s. We have:
(fi,fo)er—1]s < Vs,i:s—s €T (a,a2)e](r]s -
(f15'(i,a1), f25' (i, a2)) € [T'] 8
((a1,d}), (az,a%)) € [t xT']s <= (a1,a2) € [7] sA (da},a}) €[] s
([s1,a1], [s2,a2]) € [TT] s <= Fso,i1:81 — So,42:82 — Sp €L -
(A1 (ids +41)a1, A2(ids + i2)az) € [7] (s + s0)

This is similar to the logical relations of (Pitts and Stark, 1993} [Stark, 1998). While
ED) is roughly similar to the notion of logical relation of (Pitts and Stark, 1993), this
paper does not rest on Moggi’s computational A-calculus. On the other hand
does rest on the computational A-calculus but does not define a suitable notion of logical
relation.

Zhang and Nowak show in (Zhang and Nowak, 2003)) that the logical relation above is
in fact strictly weaker than Pitts and Stark’s logical relation (Pitts and Stark, 1993)) when
restricted to the latter’s nu-calculus; Zhang and Nowak also claim that by reinstantiating
our construction of the subscone with C; = C5 = Set? as above but C = Set? , where
77 is the comma category whose objects are the morphisms of Z, another Kripke logical
relation is obtained that coincides with Pitts and Stark’s on the nu-calculus up to first
order. This is in fact wrong, but Zhang shows that this can be repaired by
replacing Z— by the category PZ~ whose objects are, again, morphisms of Z, but whose
morphisms are pullback diagrams in Z. It extends it to the full monadic meta-language,
and rests purely on semantic principles, while Pitts and Stark’s definition of their logical
relation relies on normalization properties of the nu-calculus.

10.9. Monads of Measures and Probabilities

Defining T'A to be space of all probability distributions over the space A allows us to
define probabilistic transition systems as objects of (TA)A. In principle, this should work
just like ordinary transition systems (Section [ML7). In actual practice, defining what the
right spaces should be, and ensuring that the required monads exist and have the required
properties, is much subtler.

As regards the right category of spaces, the obvious choice is Mes, the category of
measurable sets (sets equipped with a o-algebra) and measurable functions (such that
the inverse image of any measurable subset is measurable). F. W. Lawvere, then M. Giry
(LCawvere, 1962 |Giry, 1981)) showed that Mes indeed admits a monad (T',p,u) : TA is
the set of (probability) measures over A, together with the smallest o-algebra such that,
for every measurable subset X of A, the map px mapping v € T A to v(X) is measurable.

Mes has bad properties. It is very unlikely to be cartesian closed?, and the monad
above is not strong. In fact, the category C' that is best suited for our purposes here is
the category Cpo of dcpos and continuous maps, using the continuous valuation monad of

Jones (Jones, 1990]). We examine this case in Section [T, taking Set as the observation

§ Although we have been unable to find a proof of this negative assertion.
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category C. We shall see that we retrieve Larsen and Skou’s notion of probabilistic
bisimulation (Larsen and Skou, 1991)) in this case, at least when specialized to finite
sets and discrete probabilities. In the case of continuous (non-discrete) state spaces, this
notion is too weak for most purposes, and we extend it: we present in Section [Tl the
most precise notion of logical relation that our construction apparently affords us. This
is rather technical, and the main obstacle is condition (iv) stating that T should map
relevant pseudoepis to pseudoepis. Another different route is taken in Section [I.TA where
we examine the category C' = Met of metric spaces and non-expansive maps, which has a
monad of probability measures; observed from C = Met again, our logical relations define
a notion of families of metric spaces indexed by types, extending (Desharnais et al., 2000
Desharnais et al., 1999), modulo some technicalities.

10.10. Continuous Valuations on Dcpos, observed from Set

Let us consider a natural CCC equipped with a notion of measure: Cpo, the category
of directed complete partial orders, a.k.a., dcpos. The objects (dcpos) are partial orders
such that every directed subset (every non-empty set such that any two elements have
an upper bound) has a least upper bound; the morphisms are continuous functions. This
is cartesian-closed, and has pullbacks.

10.10.1. Dcpos and the Continuous Valuation Monad. For every dcpo A, Jones (Jones, 1990)
observed that the set T'A of all continuous valuations, to be defined next, was again a
dcpo, and that this construction could be used to define a probabilistic powerdomain
monad. (Jones calls dcpos ipos, i.e., inductive partial orders, and calls continuous valu-
ations evaluations. We follow the majority of authors in using “dcpo” and “valuation”.)
Recall that a Scott open of a dcpo A is an upper closed subset O such that every directed
family whose sup is in O intersects O, that Scott opens form the Scott topology on A, so
that we can look at dcpos as particular topological spaces.

Let (A, O) be a topological space. A (bounded) valuation on A is a map v : O — Ry
such that v(0) = 0 (strictness); U C V implies v(U) < v(V) for every opens U,V € O
(monotonicity); and v(UU V) +v(UNV) = v(U) + v(V) for every opens U,V € O
(modularity). A continuous valuation in addition satisfies v(|J, U;) = sup, v(U;) for every
directed family (U;),c; of opens—such a family is directed if and only if I # () and
for every i,j € I, there is k € I such that U;,U; C Uj. All the valuations we shall
consider are bounded, i.e., ¥(A) < 4+00; we shall not mention this any longer. Continuous
valuations are a concept close to that of measure; while measures are defined on o-
algebras, valuations are naturally defined on topological spaces.

The set T'A of continuous valuations on the topological space A is a dcpo, with ordering
v < £ if and only if ¥(O) < €(O) for every open O in A. When we restrict A to be a

dcpo, T is functorial: for every ALB, T f maps the continuous valuation v € T A to
the continuous valuation mapping every open O in B to v(f~1(0)). This gives rise to a
monad, whose unit 4 maps x € A to the Dirac valuation §, on A, such that 6,(0) =1
for every open O of A containing x, §,(O) = 0 otherwise. Its multiplication g4 maps
continuous valuations ¥ on T'A to the continuous valuation on A mapping every open
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O C Ato fgeTAf(O)dV (the average of all possible evaluations £(O) of O, weighted by
the probability of each valuation §), and the strength ¢4 g maps a € A and v € T'B to the
continuous valuation on A X B mapping every open O C A x B to v({y € Bl(a,y) € O}).
Then (T',n,p,t) is a strong monad on Cpo (Jones, 1990)).

There is no real need to recall the definition of the Jones integral used above. There
are several definitions, the original one by Jones (Jones, 1990), and extensions by Kirch
(Kirch, 1993)), by Tix (Tix, 1995)), by Heckmann (Heckmann, 1996). They are all equiv-
alent on dcpos, and define a function mapping every continuous function f : A —
(R4 U{+0c0}), where (R; U {400}) is seen as a depo (such Scott continuous functions
are usually called upper continuous; note that the Scott topology on (Ry U {+00}) is
strictly coarser than its metric topology) and every continuous valuation v on A to
Joea fx)dv € (Ry U {4o00}). Its main properties on Cpo are (see (Heckmann, 1996,
Theorem 7.1)):

1 themap f € Rﬁ,u eTA— fx ealt ()dv is continuous in each argument separately
(hence jointly, since joint continuity and separate continuity coincide in Cpo), and
linear in f and v;

2 [,y f(@)ds, = flxo):

3 (Change of Variables formula.) For every continuous function g : A — B, erA(f o
9)(@)dv = [ p f(y)dTg(v);

4 for every open O of A, letting xo be the characteristic function of O in A, fmeA xo(z)dv
v(0).

For the sake of completeness, note that T is in fact a monoidal monad on Cpo, whose
mediator d4 p maps v € TA and £ € TB to the continuous valuation that Jones

((ones, 1990), Section 3.10) writes ¥ ® &, which maps every Scott open subset O of

the depo A x B to [

sCA (fyeB xo(z, y)d{) dv. On the subcategory of continuous dcpos,
this yields a commutative monad by Fubini’s Theorem on valuations (Jones, 1990, The-
orem 3.17). On Cpo, it is unknown whether Fubini’s Theorem holds, hence whether the
monad is commutative; in case it is not, T' would be an example of a monoidal monad

that is not commutative.

10.10.2. Constructing a Logical Relation for the Continuous Valuation Monad. Contrar-
ily to the previous examples, we do not take C; = C3 = C = Cpo; we have been unable
to show that T' preserved pseudoepis for any notion of pseudoepi in Cpo. We take here
a simple solution, which we shall refine in Section [LTTl

Take C = Set, and use Proposition 2l Equip C = Cpo and C = Set with the standard
(symmetric) monoidal structure given by finite products. There is a forgetful functor |_|
from Cpo to Set sending every decpo A to its set of elements |A|, and every continuous
function f : A — B to the underlying set-theoretic function. It has a left adjoint D
mapping every set F to E seen as an dcpo with equality as ordering. This is called the
discretization functor, and DF is called a discrete dcpo. Note that all subsets of DE are
open, so that as a topological space, DE has the discrete topology.

Proposition B applies: |-| and D preserve products exactly, hence are monoidal (with
trivial mediating pairs). The unit 7g is the identity on F, while the counit €4 is the
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identity function from the depo D|A| (A with equality as ordering) to A, and are clearly
monoidal. This yields a monoidal monad (T, n, y, d) on Set. For every set F, TE is the set
of all continuous valuations on F equipped with the discrete topology; such a continuous
valuation v is entirely determined by the values v{x}, © € FE, since then for every X C FE,
v(X) must equal ) v{z}. This implies that v has countable support, and is a count-
able linear combination ) . 5
in (Goubault-Larrecq, 2004). The unit ng maps = € E to J,, multiplication simplifies
to ME(D ety aede) = D_cerx ae§. The mediator dp,p maps (3, ¢ x @0z, D, cy bydy) to
EmEX,yEY azbyd(z y); the induced strength b r maps (z, Zer byd,) to Eer byl (z,y)-
Finally, the monad morphism maps the discrete valuation v € T|A| to v seen as a con-

a. 0, of Dirac valuations; such valuations are called discrete

tinuous valuation in [T'A|.

