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Abstract We present a name freeλ-calculus with explicit substitutions, based
on a generalised notion of director strings. Terms are annotated with information
– directors – that indicate how substitutions should be propagated. We first present
a calculus where we can simulate arbitraryβ-reduction steps, and then simplify
the rules to model the evaluation of functional programs (reduction to weak head
normal form). We also show that we can define the closed reduction strategy. This
is a weak strategy which, in contrast with standard weak strategies, allows certain
reductions to take place insideλ-abstractions thus offering more sharing. Our ex-
perimental results confirm that, for large combinator-based terms, our weak evalu-
ation strategies out-perform standard evaluators. Moreover, we derive two abstract
machines for strong reduction which inherit the efficiency of the weak evaluators.
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1 Introduction

In theλ-calculus, the operation of substitution used in theβ-reduction rule is de-
fined outside the system: it is a meta-operation (see [5]). In contrast,explicit sub-
stitution calculi define substitution with reduction rules at the same level asβ-
reduction. Over the last years a whole range of explicit substitution calculi have
been proposed, starting with the work of de Bruijn [14] and theλσ-calculus [1].
Although there are many different applications of such calculi, one of the main
advantages that we see in describing the process of propagation of substitution at
the same level asβ-reduction is that it allows us to control the substitution process,
with an emphasis on implementation.
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There are different notations for substitution, or more precisely, for variables
in theλ-calculus. Explicit substitution calculi can be classified as:

– named, when variables are denoted by names such asx, y, . . .; and
– unnamed, for instance when numbers (also calledindices) are used.

During the process of propagation of substitution, it may be necessary to per-
form α-conversion (i.e. variable renaming) to avoid variable capture or clash. Un-
named explicit substitution calculi are thus often preferred for implementation pur-
poses (although there are some exceptions, see for instance [33,17]). De Bruijn no-
tation [13] has, without doubt, become the standard name-free syntax for explicit
substitution calculi. The purpose of this paper is to define an alternative notation
for unnamed explicit substitution calculi, based ondirector strings.

Director strings were introduced by Kennaway and Sleep [22] for combinator
reduction, which translated to theλ-calculus gives a system where no reduction
can be performed under abstractions. They were generalised in [17,18] in order
to defineclosed reductionfor theλ-calculus (a weak reduction strategy which in
contrast with standard weak strategies allows certain reductions to take place inside
λ-abstractions, thus offering more sharing). A further generalisation of director
strings was used in [35] to define strong reduction strategies for theλ-calculus, and
to derive abstract machines suitable for reduction to weak head normal form and to
full normal form. In this present paper we define a calculus of explicit substitutions
with director strings in which any strategy of reduction in theλ-calculus can be
simulated, and we explore the properties of this general director string calculus as a
rewrite system and also as a means to express efficient (weak and strong) reduction
strategies for theλ-calculus. We consider this important for several reasons:

– Director strings offer an alternative to de Bruijn notation [13] for unnamed
calculi. However, as for de Bruijn notation, the syntax is not as readable as the
corresponding named version. We will show that the general notation can be
simplified in some cases, for instance, closed reduction turns out to be a natural
restriction leading to a very simple rewrite system for weak reduction.

– Director strings are a natural notation for explicit substitutions from an op-
erational point of view: terms are annotated to indicate what they should do
with a substitution. Substitutions are only propagated to places where they are
needed, thus these calculi preserve strong normalisation (i.e. if aλ-term is
strongly normalisable, so is its compilation). Other calculi preserving strong
normalisation are presented in [27,12] (see [29,9] for counterexamples inλσ).

– We provide a generalisation of the director strings introduced by Kennaway
and Sleep [22] for combinator reduction. With our generalised director strings
we can simulate arbitraryβ-reductions.

We thus see the calculi presented in this paper both as an alternative syntax for
explicit substitutions and as a basis for more efficient implementations of theλ-
calculus. We present three calculi based on director strings. The first one, which we
call λo, is a general system where anyβ-reduction in theλ-calculus can be simu-
lated. From a theoretical point of view,λo has the desired properties (it is confluent,
preserves strong normalisation, fully simulates theλ-calculus), however, from an
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implementation perspective, its generality is a drawback rather than an advantage.
In the other two calculi, which we callλl andλc, reduction is restricted so that only
some evaluation strategies (which are efficient) can be simulated. In this sense,λl

andλc are weak, but not as weak as standard weak calculi. It is well-known that
standard weak explicit substitution calculi avoidα-conversion by allowing neither
reduction under abstraction nor propagation of substitution through an abstrac-
tion (see for instance [11]). In contrast, our weak calculi allow certain reductions
under, and propagation of substitutions through, abstractions. In this way more re-
ductions can be shared. Moreover we may use the explicit information given by
directors to avoid copying a substitution which contains a free variable, avoiding
the duplication of potential redexes.