In the binary relation case, take C = C; x C5, where C1; = C5 = Cpo. C is cartesian
closed, with all products and exponentials taken componentwise. Also, there is a monoidal
monad (T x T, (n,n), (p,p), (d,d)), given componentwise, on C. The product functor
from C to C; has the diagonal functor as left adjoint. Composing this adjunction with
the adjunction D - || above yields a monoidal adjunction again, so that Proposition
applies. This yields a slightly different monoidal monad T’ on Set, where T'A = TA X TA;
it is easily seen to be isomorphic to T.

Whatever route we take, letting |-| be the product functor and o4, 4, map v € T(|A1]x
|Az|) to (v1,v2) € [T A1| x [T Ag|, where v, = Tmv (i = 1,2) yields a monad morphism
fromT xT to T.

As before, we take injections as pseudoepis and surjections as relevant monos; T pre-
serves pseudoepis, because every functor does so in Set.

Let us spell out the resulting construction: for any relation S C |A;| x |As|, let
(751, 7%3) be the inclusion SC o |A;| x |Az| , then the diagram defining the lifting
of the monad is:

T(n%1,752)

TS T(|A1] x [A2])
H |TD(71'81,7T52>| ‘
ITDS| ITD(|A1] x [Az])]
| A1, A
f (|TD7r1\\L|TDﬂ-2\>
SC m |TD|A1|| x |TD|Az||C_ o |TA;| x |TAs

The inclusion arrow that ends in the bottom-right corner, corresponds to the fact that
any discrete valuation v; € [T'D|A;|| can be seen as a continuous valuation in A;, i.e., an
element of |T'A;|, for i = 1,2.
So S is the range of the function f = (|TDmy|, [T D|)o |TD(n%1,7%3)|. Now |TD(r%1,755)|

maps every discrete valuation v on DS to a discrete valuation v/ on D(|A1| X |Az2|) map-
ping any subset X of |A;| x |Az| to v(X NS). Further, [T D | maps a discrete valuation
v on D(]A;| x |Az]) to a discrete valuation v; on D|A;| that maps the subset Oy of A;
to /(01 x Ag). Similarly, |T'Dmy| maps a discrete valuation v’ on D(]A;| x |Az|) to a
discrete valuation v on D|A5| that maps the subset Os of As to /(A1 x O2). Therefore f
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maps v € TS to (v1,v2) such that for every subset O of A1, v1(01) = v((O1 X |A3])NS),
and for every subset Oy of Aa, v2(02) = v((JA1] x O2) N .S).

As S is the range of this function f, the lifted relation S between continuous valuations
vi € [TAy] and vy € [T Az is given by:

YO, C A1.V1(01) = V((Ol X AQ) N S) A\ )

(vi,v2) €S = (EIVG']I‘S.{ W02 C Azv2(03) = v((A1 x O2) 1 S)

10.10.3. Probabilistic Transition Systems. Interestingly, and analogously with Section [,
we may define a probabilistic labelled transition system as an element of (TA)AXL. Then
two such transition systems f; and fy are in relation if and only if:

Vai € |A1|,a2 € |A2| , fl1,02 € L.(a1,a2) € SA (¢1,42) € R = (61)

VO1 C Ai.fi(a1,£)(01) = v((O1 x A2) NS) A
(Hu eTS { VO, C Aa.fa(az, 0)(02) = v((A1 x 02) N S) )

Note that this all works with the monad of probability valuations (where the measure
of whole spaces must be 1), or of subprobability evaluations (where the measure of whole
spaces must be at most 1), for example.

Look at the special case of finite sets A;, Ay seen as discrete dcpos, and with discrete
probability distributions, and the relation on labels Ry is equality. View the disjoint
union A; + A, as the state space of a unique combined probabilistic transition system.
Write pe(a, a’) the probability of the transition a—a’: this is f1 (a,0)({a'}) if a,a’ € Ay,
fa(a,0)({a’}) if a,a’ € Ay, zero otherwise. Let = be the smallest equivalence relation on
Aj + Az containing S. For every C € (A; + As)/ =:

((Cﬂ A1) X Az) ns = (A1 X (Cﬂ Az)) ns (62)

Indeed, the inclusion of the left-hand side in the right-hand side means that for every
a1 € C'N Ay and for every ag € Ay such that (a1, az) € S, then ag is in C. The converse
inclusion means that for every as € C' Nag and every a; € A; such that (ai,a2) € S
then a; € C. Both inclusions hold because in each case a; = a2 and C' is an equivalence
class for =. So, if @) holds, letting v; be fi(a;,£), O1 = C N A1, Oy = C' N Ay, then
Vl(c N Al) = VQ(O N AQ) Since I/l(c n Al) = ZaEC pg(al-, CL), (m) implies:

VYai,as € A+ Ag.(ah ag) €S = WelLVCe¢ (Al + Ag)/ =. (63)
Z pf(aha) = Z pe(a27a)
acC acC

Since = is the reflexive symmetric transitive closure of S, iterating (G3)) entails:

Yai € Al,az € Asar=ax = WeLVCEe (Al —+ Az)/ =. (64)
Z pe(a1,a) = Z pe(az, a)
acC acC

This is exactly Larsen and Skou’s condition that = be a probabilistic bisimulation
(Larsen and Skou, 1991).
Conversely, (@), i.e., that v1(C' N A1) = v2(C N Aj) for every equivalence class C' of
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= where v and vy are defined as above, implies ([@Il) in case S is an equivalence rela-
tion already (S = =): take v({(a},a3)}) = vi({a}}) xva({ah}) /v1(CN A1) =vi({a}}) x
va({ab})/va(CNAsg) if a) = ab, where C is the equivalence class of a} and a}, and provided
v1(C N Ay) =va(C N Ay) # 0; zero otherwise. Indeed, first observe that this is a prob-
ability distribution: Ea’leAl,a’QeAz v({(a},a5)}) =X Ea’leCmAl ZageCmAz vi({a}}) x
va({ah}) v2(C N A2) = 300 S o, vi({al}) = S (C N Ay = L.

Second, v({a}} x A2)N1S) = Yy o Y({ahs5}) = s ccn, v({ah,a5}) (where ©
is the equivalence class of a}) = Ea;eCmAg vi({ai}) xva({ah})/v2(C' N A2) = vi({a)}).
Summing over all a¢f € Op, where O; C Aj, we obtain v((O1 x A2) NS) = v1(01).
Symmetrically, v((A; X O2)NS) = v2(02), and this is exactly condition (EIl). Recall that
Vv, = fz(al,ﬁ)

So the two notions are equivalent, in the discrete case: relations S as described by our
subscone construction have probabilistic bisimulations as reflexive symmetric transitive
closures, and probabilistic bisimulations are equivalence relations S as described by our
construction—in the discrete probability case.

10.11. Continuous Valuations on Dcpos, observed from Cpo

The construction of the previous section is somewhat limited, since the only valuations in
TS are discrete. In particular, and this can be seen on condition (@), the only transition
systems that can be related by the construction of the previous section are themselves
discrete transition systems.

In the case of continuous transition systems, a more expressive construction must be
sought. Here we take C = Cpo. Our first concern is to define a relevant mono factorization
system on Cpo. One that works here is as follows. First, for every dcpo A and every
X C A, the sup-closure X of X in A is the smallest sup-closed subset of A containing
X (i.e., the smallest sub-dcpo of A containing X). Note two pitfalls here: first, X is in
general not just the set of sups in A of directed subsets of X, and the process of taking
sups may have to be iterated transfinitely; second, the sup-closure is in general much
smaller than the Scott-topological closure of X in A, whichis | X. Now e: A —s C is

a pseudoepi if and only if e(4) = C, i.e., every element in C' is in the sup-closure of the
range of e. And m : CC_- B is a relevant mono if and only if m is a depo embedding,
meaning a Scott-continuous function such that m(z) < m(y) if and only if z < y. If
this is the case, then the range m(C) of m is a dcpo, m is injective, and the inverse
m~ : m(C) — C is continuous. This yields a mono factorization, even an epi-mono
factorization on Cpo, as can be checked easily. In fact what we called pseudoepis are
just the epis in Cpo, and the relevant monos are exactly the extremal monos; the latter
correspond exactly to sub-dcpos up to iso.

It is tempting to define the monad T just as T, since the categories C and C are the
same. However, condition (iv) would be problematic. Indeed, we have not been able
to show that T preserved pseudoepis in Cpo; we conjecture that it does not, although
we have been unable to find any counterexample. Moreover, the structure of relevant
pseudoepis seems intricate, and showing that T' maps relevant pseudoepis to pseudoepis
seems arduous, too.
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Let us discuss this a bit more. Following Jones (Jones, 1990), call a valuation simple
if and only if it is a finite linear combination Y. ; a;0,, of Dirac valuations. Call a
valuation quasi-simple if and only if it is a sup of a directed family of simple valuations,
and accessible if and only if it is in the sup-closure of the set of all simple valuations.
Every discrete valuation is quasi-simple, and every quasi-simple valuation is accessible,
but converses do not hold in general (Goubault-Larrecq, 2004). Now it seems likely that
there should be a dcpo A on which some continuous valuation v is not in the sup-closure of
the set of simple valuations, i.e., containing a continuous, but not accessible valuation. We
have no example of this, but Alvarez-Manilla (Alvarez-Manilla, 2000, Section 2.7, p.73)
shows an example of a dcpo and a continuous valuation on it that is not quasi-simple,
which comes close; also, all accessible valuations are point-continuous valuations since
the space of point-continuous valuations forms a dcpo containing all simple valuations
(Heckmann, 1996). So any dcpo on which there is a continuous, but not point-continuous
valuation v would yield an example of a continuous valuation v that is not accessible.
In any case, if A and v exist so that v is continuous but not accessible, then let B
be the dcpo have the same underlying set as A but with equality as ordering, and let
i : B — A the continuous function mapping x € B to x € A. Clearly i is surjective,
hence pseudoepi. On the other hand, every continuous valuation on the discrete space B
is discrete (Goubault-Larrecq, 2004, Proposition 3), and the image erB az0(z) of any
discrete valuation ) _p a.0, by Ti is again discrete, so ¥ cannot be in the sup-closure
of the range of Ti, showing that T is not pseudoepi.

Instead of defining TA as the dcpo of all continuous valuations on A, we let TA be
the dcpo of all accessible valuations on A. Note that by Theorem 5.2 of (Jones, 1990),
if A is a continuous dcpo, every continuous valuation on A is quasi-simple, in partic-
ular accessible. So there would be no difference between TA and T A if we restricted
ourselves to a category of continuous dcpos. Moreover, if A is a continuous dcpo, so is
T A (Jones, 1990, Corollary 5.4). Unfortunately, no cartesian-closed subcategory of Cpo is
known that consists only of continuous dcpos and to which the monad T has a restriction
(Jung and Tix, 1998).

All this forces us to be content with accessible valuations. We start with a few required
technical lemmas. Recall that X denotes the sup-closure of X.

Lemma 4. Let X be any subset of the dcpo A. Every sup of a directed family of elements
of the sup-closure X is in X.

Proof. Obvious. [
Corollary 1. Every sup of a directed family of accessible valuations is accessible.

Lemma 5. Let X be any subset of T A that is closed under linear combinations, i.e.,
such that whenever vi,...,v, € X, and ay,...,a, € Ry, then Y | a;p; € X. Then X
is closed under linear combinations.

Proof. Define X, for each ordinal a by X¢ = X, and if o # 0 then X, is the set of
all sups of directed families (v;),.; of continuous valuations v; € Xa,, @i < a. Clearly
X =, Xo.
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We first claim that if v is in X, then av is in X, by induction on «. If & = 0, then by
assumption av € X = X(. Otherwise, v = sup,;c; v; for some directed family (v;),.; of
valuations in X,,. Then the family (av;),; is also directed, av; is in X, by induction
hypothesis, and av = sup;c; av;.

We then claim that if v is in X, and ¢/ is in X4/, then v + ¢/ is in X. This is by
induction on «, o/ ordered lexicographically. If & = o/ = 0, then both v and v/ are in X,
hence v + v/ is in X by assumption, therefore in X. If o/ # 0, then ¢/ is the sup of some
directed family (V;—)je , of valuations in YQ;, o < o'. By induction hypothesis v + v/ is
in X; the family (v + V;—)jeJ is clearly directed, and sup;c; v +v; =v+v/,so v+ is
in X. If a # 0, then v is the sup of some directed family (v;);.; of valuations in X,
a; < a. By induction hypothesis, v; + v/ is in X, so similarly v + v is in X. ]

Corollary 2. Every finite linear combination of accessible valuations is accessible.
Proof. Take X the set of simple valuations on A. ]

In the sequel, call a valuation a-accessible if and only if it is in X, where X is the set of
simple valuations. In other words, the 0-accessible valuations are the simple valuations;
if (v;) ser 1s a directed family of valuations, where v; is a;-accessible for some a; < «,
then sup;c; v; is a-accessible. The accessible valuations are those that are a-accessible
for some ordinal a.

Define n4 as mapping = € A to 6, in TA. This is clearly natural in A. Define py as
mapping every accessible valuation v on A to the continuous valuation fE cra$ (O)dv.

Lemma 6. For every accessible valuation v, pa(v) is an accessible valuation.

Proof. We show that pa(v) is accessible whenever v is a-accessible, by induction on «.
If @ = 0, then v is simple, that is, v is of the form Y ;" | a;0¢,. Then pa(v) = > 1, a;&,
which is accessible by Corollary B If o # 0, then v is the directed sup of a family of a;-
accessible valuations v;, a;; < a. Since integration is continuous in its valuation argument,
Ma(v) = sup;er Ma(vi), hence is accessible again by Corollary [l 0

So 4 is a map from T2A to TA. It is also continuous, since integration is continuous
in its function argument, and the map £ — £(O) is Scott-continuous for every open O.
Moreover, j4 is natural in A: if f is continuous from A to B, then pp(T?f(v))(O) =
JoerpM(0)AT* f(v) = [eers TF(€)(O)dv (using the Change of Variables formula) =
Jocmn €(FH(0))dv (by definition of Tf) = pa(W)(f~1(0)) = Tf(pa())(O) (by defi-
nition of Tf).

We define d4,p as mapping v € TA and £ € TB to the continuous valuation v ® ¢ that

takes the open subset of the depo A x B to [ _, (fyGB xo(z, y)dg) dv.
Lemma 7. For every accessible valuations v and £, v ® £ is an accessible valuation.

Proof. We show the claim under the assumption that v is a-accessible and £ is o/~
accessible, by induction on «, @’ ordered lexicographically. If &« = o/ = 0, then v and ¢
are simple, say v = > a;0;, and & = 377 bjdy,, s0 v @& = 30 DT aibid(a, )
is simple, hence accessible. If o/ # 0, then & is the sup of some directed family (§; )j cJ
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- . < . Since integration is continuous, d4, 5(v,§)(0)

sup;cy da,B(¥,§;)(0), where da, 5(v, ;) is accessible by induction hypothesis; so da, 5(v,
is accessible. By a similar argument, d4 g(v, §) is accessible when « # 0.

of o'-accessible valuations, o

ol

)

O

Clearly da,p is continuous, since d4 g is, and the two coincide on accessible valuations.
Also, d4 p is natural in A and B: if f is a continuous map from A to A’ and ¢ is a continu-
ous map from B to Blv dA/,B’ (Tf(l/), Tg(é))(o) = fz’GA’ fy’eB’ X0 (I/a y/)dTg(§>de(V) =
Joea yeB XO (f(x),g(y))dédv (using the Change of Variables formula). This is equal to

JoeaLyen X(sxg)-1(0) (@ y)dédv = da 51, €)((f x 9)~1(0)) = T(f x g)(da,5(v,£)).
All this leads to:

Lemma 8. (T,n,y,d) is a monoidal monad on Cpo, the accessible valuation monad.
Letting |-| be the identity endofunctor on Cpo, and 0, : T|A| — |T A| map every accessi-
ble valuation v on A to itself, seen as a continuous valuation on A, (|-|,o) is a monoidal
monad morphism from T to T.

Proof. It remains to show that (||, o) is a monoidal monad morphism. But since both
|-| and o are identities, Diagrams (@) and ({H) are obvious. (Note that the mediating
pair (0,8) of |-| consists of identities exclusively.) 0

So conditions (i.c), (ii.a) hold. (In fact even condition (ii.b).) Condition (iii.a) holds,
too: our mono factorization system on Cpo is monoidal, since for every two pseudoepis
f and g, f x g is pseudoepi, for sups are taken componentwise. As we said earlier, the
main difficulty with probabilistic powerdomains is in showing that condition (iv) holds:

Lemma 9. If f: A — B is pseudoepi in Cpo, then so is Tf.

Proof. Let X be the set of valuations of the form 2211 a;i0f(z,), wherem € N, a; € Ry,
z; € A. Observe that 1", aids(,) = Tf(3]" aids,), so X is included in the range of
f. We show that every accessible valuation £ on B is in X, which will imply that it is in
the sup-closure of the range of f, hence that T f is pseudoepi.

It suffices to show that every a-accessible valuation ¢ in TB is in X, by induction on
a. If a =0, then £ is simple, hence can be written under the form Z?Zl b;d,,, for some
finite family of elements y; in B. Since f is pseudoepi, y; is in the sup-closure of the
range of f. Since the map x — J, (i.e., na) is Scott continuous, J,; is in the sup-closure
of the set of all Dirac maps of the form 6.y, z € A. (Note indeed that, for every Scott
continuous map ¢, g maps the sup-closure of any subset to the sup-closure of its direct
image.) So dy, is in X, therefore £ = Z?:l b;dy, is in X, too, by Lemma Bl If o # 0,
then v is the sup of some directed family (Vi)l-e ; of aj-accessible valuations v;, o; < a.
By induction hypothesis, v; is in X, so v is, too. ]

Next, condition (v), that Cpo has pullbacks, holds: if f is a continuous map from A to
C, and g is continuous from B to C, their pullback is the set {(z,y) € AxB|f(z) = g(y)}
with the product ordering. Finally, we show condition (vi):

Lemma 10. For every dcpo A, _4 preserves relevant monos in Cpo.

Proof. For every dcpo embedding (relevant mono) m from B to C, m* is the continuous
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map sending every continuous map f € B4 to mo f € C4. Then m“(f) < m4(g) if and
only if mo f < mog, if and only if m(f(z)) < m(g(z)) for every x € A, if and only if
f(z) < g(x) for every z € A (since m is a depo embedding), if and only if f < g. Since
m* is continuous, it is a a depo embedding. ]

So all conditions (i.c), (ii.a), (iii.a), (iv), (v), (vi) necessary to define a notion of
subscone in Cpo for Moggi’s meta-language are met. It is fair to call such a subscone
a cpo logical relation, extending Plotkin’s cpo logical relations for the (non-monadic)
lambda-calculus (Mitchell, 1996]).

All this yields the following notion of binary logical relation [r] between dcpos [7],
and [7], indexed by types of Moggi’s meta-language, where the interpretations [_], are
defined so that [ — 7'], is the dcpo of all continuous functions from [r], to [7'], and
[T7];, = T[r],. Call a binary relation R between partial orders a dcpo relation if and
only if R, as a set of pairs, is a decpo. The family of dcpo relations [7] indexed by types
T is a depo logical relation if and only if:

(fi,f2) elr—7] <= Va€][r];,a2€[r],"
(a1,a2) € [7] = (fi(a1), f2(a2)) € [7']

((a1,01), (az,a5)) € [r x 7] <= (a1,02) € [r] A (ay,a3) € [7]

and finally (v1,v2) € [T'7] if and only if (v1,v3) is in the sup-closure inside T [7], xT [7],
of the set of all pairs of continuous valuations (v},v%) such that there is an accessible
valuation v on the dcpo 7] with

{ VO, open of 7], -v1(01) = v((O1 x [7],) N [T]A
VO3 open of 7], -v4(02) = v(([r]; x O2) N [7])

In other words, v1 and v, are related provided they are transfinitely iterated directed
sups of valuations v} and v related by some accessible valuation v on [r] as in the
formula above. (We do not need to mention any sup-closure in the clauses for [r — 7]
and [r x 7'] because the definitions above are already sup-closed.)