We have implemented a family of abstract machines for weak and strong re-
duction based on the director strings calculi, and the benchmarks (given in Sec-
tion 8) show that the level of sharing obtained is close to optimal reduction [23,19,
3] with considerably less overhead in many cases. Immediate applications of this
work include, on one handλ-calculus/functional language evaluators (where weak
reduction is needed), and on the other hand, partial evaluation (also called program
specialisation) and proof assistants based on powerful type theories (where strong
reduction is needed).

1.1 Related Work

Our work is clearly related to the general work on explicit substitutions, start-
ing from de Bruijn’s seminalλCξφ [14] (see [7] for a modern presentation) and
the λσ-calculus [1]. However, it is much more in line with the use of explicit
substitutions for controlling the substitution process in implementations of theλ-
calculus [2,36,21,24,31]. Our calculi are closer toλυ [26,27] than toλσ [1] in the
sense that we do not have a syntactic construct for concatenation (also sometimes
referred to as composition) of independent substitutions. Nadathur’s work [30,31]
is also concerned with efficiency and has some common points with ours (although
in a quite different framework): for instance, a variant of his calculus has condi-
tions of closedness on certain terms.

Efficiency and sharing in theλ-calculus have been important topics in the last
twenty years. There is, in the literature, a wide range of mechanisms used for
sharing: environments [36], sharing graphs [4], calculi with explicit addressing [8,
24]. We use director strings and the mechanism of explicit substitution itself for
the purpose of sharing, i.e. we do not use any external machinery. While optimal
sharing [28] means optimal number ofβ-reductions, its implementation relies on
sharing graphs [23,19,3,4] in which a wealth of costly book-keeping rules are
necessary (see [25] for instance). Hence we will in this paper give to efficiency a
rather algorithmic meaning, or more pragmatically, we will count the total num-
ber of reduction steps necessary to reach a normal form, provided these steps are
elementary in some sense.

Director strings were introduced in [22] for combinatory reduction. A first gen-
eralisation was used in [18] for closed reduction, which was the starting point
of [35]. This present work is a substantially revised and extended version of [35].
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1.2 Overview

The rest of this paper is structured as follows. In the following section we provide
the background material and define the syntax of director strings. In Section 3
we present a general calculus where we can simulate arbitraryβ-reduction steps.
Section 4 presents the simplified local open calculus, and the closed reduction
system. A type system for these calculi is presented in Section 5. We then use these
calculi to define several strategies: weak (Section 6) and strong ones (Section 7),
which we experimentally compare (Section 8). Finally, we conclude the paper in
Section 9.

2 Director Strings

2.1 Background

We briefly recall the basic ideas of director strings [22]. As a motivating example,
consider a term with two free variablesf, x and substitutions for both of them:
((f(fx))[F/f ])[X/x]. The best way to perform these substitutions is to propagate
themonly to the places in the syntactic tree where they are required. Figure 1(a)
shows thepathswhich the substitutions should follow in the tree, where the solid
line corresponds to the substitution forf , and the dotted line forx.
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(b) Annotated term

Fig. 1 Substitution paths and director strings

A natural way to guide the substitutions to their correct destination is given
in Figure 1(b) by director strings, which annotate each node in the graph with
information about where the substitution must go (on both application nodes the
first arrow-like symbol or director corresponds tof and the second tox). When the
substitution forf passes the root of this term, a copy ofF is sent to both subterms,
and the' director is erased. The second substitution can then pass the root, where
it is directed uniquely to the right branch by the director%. Note that substitutions
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are copied only when they need to be: if there is just one occurrence of a variable
in a term, then no duplication is performed.

This simple idea works well when the substitution is closed (does not contain
free variables). Otherwise, as each open substitution passes a given node we must
add the additional directors for each free variable in the substitution.

We end this section by briefly recalling the analogy between director strings
and combinator reduction, as presented in [22]. The reduction rules for theS, B,
C, K combinators are the following:

Sx y z → x z (y z)
Bx y z → x (y z)
Cx y z → x z y
Kx y → x

whereSx y takes an argument and directs it to bothx andy; Bx y takes an argu-
ment and directs it just toy; Cx y takes an argument and directs it just tox; and
finally Kx takes an argument and discards it. Thus we can annotate the application
x y with the combinators, which correspond exactly to the directors:S is ', B is
%, C is $ andK is− (see below).

2.2 Syntax

We assume the reader is familiar with theλ-calculus [5] and rewrite systems [15].
We recall that a reduction relation→ is terminating (or strongly normalising) if all
reduction sequences are finite. It is locally confluent ift → u andt → v implies
that there existsw such thatu →∗ w and v →∗ w; we say thatu and v are
joinable in this case1. If u andv are joinable with one-step reductions, the relation
is strongly confluent. It is confluent ift→∗ u andt→∗ v implies that there exists
w such thatu→∗ w andv →∗ w.

We now introduce more formally the syntax of annotated terms. This syntax is
common to the different rewrite systems that will be described later.