This definition is not quite perfect. First, it is complex. Second, as shown above,
[Tr] is only able to relate accessible valuations. If there are any dcpos on which not
all continuous valuations are accessible, then [T'r] will not be reflexive, which is a bit
surprising. We have not been able to generalize the construction further. On the other
hand, most dcpos of interest are continuous, and on continuous dcpos every continuous
valuation is quasi-simple, hence accessible.

10.12. Probability Measures on Metric Spaces

The standard approach to probability theory is not through valuations, as used until now,
but through measures. As we said in Section [[l9 the category of measurable spaces is ill-
suited to this task. A much better-behaved category is the category Pol of Polish spaces
and continuous maps. A Polish space is the topological space underlying a complete
separable metric space. (Separable means that the space has a countable dense subset.)
It was shown by Giry (Giry, 1981)) that there is a probability monad T on Pol, where T'A
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is the set of all probability measures on the Borel o-algebra of A, topologized with the
weak topology, that is, the smallest topology making the function A\v € T A - fx ealt (x)dv
continuous, for every bounded continuous function f from A to R;.

The closest category to Pol that we know of, and which is symmetric monoidal closed,
is the category C Met of complete metric spaces, with non-expansive maps as morphisms.
The separability condition has to be dropped, which is not preserved by exponentials.
We shall also drop the completeness requirement, which we simply do not need—the
interested reader may check that the whole construction works directly on complete
spaces, too.

So consider the category Met of metric spaces and non-expansive maps. We write
da for the distance on A, and allow distances to take the value 4oco. (This is as in
(Lawvere, 1973)), who considers additional relaxations on the notion of distance.) In other
words, a distance d4 on A is any function from A to Ry U{+oco}, such that d4(x,y) =0
if and only if = y, for every z,y € A; da(z,y) = da(y,z) for every x,y € A; and
da(z,2z) <da(z,y)+da(y, z) for every x,y,z € A. A map f is non-expansive from A to
B if and only if dg(f(z), f(2')) < da(z,2’) for every z,2' € A.

Every metric space A has a topology, generated by its open balls B(x, €) = {y|da(z,y) <
e}, for which it is Hausdorff. There is a cartesian product on Met: A x B is the set
of pairs (z,y), © € A, y € B, with distance daxp defined by daxs((z,v),(z',y)) =
max(da(x,2’),dp(y,y")). But Met is not cartesian closed, as there is no corresponding
notion of exponential.

On the other hand, Met is symmetric monoidal closed. The tensor product A® B is the
set of pairs (z,y), © € A, y € B, with distance dagp defined by dags((z,y), (z/,y")) =
da(z,2") +dp(y,y’). The exponential CP is the set of non-expansive maps f from B to
C, with distance dos (f, f) = sup,ep de(f(x), f'(z)). (This is well-defined because we
allow distances to take the value +o00.) The underlying topology of A® B, as well as of
A x B, is the product topology of A and B.

A measure on A is by convention a measure on the Borel o-algebra of its topology. A
probability measure maps A to 1. A natural choice for the probability monad T on Met
is to let T'A be the set of all probability measures on A, equipped with the Hutchinson

metric:
/zGA gle)dv = /zeA g(:zc)dﬁ’

making T'A a metric space. It can be checked that T gives rise to a monoidal monad.

dra(v,€) = sup
gEMet(A,[0,1])

It is then tempting to observe T from Met again. That is, we are tempted to let
C = Met again, and T to be the same monad as T. However, we do not know whether
this preserves pseudoepis. Let us make this clear.

There is a natural epi-mono factorization on Met: relevant monos are isometric em-
beddings, that is, maps m : C' — B such that dg(m(x),m(y)) = dc(z,y) for all z,y € C.
Pseudoepis from A to C are surjective non-expansive maps from A to C. It is fairly easy
to see that this yields a monoidal mono factorization system on Met. (By the way, we
cannot take C to be CMet, even if we had chosen C to be CMet. In that case, we could
not insist that pseudoepis be surjective. Then it would be natural to take pseudoepis as
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non-expansive maps with dense range, but this would not be enough for the construction
to come in Lemma [l below, which requires surjectivity.)

Does T defined above preserve surjective non-expansive maps? A standard result
(Bourbaki, 1969, 2.4, Lemma 1) states that if f is continuous surjective from A to B,
and both A and B are compact Hausdorff, then T f is surjective. (Since T is a functor on
Met, Tf is always non-expansive as soon as f is.) Similarly if the underlying topological
space of A is an analytic space (Bourbaki, 1969, 2.4, Proposition 9). However, we cannot
restrict to compact metric spaces, or to metric analytic spaces—there is no reason why
the monoidal closed structure on Met would survive this restriction.

Instead, we use another monad T on Met. Let Cy(A) be the vector space of all bounded
non-expansive functions from the metric space A to R, with the sup norm: for all g €
Co(A), |lg9]| = sup,eca lg(z)|. Let L4 be the vector space of all continuous linear forms
on Cy(A), that is, of all continuous linear functions F' : Cp(A) — R. Recall that a linear
function F' from Cp(A) to R is continuous if and only if it is Lipschitz, i.e., if and only if
[[F|| = supjjg)=1 [F'(g)] is a well-defined real (i.e., not +oc). Then [[F|| is called the norm
of F. Let £} be the subset of those F' in £4 of norm 1. Finally, let TA be the subset of
those F' in £ which are positive, i.e., such that g > 0 implies F(g) > 0. Both £}, and
TA inherit the distance on L4 that is induced by norm. Equivalently, TA is a metric
space whose distance is defined by dra(F, G) = supgeprer(a,—1,17) [F'(9) — G(g)[- T then
defines an endofunctor on Met by letting Tf map F € TA to Ag € Cp(B) - F(go f), for
every non-expansive map f from A to B.

The space of all probability measures on A embeds in TA by v — Ag € Cp(A4) -
Jye 4 9(z)dv. In fact, the distance on probability measures on A inherited from the metric
structure on TA is a slight variant of the Hutchinson metric introduced above. Moreover,
if A is compact, then every element of TA arises from a probability measure in this way,
by the Riesz Representation Theorem. This makes TA a metric space that is arguably
close enough to a space of probability measures.

The point of this definition of T is that T preserves pseudoepis in Met. The proof is
similar to that of (Bourbaki, 1969, 2.4, Lemma 1).

Lemma 11. If f is any surjective non-expansive map from A to B, then Tf is surjective
from TA to TB.

Proof. Let Ay be the function mapping g € Cy(B) to go f. Note that A;(g) is bounded
and non-expansive, hence in Cy(A). Also, [[Ar(9)l] = sup,calg(f(z))] = sup,eplg(y)l
(since f is surjective) = ||g||, so that As is an isometric embedding of Cy(B) into Cp(A).

Let H be the range of A; in Cp(A). H is a linear subspace of Cy(A), which is by
construction isometrically isomorphic to Cp(B). In particular, )\;1 is a continuous linear
map from H to Cy(B).

Given G € TB, Go)\;l is therefore a continuous linear form on H. By the Hahn-Banach
Theorem, Go /\;1 can be extended to a continuous linear form F on Cp(A), with the same
norm, i.e., ||F|| = ||G o /\;1||. The latter means that [|F|| = suppec,(a),jn)=1 [F'(R)] =
suPper, =1 |GAF ()] = supgec, (p), 1901121 [G(9)] = |IG]] = 1.

As far as positivity is concerned, we first note that ||G|| = G(A\y € B-1). Indeed, first,
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[|[Ay € B-1|| = 1, 50 ||G|| > G(\y € B-1). To show the converse inequality, note first that
for every g € Cp(B), we may write g as the difference g4 — g— of two positive functions,
so |G(g)] = [G(g4) — G(g-)| < max(G(g+), G(g-)) (since G(g4),G(g-) = 0); if [|g]| = 1,
then g1 (y) <1 and g_(y) < 1forall y € B, so |G(g9)] < G(A\y € B -1); taking the sup
over all g, ||G|| < G(A\y € B-1).

Then FAx € A-1) =FA\f(Aye B-1))=G(Aye B-1).So F(Ax € A-1) =||G|| =
[|F||. If F was not positive, there would be some g € Cy(A), g > 0, with F(g) < 0. We
may assume without loss of generality that ¢ < 1, so Ax € A-1— g(z) is of norm at most
1. But then ||F|| > F(Ax € A-1—g(x)) = F(Ax € A-1)—F(g) > Flx € A-1), a
contradiction. So F' is positive.

Finally, Tf(F) = Ag € Cy(B)-F(go f) = Ag € Co(B)-G(n(go f)) = Ag € Co(B)-Glg) =
G. Since G is arbitrary, Tf is surjective. ]

T can be used to form a monoidal monad on Met. Define n4 as the function mapping
x € Ato Ag € Cp(A) - g(). This is natural in A, and non-expansive in z. Define p4 as
mapping F € T?A to A\g € Cy(TA) - F(A\G € TA - G(g)). It requires a bit more work
to show that 4 is well-defined and non-expansive in F'; it is however clear that this is
natural in A. Furthermore, the monad laws are satisfied, so that (T,n,p) is a monad
on Met. (One might remark that the formulae for ng and pa are formally analogous to
those of the continuation monad.) Finally, define d4 g as mapping (F,G) € TA® TB
to Abh € CGo(A®B) - F(Ax € A-G(A\y € B - h(z,y))). This is a mediator, which is
not in general commutative. The underlying strength ts p maps (z,G) € A ® TB to
A e C(A® B)-G(Ay € B h(x,y)).

To define a notion of binary metric logical relations, we take C = Met x Met, define
a monad T on C pointwise (i.e., T(A41, A2) = (TA;,TAs)). It remains to define a monad
morphism from T to T.