Definition 1 (λ-calculus with Director Strings) We define four syntactic cate-
gories:

Directors: We use five special symbols, called directors, ranged over byα,γ,δ:

1. ‘%’ indicates that the substitution should be propagated only to the right
branch of a binary construct (application or substitution, as given below).

2. ‘$’ indicates that the substitution should be propagated only to the left
branch of a binary construct.

3. ‘'’ indicates that the substitution should be propagated to both branches
of a binary construct.

4. ‘↓’ indicates that the substitution should traverse a unary construct (ab-
straction and variables, see below).

1 →∗ denotes the reflexive and transitive closure of→.
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5. ‘−’ indicates that the substitution should be discarded (when the variable
concerned does not occur in a term).

Strings: A director string is either empty, denoted byε, or built from the above
symbols (so is of the formα1α2 . . . αn where theαi’s are directors). We use
Greek letters such asρ,σ. . . to range over strings. The length of a stringσ is
denoted by|σ|. If α is a director, thenαn denotes a string ofα’s of lengthn.
If σ is a director string of lengthn and 1 ≤ i ≤ j ≤ n, σi denotes theith

director ofσ andσ\i = σ1 . . . σi−1σi+1 . . . σn is σ where theith director has
been removed.σi..j = σi . . . σj is our notation for substrings.|σ|l denotes the
number of$ and' occurring inσ, |σ|r the number of% and', and |σ|+ the
number of directors thatare not−.

Preterms: Letσ range over strings,k be a natural number andt,u range over
preterms, which are defined by the following grammar:

t ::= �σ | (λt)σ | (t u)σ | (t[k/u])σ

We denote preterms byt, or tσ if we want to emphasise the director stringσ.
Terms: Well-formed terms are preterms that recursively satisfy the following con-

ditions, whereU = (↓ |−)∗ andB = ($ | ' | % |−)∗:

Name Term Constraints
Variable �σ σ ∈ U , |σ|+ = 1
Abstraction(λtρ)σ σ ∈ U , |ρ| = |σ|+ + 1
Application (tρ uν)σ σ ∈ B, |ρ| = |σ|l, |ν| = |σ|r
Substitution(tρ[k/uν ])σ σ ∈ B, |ρ| = |σ|l + 1, |ν| = |σ|r, 1 ≤ k ≤ |ρ|

Remark 1For terms we use the same convention as for preterms, writingt or tσ

depending on whether or not we need to mention specifically the director string of
an annotated term, as in the definition above. To sum up the naming conventions
in this paper, boldface lower-case letters designate preterms in general (hence also
well-formed terms), while normal lower-case letters designate preterms (or terms)
with their root director string removed, hence explicitly needing a director string
to form a preterm or term. Upper-case letters are reserved for terms of the usual
λ-calculus.

We have a variety of different term constructs:

– � represents variables (a place holder),
– (λt)σ is an abstraction,
– (t u)σ is an application,
– finally (t[k/u])σ is our notation for explicit substitution, meaning that the vari-

able corresponding to thekth director int’s string is to be replaced byu. We
will often write (t[u])σ instead of(t[1/u])σ when the substitution binds the
first variable.

The name of the variable is of no interest since the director strings give the
path that the substitution must follow through the term to ensure that it gets to the
right place; all we need is a place holder.
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In contrast with other explicit substitutions syntax, ours has explicit informa-
tion about duplication (') and erasing (−). This is inspired by calculi for linear
logic, and will allow us a finer control on substitutions: we may reduce a subterm
more when encountering a', thus taking advantage of the mechanism of explicit
substitution to share some reductions. There is an alternative presentation which
combines the director ‘−’ with abstraction, using the notation(λ−t)σ to indicate
that the bound variable does not occur in the termt. The resulting syntax is sim-
pler, and it allows us to erase terms as soon as possible. However, it does not allow
to defineβ-reduction in full generality. We will discuss this choice again in Sec-
tion 4.

As with mostλ-calculi, we will adopt several syntactic conventions: we will
drop parentheses whenever we can, and omit the empty stringε unless it is essen-
tial.

2.3 Compilation and Readback

We useλ-terms with director strings as an intermediate language. We thus need
to provide a function to compile usualλ-terms into this syntax and another to
read them back. Notice that, as usual, we consider terms of theλ-calculus modulo
α-conversion (renaming of bound variables).

The following definition of a compilation from the usualλ-calculus into di-
rector strings syntax indicates precisely how the strings and terms are built. We
use an auxiliary ordered list[x1, . . . , xn] in the compilation function to keep track
of the variable names corresponding to each director in the strings. Each step of
the compilation function goes down one node in the syntax tree of the term, and
computes the corresponding string using auxiliary functionsξ andθ. We denote by
fv(M) the set of free variables of theλ-termM . We use the standard notations for
the empty list and the cons and append operations ([ ], x ::` and` · `′ respectively)
and abbreviatex1 :: . . . ::xn :: [ ] to [x1, . . . , xn] or ~x. We denotè i theith element
of a list `.