Define |A;, As| as the cartesian product A; x Ag, much as in Set. Note that the
only difference between cartesian product and tensor product is that their distances
differ: da, x4, ((z,y), (z',y")) is the max of the distances da, (z,2") and d,(y,y’), while
da,oa,((z,y), (2',y")) is the sum of the same distances.

Similarly as in Set, define the monad morphism T, A, 8 (T7y, Tme). That is, for
every F' € T(A1 x Az), 04, 4,(F) = (Ag1 € Co(A1) - F(A\(z,y) - 91(x)), \ga € Cp(A2) -
F(A\(z,y)-92(y))). The functor || is symmetric monoidal. Its mediating pair (0, ) consists
of § : T — |I| (where I is the one-element complete separable metric space {x}, and I
is the pair I,T) mapping * to (*,*); and of the natural transformation 04, a,),(B,,B,) :
|A1, A2| ® |Bi, Ba| — |A1 ® B1, A2 ® Ba| which maps ((21,2), (y1,¥2)) to ((x1,41), (22,
y2)). The latter is non-expansive, because we have chosen o Ay.A, TO be A1 x As and not
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A; ® As for example. Indeed,

da,@B1, 4,08, | (21, 41), (T2, 92)), (27, 91), (¥3,93))
max(da, s, (71, y1), (21, 91)), dase s, (22, 92), (2, 5)))
max(da, (z1,27) + dp, (y1,91), da, (22, 25) + dp, (42, Y3))
max(da, (v1,2)),da,(z2,25)) + max(dg, (z1, 7)), dp, (v2, 5))
djay 4,0 (21, 22), (21, 25)) + d) B, B, (Y1, ¥2), (¥1,95))

= djay, a5]2|By,8: (1, 22), (41, 92)), (2], 25), (41, 95)))

IA Il

It is clear that 0 is natural, and that the coherence conditions ([[d)—([IX) as well as (27
are satisfied.

Then (]_|,0) is a monoidal monad morphism, as Diagram [{H) commutes. It is also
easy to check that Met has pullbacks: the pullback of f: A — C and g : B — C' is the
subspace of A x B consisting of all (x, y) such that f(z) = g(y); and _* preserves relevant
monos: 4 maps f: B — C to A\g € B4 - f o g, which is an isometric embedding as soon
as f is.

This yields the following notion of binary metric logical relation [r] between metric
spaces [7]; and [7], indexed by types in the linear version of Moggi’s meta-language
adumbrated in Section

Tu=bT@T|T —oT|?T
Note that [t @ 7'], = [7], ® [7'];, [T o 7], = [[T’ﬂi[[ﬂ]i, [?7]; = T [7];. Then the defini-
tion of the subscone specializes to:
(fl,fg)E[[T—OT/ﬂ <~ Valé[[T]]l,(IgE[[T]]Q'
(a1,a2) € [7] = (fi(ar), f2(a2)) € [7']
((a1,01), (az,a5)) € [r@ 7] = (a1,a2) € [7] A (ay,a3) € [7]
Finally, (Fy, F») € [?7] if and only if there is F' € T [r] such that

Fi(g1) = F\a,y) €[] -g1(z)) for every g1 € Co([7];)
Iy(g2) = F(Mz,y) € [r] - g2(y)) for every g2 € Cp([7],)

(Up to isomorphism, relevant monos are inclusions, so we may consider that [7] C [7]; x
[7],.) This condition implies that, if (Fi, F») € [?7], then for every g1 € Cy([7];) and
92 € Cy([7],) such that gi(a1) = ga2(az) for every (a1, az) € [r], then Fi(g1) = Fa(g2). It
turns out that this is equivalent to it, just as in the case of the continuation monad:

Lemma 12. (Fy, F5) € [?7] if and only if, for every g1 € Cy([7];) and g2 € Ci([7],)
such that g1(a1) = ga2(az) for every (a1, az) € [7], then Fi(g1) = Fa(g2).

Proof. The only if direction is clear. Conversely, assume that Fi(g1) = Fa(ge2) for
every g1 € Cyo([7];) and g2 € Cy([7],) such that gi(a1) = g2(az) for every (a1, a2) € [7].
Let S be [r], and H be the subspace of Cy(S) of those functions of the form A(z,y) €
S - g1(x) + g2(y), where g1 ranges over Cy([7],), g2 ranges over Cy([7],). Let Fy(g) be
defined as F (g1)+F2(g2) for every g = Az, y) € S-g1(x)+g2(y) in H. This is independent
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of the choice of g; and gs, since if g can also be written as A(z,y) € S - g1 (z) + g5(y),
then by construction g1(a1) — gi(a1) = g5(az) — g2(az) for every (ai,a2) € S = [7], so
Fi(g1—91) = F2(g93—92), which implies F1(g1)+F2(g2) = F1(g1)+F2(g3). It is easy to see
that Fj is a continuous linear form, so it extends to a continuous linear form F' with the
same norm on the whole of C,(.5), by the Hahn-Banach Theorem. By the same argument
as in Lemmal[[l F is a positive linear form. Clearly Fi(g1) = F(A(z,y) € [7] - g1(x)) for
every g1 € Cp([7]), and Fr(g2) = F(A(z,y) € [7]-g2(y)) for every g» € Cy([7],), whence
the claim. 0

It is reasonable to represent the set of probabilistic transition systems on a metric space
A as the metric space TA? of all non-expansive maps from the set of states A to the set
of probability measures on A. The subscone construction provides a condition when two
such probabilistic transition systems are related. Given any relation S on A (defining a
metric subspace of A x A), define the relation S on TAA by: for any non-expansive maps
f1, fo from A to TA, (f1, f2) € S if and only if, for every (ay,as) € S, there is F € TS
such that

fila)(g1) = F(Mz,y) € S-g1(x)) for every g1 € Cp(A)
f2(a2)(g2) = F(A(z,y) €S- g2(y)) for every go € Cp(A)

or, equivalently, for every g1,g2 € Cp(A) such that gi(x) = ga2(y) for every (z,y) € S,
then f1(a1)(g1) = f2(az)(g2). (Use Lemma [[A) In case A is compact, by the Riesz
Representation Theorem, we may replace positive continuous linear functionals on Cp,(A)
by probability measures. Rephrasing the above, we get: for any non-expansive maps f1, fa
from A to the space of probability measures on A, (f1, f2) € S if and only if, for every
(a1,a2) € S, there is a probability measure v on S such that

fi(a))(X1) = v((X1 x A)NS) for every measurable subset X; of A
fa(a2)(X2) = v((A x X3)NS) for every measurable subset X5 of A

We retrieve a notion of probabilistic bisimulation similar to that of Section LTIl yet
simpler: S is a bisimulation on the space A of states between the transition systems f;
and fo if and only if S relates fi and fa.

This notion is formally analogous to the notion of probabilistic bisimulation of (Desharnais et al., 2002);
i.e., the formulas we use and theirs for defining bisimulations is the same. A difference is
that the latter define bisimulations on the category of analytic spaces; this is awkward
in our setting, since we do not know any monoidal closed structure on the category of
analytic spaces. (But there is a monoidal monad of probability measures on completely
regular analytic spaces, where the space of probability measures is equipped with the
weak topology.) This is also formally analogous to metric bisimulations as introduced by
de Vink and Rutten (de Vink and Rutten, 1999) for ultrametric spaces, and extended
by Worrell (Worrell, 2000)) to generalized metric spaces. A difference is that the latter
authors use a coalgebraic approach; in particular, their construction requires a T functor
that preserves isometric embeddings (our relevant monos), while we require it to preserve
pseudoepis (surjective non-expansive maps). There seems to be no connection between
the approach of this section and the metric defined in (Desharnais et al., 1999), where the
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goal is to define a distance between processes that vanishes exactly on bisimilar processes;
our construction only yields relations as sets of pairs equipped with a distance.

We won’t pursue this comparison. After all, our purpose in this paper was not to define
any new approach to the theory of probabilistic bisimulations per se, but to adapt logical
relations to the case of monads. It can be considered a nice byproduct that our approach
is able to define extensions of some bisimulations to all higher orders.

11. Conclusions

The main contribution of this paper is a natural extension of logical relations able to
deal with monadic types. We illustrate its naturality and its practical value by demon-
strating that various notions of bisimulations and a non-trivial notion of logical relation
for dynamic name creation are instances of our construction. Besides, our construction
provides a natural integration between notions of simulations for transition systems (pos-
sibly probabilistic), higher-order computation (the import of the A-calculus), and limited
forms of side-effects (e.g., dynamic names), yielding streamlined criteria for observational
equivalence of those combined systems.
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Appendix A. Monoidal Monads, Commutative Monads
A.1. From Mediators to Strengths and Dual Strengths

Let (T,n,p,d) be a monoidal monad. Let tap = da,p o (na ®idrp), ty g = dapo
(idt4 ® np). We show that U is a strength, ' a dual strength, and that Diagrams @3
and ([#4) commute.
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Diagram ([B2). This is exactly Diagram (B).
Diagram (B3)). This is exactly Diagram Q).