Definition 2 (Compilation) LetM be aλ-term withfv(M) ⊆ {x1, . . . , xn}, its
compilationJMK~x is defined as follows:

JxK~x = �σ where([x], σ) = ξx(~x)
Jλx.MK~x = (λ JMK`·[x])σ where(`, σ) = ξ(λx.M)(~x)
J(M N)K~x = (JMK` JNK`′)σ where(`, `′, σ) = θM,N (~x)

ξM ([ ]) = ([ ], ε)

ξM (x ::`)=
{

(x ::`′, ↓ σ) if x∈ fv(M)
(`′,−σ) if x 6∈ fv(M)

}
where(`′, σ)=ξM (`)

θM,N ([ ]) = ([ ], [ ], ε)

θM,N (x ::`)=


(x ::`′, `′′,$ σ) if x∈ fv(M) \ fv(N)
(`′, x ::`′′,% σ) if x∈ fv(N) \ fv(M)
(x ::`′, x ::`′′,' σ) if x∈ fv(M) ∩ fv(N)
(`′, `′′,−σ) if x 6∈ fv(M) ∪ fv(N)

 where
(`′, `′′, σ)=θM,N (`)
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When there is no ambiguity, we use the notationJMK~x with the implicit assumption
that fv(M) ⊆ ~x, and writeJMK when the list is empty.

Remark 2 (Order of directors)In an abstraction(λtρ)σ, the last director in the
stringρ corresponds to the bound variable. This is reminiscent of Crégut’sreversed
de Bruijn’s indexing[10].

Example 1We show the compilation of someλ-terms:

I = Jλx.xK = (λ�↓)ε

K = Jλx.λy.xK = (λ(λ�↓−)↓)ε

S = Jλx.λy.λz.(xz)(yz)K = (λ(λ(λ((�↓�↓)$%(�↓�↓)$%)$%')↓↓)↓)ε

2 = Jλf.λx.f(fx)K = (λ(λ(�↓(�↓�↓)$%)'%)↓)ε

In order to show that the result of the compilation is a well-formed term, we
need two auxiliary lemmas.

Lemma 1 If (M N) is an application withfv(M N) ⊆ {x1, . . . , xn}, then
θM,N ([x1, . . . , xn]) = (`1, `2, σ) where`1 = fv(M), `2 = fv(N), and|σ| = n.

Proof Straightforward induction onn. ut

Lemma 2 (Length of Strings) LetM be aλ-term andfv(M) ⊆ {x1, . . . , xn},
then:

JMK~x = uσ where|σ| = n

In particular, ifM is closed thenJMK has an empty director string (ε).

Proof By induction onn.
For n = 0, M is either an abstraction, in which case the compiled term has

director string↓0 = ε as required, or an application andJ(M N)K = (JMK JNK)ε

sinceθM,N ([ ]) = ([ ], [ ], ε) by definition.
For n > 0 we distinguish cases according toM . The cases of variable and

abstraction are trivial. The interesting case is application. In this case, the property
is a direct consequence of Lemma 1.ut

Proposition 1 (Consistency of Compilation)If M is a λ-term withfv(M) ⊆ ~x
thenJMK~x is a well-formed term.

Proof By induction on the structure ofλ-terms. IfM is a variable then the result
holds trivially. If M is an abstraction, then the result holds by induction. IfM is
an application, it is a consequence of Lemma 1, the induction hypothesis, and the
construction ofσ in the definition ofθ. ut

Since we prefer to think of this calculus as some form of intermediate lan-
guage, we also provide a notion of readback, which simply puts names back in.
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Definition 3 (Readback)Let t = tσ be a term where|σ| = n, and letx1, . . . , xn

ben fresh variables. We define the readback oft asLtM[x1,...,xn], where the read-

back function (which uses an auxiliary list~M of λ-terms) is defined as follows:

L�σM ~M = M where[M ] = κσ( ~M)
L(λt)σM ~M = λx.LtMκσ( ~M ·[x]) wherex is fresh

L(t u)σM ~M = LtM` LuM`′ where(`, `′) = γσ( ~M)
L(t[k/u])σM ~M = LtM[`1,...,`k−1,LuM`′ ,`k,...,`m] where(`, `′) = γσ( ~M)

κε([ ]) = [ ]
κ↓σ(M :: `) = M :: κσ(`)
κ−σ(M :: `) = κσ(`)

γε([ ]) = ([ ], [ ])
γ$σ(M :: `) = (M :: `′, `′′)
γ%σ(M :: `) = (`′,M :: `′′)
γ'σ(M :: `) = (M :: `′,M :: `′′)
γ−σ(M :: `) = (`′, `′′)

 where(`′, `′′) = γσ(`)

Notice that in the case of a variable�σ we must have|σ|+ = 1 since the term is
well-formed, henceκσ( ~M) is a singleton. Also note that the auxiliary list~M may
contain arbitraryλ-terms, and not necessarily only variables as in the compilation.
This makes it possible to complete substitutions in a thorough and elegant way: we
only put them in the list, and the terms will be guided to the right places, thanks to
the directors. More precisely:

LtM[x1,...,xn]{xi 7→Mi} = LtM[x1,...,xi−1,Mi,xi+1,...,xn]

whereM{x 7→ N} is our notation for implicit substitution (the meta-operation of
substitution in theλ-calculus).