Diagram (@4). This is shown by the diagram below. The topmost row is tagp,c, while
the bottommost composition of morphisms from T((A® B) ® C) to T(A® (B ® ()) is
ida ® [tB,C followed by [tA,B®C-

A@B®id dagB,c

(A® B) @ TC"25T(A @ B) @ TC

\@\ TdA,B®id
(NAa®nB)®1

. (TA®TB)®@TC (mediator law (EII)) Toa,B,0
(naturality

™A,B,TC of (Dl) l/UTA,TB,TC
TA® (TB®TC) —>TA®T(B® C) —T(Ae (B C))

na W (func%o?iglity T i
of ®) na

A® (BOTQ) > A® (TB@TC) == A®T(B®C)

T((A® B)® C)

Diagram (B3).

i d i
Ao T2B 224 o B2 T4 0 TB) XS T4 0 TB) L T2(4 0 B)

\(Haturaljty/7
Tna@Tid of d) dra,TB

) (functoriality
id® T2A ® T2B HAgB
e of ®) (monad o (mediator
idops law) l“‘/@m law (E2))
A®TB : TA®TB T(A ® B)
na®id da,B

So B is a strength. That @' is a dual strength is proved similarly. We use Diagram B9)
instead of Diagram (B8)) to prove the dual form of Diagram (B2).
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Diagram (E3)). In the diagram below, the top row is t4 5 ® id followed by t); ¢ 5 -, while
the bottom row is id ® b  followed by ta pgc-
id®nc

(A®TB) (na®id(TA® TB) da,seid T(A® B) T(A® B) dags.cT((A® B)

— — —
®C id ®C ®C ®TC @C)
(functoriality
(na®id)®nc of ®) %@d
(TA TB) @ TC
wadn o (naturality l““ I (mediator T
T of o) law (ET)) e
TA® (TB ® TC)
na®(id®ng functomalwfa c
of ®
A® AR T(A®

@B@ClmwﬂB®T0dmm>TT®@ m@drw®cw;§m3®m)

Diagram ([#l). This is the diagram below, where the top row is br4, g, the leftmost vertical
arrows form bty 1, the rightmost ones form Tt p followed by pagp, and the bottom
row is Tt4 g followed by pagp. Note that, as announced, the common diagonal from the
top left corner to the bottom right corner is d4, p.

nra®id o dra,B
TA®TB T“A® TB (natur- T(TA ® B)
id@Tn Bl ality of
monad laws d)
id®nrs d®id T2A ® T2B T(id®ngs)
and functor=
iahty of ®) épA LB o (IrfeTzhz\
2 2 2
TAR®T B—>T ARTM?’B—TA®TB law (2)) T(TA® TB)
( t \ TdA,B
natur- .
da B ali:j); of dra,TB (lglvjd(%;))r dAwB\Tj (A & B)
MA®B
2

A.2. From Strengths and Dual Strengths to Mediators

Let (T,m,p) be a monad such that t is a strength and U/ is a dual strength making
Diagrams [#3) and ) commute. Let d be the common diagonal of Diagram #4), i.e.,
da,B = NAgB © ’IF[t;LB obrap = pagp o Ttap o [t;l,']l‘B' We show that d is a mediator,
which means that we check Diagrams B8)), 9), ), (), and #2). By convention, call
B2), B3), BX), BF) the dual diagrams satisfied by the dual strength t'.

First, notice that tap = da g o (N4 ® idrp). Indeed, using the definition da,p =
MA®B © ’H‘[I:;LB obra,p, da,g o (na ®idrg) is the top row of the following diagram, while
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L4 p is the bottom composition of arrows from A ® TB to T(A ® B).

i t Tt
Ao TBESA o TB 2% TTA © B—2 T*(A © B) 2222 T(A © B)
(naturality

of [t) T(DA®idB)(%I)4®B

idragB)

T(A® B)
Diagram (BY) is then just Diagram (B2).

Diagram ). Similarly, ty 5 = da po(idra®ng) (here we use the other characterization
of da,p as pagnp o Tta,p oty 5 and (B3)), so Diagram () is just Diagram @B2).

Diagram [{0). Immediate using B3) and ta,p = da o (na®idrp): da,po(na®@np) =
ta o (naocidp) =nags.

Diagram (). This one is harder, and is proved by considering the diagram below. The
top row is da,p ® idrc, the rightmost vertical arrows form dagp ¢ followed by Tua, B c,
while the leftmost ones form ara,15,1c followed by idra ® dp,c, and the bottommost
row is da,Bgc-

TA® TB) Y T(A® TB) Tta,s T?(A® B MA@ B®id T(A® B
— —
®TC ®id QTC ®id ®TC QTC
(natur- | |
(dual  Fagrsrc  ality Eagp)re &Cﬂ‘x@\}ys,?rc
strength 1?& '
law T(A®TB) (_A>’B T(T(A® B) (dual strength T((A® B)
M]‘A,?IB,TC(M)) ®'H|‘C) v ®'H|‘C) " (BH))/, ®TC)
Tea 18, Ty g, MA@ B)®TC Tags,
e TAf"BZC . (naturality of p) A9ee
TA® Yareerc T(A® ( ( FT((A®B)®C) T?((A ® B)
TBeTC) ~ (TBetc) @) ©B) o ®B) ®C)
®TC) A®RB,C ®C)
, 1y (monad law) |
id®tp r¢ T(d Qg ) T?w4 B,1C b
v (T? of v
TA® T(A® Teasgre T?(A® strlengthTsuA b T?((A® B) » T((A®B)
T(B® TC T(B ® TC B®TC)) 2w - ®C ®C
(BETO) FESTO) O (O T0)) g, —) )
id@'ﬂJtB,c ality T(id®Tts ) ality T?(d®tp o) ality of
¥ of t') o Tp)
TA® T(A® T&A’Ni@m T°(A® T%A;B;GZ’C T°(4® T2 (I;?ittl}lfr_ T
2 2 ®A,B,C ®A.B,C
T*(B® C) T*(B® (C)) T(B® C)) (B®(0)) of )
.d®|p| o T('d®|p|: ) (T of strength Tn.l> Bao)
1 B® 1 BRC R(B®
v v law (B3)) N
TA® %@m T(A® T?(A® T(A®
T(B®C) T(B® () Tba,BRC (BeC) v (B(Q0)
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Diagram (#Z). First, we notice that

pagpoTdapolyarpg = dapo(pa®idrp) (65)
This is shown using the T?A®TB pA®id TA®TB
diagram on the right. %A,TB¢ i[t/A,an
The left-hand side is the T(TA® TB>(dua1 strengthT(A ® TB)
path from the top left - ¢ 13¥A§ET§D)/7 w&
corner to the bottom ;’TB ’(ﬁturality ) 4o
right corner on the right T(A®TB) of p) T(A® B)
that goes down then TQ&A,B¢ Eraes)
right, and the right- T3(A ® B) (monad law) bA@B
hand side is the path go- Thag B$
ing right then down. 2

T*(A® B) ey T(A® B)

By symmetry, the following also holds:

Magp o Tdapolrars = dapo(idra ®ps) (66)

Diagram (2) then follows. The top row below is dra g, while the leftmost vertical

arrows form pa ® up.

t T,
T24 © T2 B —5(T2 A ® TB) —2"T(TA @ TB} 222 T(TA © TB)
’J1‘2d|A,B (nat;lra)hty Tiap
(natur- BJ?(AE;B)
MA®idp2 g ality T(uawidrs) (B3 T3 (A® B) —— T2 (A® B)
of t) | (monad
fraws law)
TA® T2B—— T(TA® TB) —— T*(A ® B) MAGE
bra,rs Tda,B
idra®ue (Bﬂ) M
TA®TB T(A® B)

A.3. Monoidal Monad Morphisms

da,B

We first show that every monoidal monad morphism from (T,n,p,d) to (T,n,p,d) is
both a strong monad morphism from (T, n,p,t) to (T,n, y,t) and (by symmetry) a dual
strong monad morphism from (T,n,p,t") to (T,n,y,t'), where ta g = da,po(na®idrp),
[t;&,B =da,p o (idra ® ng). This is by the following diagram.
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Nja; | ®id diaql,
| 41| © T|As| —> T| A | © T|Az| L3 T(|A)| ® |4s])

. )

‘d®”"2l Inay | ®0n % (monoidal lw%‘“)
1 2

41| ® [TAs| ——= [TAy] @ [T 4| M08 74, @ 4y
|A1| ®id | morphism

®A1’TA2\L (nact;fu(i;hty ®TA1¢,TA2 (m» lofll@f\z

|A1| @ T A, ﬁ) TA; @ TAy| ———— |T'(4; ® As)|

|’7A1 1 | Al,A2|

Conversely, let o be both a strong monad morphism from (T',n, u,t) to (T, n,u, t) and
a dual strong monad morphism from (T,n,u,t') to (T,n,y,t’). Let d be the common
diagonal of Diagram ), i.e., da,p = pags © TH:;X,B olbrap = pagp o Tta p o [t;},TB'
Define d similarly.

In the diagram below, the top row is d| 4,| 1|4,|, While the leftmost vertical arrows from
o4, ®0,, followed by Bra, 74, The bottom row is |d4, 4,| followed by |ua,@a,|-

blayi mia Tty a HiAg @A
T Ay | ® T| Az| ““51(| Ay | @ T| Az|) —=T2(| 44| © |Az|>(%2T<IA1I ® |Az|)
| . | natur-
id®\;’A2 (naj;l?)hty 'H‘(id?ofb) (strong T2, 4, ality T@Aé,Az
monad
T ® |TA2L’—> T4l ® |TAQQlorphism1112|A1 ® Ay HlA1®@As] TlA1 ® 4,
[A1],|TAz|
aA1|®id (dual T@Awmz (ERD) %A3L®A2 ( .
strong 11‘|tA A | mona
ITA,| ® |TAs| monad T|4; @ TAy] — S 'T|T(A; ® Ag)|lmorph- 74,04
| morphism | (naturality | ism (@)

Ora, TA 0A,QTA OT(A;®As)
1\L 2 (m’)) I\L 2 of U) i/ 2

TA1 @ TAs| —— [T'(A1 ® T'As) |t—> ‘TQ(Al ® Ag)‘ ——|T(A; ® As)|

A1, TAy T Al,A2| |A“A1®A2|

A.4. Commutative Monads are Monoidal

Let (T,m,p,8) be a strong monad on a symmetrical monoidal category. Let ty 5 be
the dual strength Tcp 4 o tp,a o ¢ra g. That T is a commutative monad means that
Diagram (#dl) commutes. To show that da g = [UA®BOT[|:Z47BO[|:'J1‘A,B = WA@BOTU:A,BOU:;;;JI‘B
is a mediator, it then suffices to show that Diagram (E3]) commutes. In the diagram below,
the top row is by p ® id¢ followed by [I:;‘@B)C, the bottom row is idy ® [I:QB)C followed
by ta Bgc. The two triangles involving ¢ on the left side are instances of the identity
coc =id.
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(A ® TB) ta,B®id T(A ® B) c C® tc,agB T(C@ Tc T((A &® B)
- > - >
®C ®C T(A® B) (A® B)) ®C)
i(|i (naturality Tag « 5
v c of ¢) id®ta, B [
®C ¢ (A®TB) law ®B)
©C,A,TB (Bm)) 'H‘(ct|®id)
h tcas,s v (T of
(coher- (g ) T(A®C) coher-
®ATB,C ence . Tea,B,c
©3) ®TB (naturality ®B) ence
of ) E5)
c®id Twua,c,B
tago,B
A® (A®C) (strength T(A®
(TB®C) ®TB law (B4)) (C® B))
i|d &A,L,TB ta,ces -7 (naturality \ T(id®c)
v idoe v of )
AR A® AR A® T(A®