Example 2We give two small examples of the readback procedure:

L(λ�↓)εM = λx.L�↓M[x] = λx.x
L(λ(λ(�↓(�↓�↓)$%)'%)↓)εM = λx.λy.L(�↓(�↓�↓)$%)'%M[x,y]

= λx.λy.x (x y)

To prove that the readback function is well defined we use the following lemma:

Lemma 3 If |σ| = n andM1, . . . ,Mn areλ-terms then

– length(κσ([M1, . . . ,Mn])) = |σ|+ if σ ∈ U ;
– γσ([M1, . . . ,Mn]) = (`, `′) wherelength(`) = |σ|l andlength(`′) = |σ|r.

Proof Straightforward induction onn. ut

Lemma 4 During the readback of a well-formed term, the readback procedure is
only called under the formLtρM[M1,...,Mn] with |ρ| = n.



10 M. Ferńandez, I. Mackie and F.-R. Sinot

Proof By induction and Lemma 3. Each step of the procedure adjusts the length
of the auxiliary list according to the constraints on well-formed terms (see Defini-
tions 1 and 3). ut

Proposition 2 (Consistency of Readback)If tσ is a well-formed term with|σ| =
n andx1, . . . , xn aren fresh variables thenLtσM[x1,...,xn] is aλ-term.

Proof We prove the more general property:
If tσ is a well-formed term,|σ| = n and M1, . . . ,Mn are λ-terms, then

LtσM[M1,...,Mn] is well-formed.
This is proved by induction ont, using Lemma 4. The case of a variable�σ

is trivial since|σ|+ = 1 by well-formedness. For an abstraction, application or
substitution the result follows directly by induction and Lemma 4.ut

The compilation and the readback function are inverses moduloα-conversion.
To prove it we use the following auxiliary lemma:

Lemma 5 –ξM ([x1, . . . , xn]) = (`, σ) impliesκσ([x1, . . . , xn]) = `;
– θM,N ([x1, . . . , xn]) = (`1, `2, σ) impliesγσ([x1, . . . , xn]) = (`1, `2).

Proof Straightforward induction onn. ut

Proposition 3 (Inverses)If M is aλ-term withfv(M) ⊆ ~x, thenLJMK~xM~x =α M.
In particular, ifM is a closedλ-term,LJMKM =α M .

Proof By induction onM .

– Variable:
LJxK~xM~x = x as required.

– Abstraction:
LJ(λx.M)K~xM~x = L(λJMK`·[x])σM~x = λy.LJMK`·[x]M`·[y], using Lemma 5, where
(`, σ) = ξλx.M (~x). By induction, this isα-equivalent toλx.M .

– Application:
LJM NK~xM~x = L(JMK`′ JNK`′′)σM~x, where
(`′, `′′, σ) = θM,N (~x).
By Lemma 5 and the definition of readback:

L(JMK`′ JNK`′′)σM~x = (LJMK`′M`′ LJNK`′′M`′′).

The result then follows directly by induction.ut

3 The Open Calculus

We will now give the reduction rules that will allow us to fully simulate theλ-
calculus. This calculus is calledopen(λo) in contrast with the calculus for closed
reduction(λc) defined in Section 4.3, which is simpler but does not fully simulate
β-reduction.
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3.1 TheBetaRule

We need aBetarule to eliminateβ-redexes and introduce an explicit substitution
instead. In a compiled term(λtν)ρ the variable bound by the abstraction is deter-
mined by thelast director inν (see Remark 2), and|ν| = |ρ|+ +1 according to the
constraints in Definition 1. Sinceρ may contain erasing directors (−) which we
have to preserve, we move them up to the director string of the substitution:

Beta ((λt)ρ u)σ  o (t[|ρ|++1 /u])τ whereτ = ψb(σ, ρ)

with:
ψb( ε, ε) = ε
ψb(% σ, ρ) = % ψb(σ, ρ)
ψb($ σ, ↓ ρ) = $ ψb(σ, ρ)
ψb(' σ, ↓ ρ) = ' ψb(σ, ρ)
ψb(−σ, ρ) = −ψb(σ, ρ)
ψb($ σ, − ρ) = −ψb(σ, ρ)
ψb(' σ, − ρ) = % ψb(σ, ρ)

Remark 3If the function is closed (i.e. has an empty director string), then the sub-
stitution binds the first (and only) variable oft, and we simply have:

((λt)ε u)σ  o (t[u])σ.

Based on this idea we will define a simplified system for the evaluation of closed
terms in Section 4.

3.2 Propagation Rules

We need rules to propagate the substitutions created by theBetarule defined above
in Section 3.1. The directors indicate the path that the substitution should follow:
we will need a rule per term construct and possible director.

To understand how the rules for the propagation of substitutions are defined,
consider a simple case: an application(t u)$ρ with a substitution concerning the
first variable, i.e. we have((t u)$ρ[v])σ. The substitution should be propagated
to the left branch of the application node as the director$ indicates. Therefore we
need a rule of the form:

(App1) ((t u)$ρ[v])σ  ((t[v])ρ′ u)σ′

Let’s try to findρ′ andσ′. Suppose that a (closed) substitution is applied to the
left and right hand-sides of the above equation. If, for example,σ = ρ =$, then
the substitution is fort on the left, so we must haveσ′ = ρ′ =$ to ensure that
the substitution is also guided towardst on the right. Ifσ =$ andρ =%, then it
is to be directed towardsu, and we must haveσ′ =% andρ′ is not concerned (say
ρ′ = ε here). Finally, ifσ =%, the substitution is forv, and we writeσ′ =$ and
ρ′ =%.
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Name Reduction Cond.

Var (�ρ[i/vν ])σ  o vτ whereτ = π′(σ, ν) ρi =↓
App1 ((t u)ρ[i/v])σ  o ((t[j/v])υ u)τ ρi =$

whereυ = φl(σ, ρ\i), τ = ψ1(σ, ρ\i), j = |ρ1..i|l
App2 ((t u)ρ[i/v])σ  o (t (u[k/v])ω)τ ρi =%

whereω = φr(σ, ρ\i), τ = ψ2(σ, ρ\i), k = |ρ1..i|r
App3 ((t u)ρ[i/v])σ  o ((t[j/v])υ (u[k/v])ω)τ ρi ='
whereυ=φl(σ, ρ\i), ω=φr(σ, ρ\i), τ=ψ3(σ, ρ\i), j= |ρ1..i|l, k= |ρ1..i|r
Lam ((λt)ρ[i/v])σ  o

`
λ(t[i/v])υ·$´τ

ρi =↓
whereυ = φd(σ, ρ\i), τ = ψd(σ, ρ\i)

Comp((t[j/u])ρ[i/v])σ  o (t[j/(u[k/v])ω])τ ρi =%
whereω = φr(σ, ρ\i), τ = ψ2(σ, ρ\i), k = |ρ1..i|r

Erase (tρ[i/v])σ  o tτ whereτ = π(σ, ρ\i) ρi = −

Fig. 2 Propagation Rules:P

σ1 ρ1 φl φr ψ1 ψ2 ψ3 π

% ε % % $ % ' −
$ % ε $ % % % %
$ $ $ ε $ $ $ $
$ ' $ $ ' ' ' '
' % % ' ' % ' %
' $ ' % $ ' ' $
' ' ' ' ' ' ' '
− ε ε ε − − − −
$ − ε ε − − − −
' − % % $ % ' −

σ1 ρ1 ψd φd ψb

% ε ↓ % %
$ ↓ ↓ $ $
' ↓ ↓ ' '
− ε − ε −
$ − − ε −
' − ↓ % %

Fig. 3 Functions used in the Propagation Rules

We obtain most of the propagation rules in the same way. Notice that not every
combination of directors is to be considered, as some of them do not correspond
to well-formed terms. Figure 2 shows the setP of propagation rules.

The various functionsφ andψ used in the propagation rules just compute the
ad hocdirector strings. They are generated recursively in the same way as above
from the tables in Figure 3.

For example:
φl( ε, ε) = ε
φl(%σ, ρ) = %φl(σ, ρ)
φl($σ, % ρ) = φl(σ, ρ)
φl($σ, $ ρ) = $φl(σ, ρ), etc.

The functionπ used only in theEraserule adds a new director− for every free
variable of an erased term, and can be paraphrased from Figure 3 in the following
way (α is any director):
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π( ε, ε) = ε
π(% σ, ρ) = −π(σ, ρ)
π($ σ, α ρ) = απ(σ, ρ)
π(' σ, α ρ) = απ(σ, ρ)
π(−σ, ρ) = −π(σ, ρ)

The functionπ′ used for theVar rule performs a similar job (π′ is not in Fig-
ure 3 because it does not follow exactly the same pattern):

π′( ε, ε) = ε
π′(% σ, α ν) = απ′(σ, ν)
π′($ σ, ν) = −π′(σ, ν)
π′(' σ, α ν) = απ′(σ, ν)
π′(−σ, ν) = −π′(σ, ν)

These rules deserve some explanations:

– TheVar rule is the simplest. When the substitution reaches such a place holder
with a corresponding director↓, we know that it is indeed the right variable
(because the substitution has been guided there earlier and is not erased). We
know thatρ\i = −n if the term is well-formed so that both ‘−’ and $ in σ
should result in a ‘−’ in τ to ensure that the erased variables are preserved.
Moreover we do not need to inspectρ in the computation ofτ .