— —
(TB®C) ee (C®TB) idstes T(C ®

e — —_—
B) deTe T(B®C) tasec (B®O))

We now observe that Diagram 1) commutes:

c tre, A Te
TA®TB —>TB®TA—% T(TB® A) %

|

TB®TA—> T(TB® A) — T(A ® TB) —>
trs, A Te Tta p

Tta,B

T(A® TB) —£ T*(A® B) —= T(A® B)

/ |

naturality '[J

ofp) |
Tz(A ® B) T_Z: TZ(B X A)p@T(B [ A)

Indeed, the leftmost triangle is by coc = id, the inner parallelogram obviously commutes,
and the top and bottom rows are the two ways of writing d4 p.

Conversely, given any monoidal monad

B®TA 2" TAw B

making Diagram (Z) commute, we (naturality

claim that the derived strength t and ne ®1d“l of ¢) J,ldTAB

dual strength t’ are related by t, 5 = TB ® TA 954 T(B ® A)

Tep,aolp,aocra,B. Equivalently, since

coc = id, we check that t/y pocpra = WB*“l ED) J{TCB’A

Tep,a otp, 4. This is obvious: TA @ TB — T(A ® B)
A,B

Appendix B. Proof of Lemma

We first check that (D, IP,®P,aP, (P, rP) is a monoidal category. Write © the notion of
composition in D = Kleisli(T), i.e., gof = poTgo f.
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— Functoriality of ®P. First, ®” applied to the identity on (A, B) is ida ®F idg =

idpp(a) ®F idppp) = Fr(ida) @F Fr(idg) = Pr(ida ®° idg) = Fr(idageg) =
idFT(A®CB) = idA®DB.
Second, ®P preserves composition. Indeed, let f, f’, g, ¢’ be morphisms from A to B,
from A’ to B’, from B to C and from B’ to C’ respectively in D. Then the composition
of g@P ¢’ with f&P f’ in D is the morphism pcgecroT (do,cro(g2¢g"))odp, pro(fRC f')
in C. The following diagram then commutes:

e’ dp,
ARCA ——>TBg" TB’(—? T(B&° B)
o, naturality ¢
TgR“Tg \L of d) ¢T(9® )
T2C &° T?C' — T(TC &° TC")
drg,rc’
i/TdC’C/
ne®Cugr T2(C ®C C,)
(951)@% (9’5 f il“cgycc’
T(C®°C)

The top right route from A ®¢ A’ to T(C ¢ C") is (g ®P ¢")a(f @P f), while the
straight line diagonal is (gof) ®P (g'cf’).

— Naturality of aP. Let f, g, h be morphisms from A to A’, B to B’ and C to C’
respectively in D. Then aP composed in D with (f @7 g) P his poT(noaf)odo
((do (f ®°g)) ®° h) =Tafodo (d®id)o ((f ®° g) ®° h) (the route going all the
way down then right from the top left corner to the bottom right corner below), while
f ®P (g ®P h) composed with P in D is poT(do (f @ (do (g ®° h))))onoat =
poTdoT(id®Cd)oT(f @ (9@ h))onoa’ (the other route, going right then down).

C
(Ag° B) @ C —>—= A&° (B&° C) —— T(A®° (B®° C))

(naturality
C \aC ClooC ClooC
(f® 9)®"h of ac) f®~(g®~ h) T(f® &,q@ h))
(TA/ ®C TBI) ’ C ’ C /! T(TA/®C
®CTC/ ac; TA ® (T‘B & TC) (TB/ ®C TC/))
(natur-
dar pr®Fidye idp 4 ®°dpr o ality T(idy 4 ®%dpr 1)
I HC ! 7 C of 77) 1 C
T(A'®" B') (mediator TA'® T(TA'®
®CTC/ law (m])) T(B/ ®C Cl) T(B/ ®C Cl))
dA,®cBI’CIl dA’,B’®CC’ TdA’,B’®cC’
T((Al ®C B/) I o C ! SC T2(Al®c
monad law) |
. "“A’@C(B’®CC’)
1dT(A’®C(B’®CC’) \L
T(A/®C
(B'@° ")

— Naturality of 2. Let f be any morphism from B to B’ in D. Then the composition of
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f with P in D is po T'f ono (¢ (route going right then down), while the composition
of P with (id? ®P f)is poT(no ) odo (n®° f) (dented route going down then

right).

— Naturality of P
aP, P, P

are isomorphisms: indeed a? = Fr(«a

«© nB

I°®°B — B ( 1 TB
i c naturality naturality
487 | of £€) ! of 1) o
I°®° TB —5p TB' B! T2B'

1y ®idg ¢ @) (monad
law)
TI® @ TB’ Tng/ i nB

T !
¢,
dIC,B’ \L
125:

T(I° @° B') T°B ———— T8
is obtained similarly, using B9) instead of [BR).
), a is an isomorphism, and every

functor preserves isomorphisms. Similarly for #2 and rP. Since they are natural, they

are natural isomorphisms.
— Pentagon identity (M) We have to check that (dropping subscripts) aPoa® =
(id? @P D)oa 5(aP ®@P 1dD) Note that the left-hand side is o T'(noa)onoa’

Tafonoal =noa

D=,,D

€ oaf (by naturality of n, Tf on=mno f for any f). Now notice

that by (@), d o (n ®°n) =n. Also, 1o T = id. So the right-hand side is:

poT(do (n & (110 a))) o [aPo(a® &P idP))

poT(do(n®°n))oT(id & af)o[aPs(aP P idP)]

poTnoT(id ®€ af) o [aP5(aP @P idP)] (by (E0))
T(id @° a) o [aP3(aP @P idP)]

T(d ®° af) o poT(noaf) o (af @F idP)

T(id @¢ af) o Taf o (aP @7 idP)

T(id ®° af) o Taf odo((noac) ®° 77)

T(id @° a€) o Taf odo (n @€ n) o (af @F id)

T(id ®@° a€) o Tat ono (o€ @°id) (by E0))

no (id ®° a) o af o (af @°id) (by naturality of 1)

and we are done, since by the pentagon identity (@) for a®, a® o a® = (id ®° a‘) o

aC o (af @C id).

— Triangle identity (). We must check that (id” @ ¢P)5aP = rP. The left-hand side
is poT(do(n®F (notf))onoal = ,uoT(do(n®cn)o(id®cgc))onoac =
poT(no(id ®° £€)) onoal (by @) = T(id ®C €)Y onoa’ (by the monad laws)
=1no(id ® £°) o a’ (by naturality of n) = norC (by the triangle identity (IH) in C)
= rP which is the right-hand side.

We must now check that Fr 4 Ur is a monoidal adjunction. We already know that it

is an adjunction.

— (07, ,FT) is mediating for F. Indeed, both 9§TB and (f7 are just identity morphisms
in D, from which the coherence conditions (@), () and ([&) are clear. The first
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reduces to showing that Fr(a®) = aP, the second to Fr((¢) = (P, the third to
Fr(r®) = rP, which hold by construction.

— (0Y7 /Y1) is mediating for Ur. Indeed, the first coherence condition ([[H) is just Di-
agram (HIl), since Ura® = UrFraf = Taf. The second coherence condition [T is
exactly Diagram [BH), and the third, [[J), is exactly Diagram &d).

— The unit 1 and the counit e are monoidal natural transformations. (Recall that €4
is the identity morphism from T'A to T'A in C, seen as a morphism from T A to A
in D.) Indeed, Diagram (@J) (in C) means that nye = Ur(tf7) 0 U7 = Ur(id) o nye,
which is obvious. Diagram (BI) states that UT(HIIZ)TB) 00YT o (na®°np) = Nages, i-e.,
da.g o (na ® np) = nagep, which is just Diagram @I). Turning to diagrams in D,
Diagram (&Il) means that ¢;25F7(:Y7 )57 is the identity in D; seen as a morphism
in C, this is

poT(id) o [Fr(:YT)st] po [Fr(lVT)s )
popoT(Fr('r)) o™

= popoT(npre onre)one =nr

(by the monad laws), and the latter is just the identity on I? in D, as required. Finally,
Diagram (B2) means that € 450 goFr0U750'T = ¢4 ®P €. Seen as a morphism in C,
the left-hand side is
Bagen © Teagpp © [FroYTsefT)
= fiagep o Tid o [FroUTsetT]
tagcs o [FroVTsofT)
lages © br(ages) © T(Fro"") o 65T
= fageB © Hr(aeeB) © T(Nr(agcB) © da,B) © Nage s

which we recognize as the long trip in the diagram below from the top left corner
that goes down, right, and up to the top right corner.

c da,p c draecn) c
TA@S TB —— T(A° B) T(Ac° B)
(natur-
"A@CBl ality lnT(Agch) (monad law) T“A@CB
of ) idr2 A n)
T(TA®TB) > T*(A&° B) T*(A®° B)
B

(monad law)
T'rm /@)

T3(A®° B)

Then the composition of arrows from the top left corner to the top right corner is
da, . This is exactly the desired morphism €4 ®7 ep of D, which, seen as a morphism
of C, is da p o (idra ®° idrg) by definition.