– The rules for application are the main rules here. Depending onρi, the sub-
stitution is guided to the left or right, or copied inApp3 only when there is
more than one occurrence of the given variable. The new director strings are
computed byad hocfunctions fromσ andρ (omitting theith director of the
last one).

– Surprisingly, the rule that allows an open substitution to pass through an ab-
straction (Lam) is simple. This is quite remarkable, as this is especially diffi-
cult in usual calculi. For example, it requiresα-conversion in a calculus with
names.

– The Comprule is the counterpart ofApp2 in terms of substitution instead of
application. We could have written composition rules for substitutions similar
to App1 and App3, but the substitutions would then be allowed toovertake
(i.e. their order would not be preserved), which means that the system would
trivially fail to preserve strong normalisation.

– TheEraserule applies to a substitution in any term construct, provided the di-
rector corresponding to the substitution is ‘−’. Then the substitution is simply
discarded and new ‘−’ directors are added to take into account possible free
variables of the discarded term.

We have a small number of propagation rules in comparison with standard explicit
substitution calculi. However, our rules require non-trivial syntactical computa-
tions on director strings when we consider arbitrary substitutions. The system can
be drastically simplified if we impose some restrictions on the substitutions, as we
will see in the next section. Note that the condition onρi in the rules has been ex-
ternalised only to improve readability and is of course a simple pattern-matching.
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Example 3We show a reduction sequence using this calculus. Consider theλ-term
λx.(λy.y)x which contains a single redex:

Jλx.(λy.y)xK = (λ((λ�↓)ε�↓)%)ε  o (λ(�↓[�↓])%)ε  o (λ�↓)ε = Jλx.xK

Note that an encoding into combinators, using director strings as presented in [22],
would not allow this redex to be contracted, and thus if used as an argument could
potentially be duplicated. In this sense, our calculus offers a generalisation of the
director strings of [22].

3.3 Properties

Lemma 6 (Preservation of Well-Formedness)If tσ is a well-formed term and
tσ  o u

τ , thenuτ is a well-formed term, moreover|σ| = |τ |.

Proof We have to prove that each rule produces a well-formed term with a director
string of the same size. The proof is laborious but not difficult, and we omit the
details. ut

The process of propagating a substitution to the corresponding leaves in the
tree associated to the term, using the rules inP, is terminating: each rule either
erases the substitution or moves it down towards the leaves. Formally, we prove
the termination ofP by using an interpretation function. This function computes
the lengths of the paths to be traversed by a substitution to reach the corresponding
leaves. We call it thedistanceof a substitution.

Definition 4 (Distance) The distance associated to the substitution[i/v] in the
term (t[i/v])ρ is computed by the function|t[i/v]| defined by induction ont as
follows:

|�σ[i/v]| = 1
|(λt)σ[i/v]| = 1 (if σi = −)
|(λt)σ[i/v]| = 1 + |t[i/v]| (if σi =↓)
|(t u)σ[i/v]| = |(t[j/u])σ[i/v]| = 1 + |t[k/v]| (if σi =$,

k computed as in Fig. 2)
|(t u)σ[i/v]| = |(t[j/u])σ[i/v]| = 1 + |u[k/v]| (if σi =%,

k computed as in Fig. 2)
|(t u)σ[i/v]| = |(t[j/u])σ[i/v]| = 1 + |t[k/v]|+ |u[k′/v]| (if σi =',

k, k′ computed as in Fig. 2)
|(t u)σ[i/v]| = |(t[j/u])σ[i/v]| = 1 (if σi = −)

Proposition 4 (Termination of Propagation) The setP of propagation rules is
terminating.

Proof We define an interpretation that associates to each termt a multiset with an
element|u[i/v]| for each subterm(u[i/v])ρ occurring int. Each application of a
propagation rule decreases the interpretation of the term: rulesVar andEraseerase
one element of the multiset, and in the other rules one element is replaced by one
or two strictly smaller elements.ut
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It is easy to see that using the propagation rules we eventually reach a pure
term (i.e. a term without substitutions):

Proposition 5 (Completion of Substitutions)Every term has aP-normal form
which is a pure term.

Proof We prove by contradiction that any term of the form(u[i/v])ρ can be re-
duced by a rule inP. Assume there is a counterexample, and take one of minimal
size:(t[i/w])σ. Consider all the cases fort. If t is a variable, application or ab-
straction obviously we can apply a rule fromP. If it is a substitution(t′[j/u′])υ,
then it is reducible (by the minimality of the counterexample).ut

Lemma 7 (Local Confluence of Propagation)The setP of propagation rules is
locally confluent.