We check finally that Fr 4 Ur generates the monoidal monad. The only thing to check
isdap= UT@i:,TB o 9%;(14) Fr(B)" This is clear, since the right-hand side is Ur(idago5) ©
da,p =daB. UJ
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Appendix C. Composition of Monoidal Adjunctions

We first show that |U| is a monoidal functor, with mediating pair (|0V] o8, [.Y| o).
We must check all three coherence conditions ([[d), (), ).

Diagram (I4).
(|U(A) & [U(B)]) o U(A)|®
®U(C)| ((U(B)| & |U(C)])
6®id |y (o)) | Vidjuca) ®0
|U(A) @ U(B)| U(A)|®
®|U(0)] (coherence ([[H) for 6) UB)® U(C)|

[} [}

|9U|®idw<0)\i lidw<A>\®|9U|

U(AeP gy (Matu | (UE) g U@ [ atw- 4 0
2|U(C)| ality of | ®U(B)) | —= | (U(B)® | ality of |U(B %P C)|
6) ®U(C) U(o)) 6)
o 0
\LD %@](0” |idU(A)$[\ \L
UA®” B) apoli U U(A)®
_| applied to coherence for 0
®U(C) - i : U(B &P C)
Iy |
&°0) jva] (B&P C))
Diagram ([I[T).
I®|UA]
E®id|‘UA‘
I @ |UA]|
| o7 4 (coherenc
|LU|®idUA\Cfnditi0n
\ (natur- ™)
UIP| @ |UA]  ality I ® UA| —leval— |UA|
| of 0) oherence
OuD ua condition
/ Weuual ()
|UI” @ UA|
D
| A
ggD,A‘
Y
|U(I" @ A)]

Diagram ([8). This is checked by a diagram similar to the latter.
By the same reasoning, F'D is also a monoidal functor, with mediating pair (F0 o
0 Fiol).
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We now check the monoidal adjunction conditions E3), @), &), E2). Let é the
counit, and 7 the unit of D 4 |_|, and € the counit, and n the unit of F 4 U.

Diagram E3).
LU
I - | - |UIP|
forD#|_|)‘|‘ for F4U) .|
1 U
g ¥ ( Ing| )
naturality
| DI of In|) [UFI|
. l|UFID|
nD1
\UFDI|
Diagram (&0).
A B 14905 pA| @ |DB| —PAPEL ep Al [UFDB
(BED) for . e (n?.t tur'
D_{|—|) /DA,DB any UFDA,UFDB
npa®np 5| of 6) ’

iaps  |[DA® DB| — 227" \UFDA® UFDB|

WAl -TE
yd FHU) 0%pa rpB|

ID(A® B)|  |npagps| |U(FDA®P FDB)|

(natur-
ality /
of [n]) Uiba 5|

npaen) | [UF(DA® DB)|

Am

\UFD(A ® B)|

Diagrams ([BI) and (B2) are dealt with similar, and give rise to similar verifications.

Appendix D. Proof of Proposition

Diagram [B2) is obtained by considering the following diagram. We drop subscripts on
natural transformations so as to save space; they can be inferred from context.

1o |TDF| 2% |DI| ® TDF| ——~ |DI® TDF| —“> |T(DIl® DF)| 2> ITD(1 & F)|
\ D . ’I\ (natural- . ’I\ (natural-
SN o) Y ity of [T
I|® |TDF| —— [I® TDF| — T(I® DF)| |r(CD|

\T(igid) |
| |TDIlg|

\
B2 T¢pr|
(1 ) ~
ITDF|
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We have also decorated the interior of each face with the justification why its edges
commute. For example, the top left triangle is a copy of (@), one of the diagrams stating
that the adjunction is monoidal. The bottom face, whose bottom edge is a curved arrow,
commutes by the coherence square () for 6. The rightmost parallelogram commutes by
|T'| applied to another coherence square (), this time for 8. Now the topmost compo-
sition of arrows is by r, the bottommost arrow from I ® |[TDF| to |[TDF)| is lpp, and the
rightmost vertical arrow is Tlp.

Diagram (B3). This is the diagram below. We recognize tg, r as the rightmost composi-
tion of vertical arrows, idg ® np as the topmost composition of horizontal arrows, and
Neer is the diagonal from F ® F to [TD(E ® F)|.

id®7 id®
EoF d®nr E® |DF| npF E®|TDF|

\nE@m%unctoriaﬁty of ®) l”?E ®id

id®[nprl
(monoiélglE| ® |DF]| |DE| ® [TDF|
: adjunction g, p, . (naturality of 0) ®pE.TDF
NEQF &) o |
|DE ® DF)| "pr \DE®TDF|

| rength law ([B3))
los,F| |tpe.DF|
% |nDE®DF

|ID(E ® F)| (naturality of |n|) |T(DE® DF)|

l|ToE,F|
|’7D(E®F>

TD(E® F)|

Diagram (B4)). For reasons of space, we flip the diagram so that arrows involving strengths
are vertical, and arrows involving associativities are horizontal. Again, we drop most
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subscripts from natural transformations, which are inferrable from context.

(F®F) o E® (F®
®|TDG| |TDG|)
id®(’fl\|§‘®id)
N, E® (IDF|®
(1 @) @i (naturality of w) ITDG|)
e id|®®
NEeF®id v
(IDE|® |DE|® E®
(monoidal |DF'[) = (IDF|®
adjunction ®|TDG]| ITDG|) IDF ®|TDG|
®®idl idl@e id@|e|
DE IDE|®
peon s o | e e e
®TDG| =loi®lid| T(DF ® DG
| | ®(TDG| of B) TDG ®) ( )
(naturality o .
® of B) 6 . 1d%\t\ 1d@|To|
, (DE DE® |DE|®
0Ri a
owen e oon | = oig | e
| eTDG TDG) ®DG) ITD( ‘ 2 G)l
(naturality (strength ) N .
tl of [¢]) [t] law () lid®t| 1d®|Te| nE®id
D(E (DE® DE®
0®i i
| or || bDr) T(DF (nag?;;)”hty |T£l() lf|®® G
®DG ®DG ®DG)
\ lm Hd®Te|
[Te|
DE
| Fz) (naturality ’ DE® ’
£t
DG) of [t]) TD(F ® Q)
o (coherence [T (TG of 6) \me\ l
T DE®
D(F®G)
\T'ow
(E '
E®
D 2}2 |TDo| TD( (F®aq) >

The vertical arrows on the left compose to form ¢ 4gcp ¢, while the vertical arrows on
the right compose to form id ®°¢ tp,c followed by t4 pgec, whence the result.
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Diagram (BH). This is the diagram below. Again, the diagram is flipped sideways, and
certain subscripts have been dropped. The topmost arrow from F ® [TD|TDF|| to E ®
|TDF| is idg ® pp by definition, while the bottommost arrow from [TD|TD(E ® F)|| to
TD(E ® F)| is ppgr. The rightmost composition of vertical arrows, from E® [TDF| to

TD(E ® F)| is pggr, is e r, and the lefmost one is tg rr followed by Tty p. (Recall
that T = |T'D|.)

idp®|Te idp®
E®|TDITDF|| poTéror] E|T*DF| 2228 p o TDF
NERid (functoriality of ®)
d@|Te
|DE| ® |TD|TDF|| Oferor] |DE| ® |T°DF | 1E@d|TDE|
=|id|®|Térpr|
(naturality | id|®|uprl
®pE,TD|ITDF| ®pE T2DF
of B)
IDE® TDITDF|| —a8Tépprl— |DEQ T?DF| (naz?fshtymm  [TDF|
" | (naturality o | |
DE.D|TDF| of [t]) DE,TDF

|T(DE® D|ITDF))| IT(1d®érpp)|l——— [T(DEQ TDF)|

(adjunction law) /

|T05, 1D r|T(DiE®idp|TDr))| IT(¢pp®érpr)l
EN ~

(natur-
ITD(E © [TDF|)| ality T( g'?g'}f’ )
of |T8) ITDF|

|TD(iE@idiTpF|)|

lid®upF|
®pE,TDF

Ttps.pr| |DE® TDF|

(strength law |BH)])

0\ pr|,|TDF||
monoidal

ITD(DE| ® TDF|)| IT*(DE ® DF)| ltoE pr|

I-‘DE@DF'
|TDép s TDF|
|TD|DE @ TDF|| (naturality of |T€| T(DE® DF)|
‘TbltDE,DFH - T20p 7|
Tér(proDF | .
ITD|T(DE ® DF))| (naturality 1705 |
| of 1]
\TD|Tép £ || (naturality of |T€|)
i
|TDITD(E ® F)| |T°D(E ® F)| ——— |TD(E ® F)|
ITérpzar)| lkper)|

Diagram @B0). Again, we flip the diagram sideways. We recognize [t4, 4,| as the right-
most vertical arrow, |4, |4, as the leftmost composition of vertical arrows, id|4,| ® 04,
followed by 64, 14, on the top row, and T(04,,a4,) followed by 04 g4, on the bottom
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row.

djay| ®[Téa,|

|A1] @ |TD|As|| 5 |A1| @ [TAy| —— > |A1| @ [T 4o
éxdjunctlon law)

041,14,

|A1 @ T As|

N4y ®id (fun(();?gl)ahty Ay | ®id |éA1 |®id\TA2\
lid|®|T¢a, | :
(D144 @ [TD]4al [~ |D| A || & [T A0
. of B) 4, ®idra, |
6 (naturality ¢
D|A1],TD|Az| of (B) D|A1], T Az
[19®T e, | turalit
|D|A1| ® TD|As|| — 2> |D|Ay| @ T As| (nifu|iT‘)l Y ltay az
| (naturality |
(D] 4,1 1,Dl 4, an D)4, 1, 4]
; of [t])
|T(d®¢a,)]
|T(D|A1| ® D|Az|)| ——— |T(D|A1| ® A2)]
7o | | (monoidal natural
‘Al\VHAQ‘ transformation law [TE2)|) |74, ®ida,)
|TD(|A:1| ® |A2|)| ———— |TD|A: ® As]| IT(A:1 ® Az
|TD6 A, a, | ITea @,
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