Proof P has seven critical pairs, all withComp. In the version of the calculus
without the director for erasing (Section 4), they all easily converge. But here, the
pairs reduce to terms where the erasing may occur at two different levels, and we
need to go one step further with the corresponding rule to flatten these two strings
to one, and obtain syntactically equal terms. Of course, this makes the proof rather
tiresome, due to the definition by cases of the functions involved in the rules, so
we only give the details for theVar/Comppair, as the other critical pairs can be
dealt with in a similar way.

((�χ[j/uν ])ρ[i/v])σ Comp - (�χ[j/(uν [k/v])ω])τ

(uγ [i/v])σ

Var
?

(uν [k/v])µ

Var
?

? �
-

with the conditionsχj =↓, ρi =% and the intermediate results:
k = |ρ1..i|r, γ = π′(ρ, ν), τ = ψ2(σ, ρ\i), ω = φr(σ, ρ\i), µ = π′(τ, ω).

The two terms may be syntactically different, the only difference being that
directors ‘−’ may have been added inγ in the left term and inµ in the right term,
so at different levels. Fortunately, these terms are not inP-normal form (thanks
to Proposition 5), and we know that anotherP-rule may be applied at the root
of both terms. (There is one case where we can’t, but then we haveuν  ∗

o u
′ν′

where we can reduce at the root anduγ = uπ′(ρ,ν)  ∗
o u

′π′(ρ,ν′), and the situation
is similar). It is indeed the same rule for both terms, because the unlabelled term
to the left of the substitution is the same andγi = νk, which comes from the
following observations:

(i) π′(ρ, ν) is well-defined if and only if|ν|= |ρ|r;
(ii) if |ν|= |ρ|r, 1≤ i≤|ρ| andk= |ρ1..i|r, π′(ρ1..i, ν1..k) is a prefix ofπ′(ρ, ν);

(iii) if |ν|= |ρ|r, |π′(ρ, ν)|= |ρ|;
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(iv) if |ν|= |ρ|r, 1≤ i≤|ρ| andk= |ρ1..i|r, (π′(ρ, ν))1..i = π′(ρ1..i, ν1..k).

(i), (ii), (iii) are clear from the definition ofπ′ and (iv) is a direct consequence
of (ii) and (iii). As a corollary, we have indeed from (iv), back to our case, that
γi = νk and(π′(ρ, ν))

\i
= π′(ρ\i, ν\k). (∗)

Now, to prove that the terms are equal after this (unknown) reduction, we just
need to show thatf(σ, γ\i) = f(µ, ν\k) for f ∈ {φl, φr, φd, ψ1, ψ2, ψ3, ψd, π, π

′}
and|γ1..i|r = |ν1..k|r, |γ1..i|l = |ν1..k|l.

This job is of course awfully tiresome and we will omit most of it. We will
however deal completely with one case, sayψ1, which means that our unknown
rule was in factApp1, and we want to compare the outermost director strings of
both terms. We thus have to compareψ1(σ, γ\i) andψ1(µ, ν\k) for every valid
case, i.e. for every case that corresponds to initially well-formed terms:

σ ρ\i ν\k γ\i ψ1(σ, γ\i) τ ω µ ψ1(µ, ν\k)
% ε ε ε $ % % % $
$ % % % % % $ $ %
$ % $ $ $ % $ $ $
$ % − − − % $ $ −
$ $ ε − − $ ε − −
$ − ε − − $ ε − −
− ε ε ε − − ε − −

Note that we computeγ\i from ρ\i andν\k thanks to(∗).
The table above shows that ifσ, ρ, ν are as defined in a well-formed term,

ψ1(σ, γ\i) = ψ1(µ, ν\k) (cases with' have been omitted but are similar), hence,
after the application of anApp1 rule to both terms of the critical pair, their outer-
most director strings are the same. A similar proof withφl would allow to conclude
that these terms are indeed the same, which concludes this case. All the other cases
are similar. ut

Local confluence and termination imply confluence, using Newman’s Lem-
ma [32].

Corollary 1 (Confluence of Propagation)The setP of propagation rules is con-
fluent onλo-terms.

As a consequence of confluence (Corollary 1) and termination (Proposition 4),
the setP of propagation rules defines a function from a termt to its unique normal
form, denotedP(t). The following lemma shows thatP implements the meta-
operation of substitution in theλ-calculus: to computeM{x 7→ N} we compile
M , compileN , create an explicit substitution, and normalise it withP.

Lemma 8 (Substitution) LetM andN beλ-terms. LetJMK~x = tρ, JNK~y = u.
Let ρ′ = ρ− and i = |ρ| + 1 if x 6∈ ~x, otherwiseρ′ = ρ and i is the position of
x in ~x. ThenLP((tρ

′
[i/u])σ)M~z = M{x 7→ N} (where~x, ~y, ~z, σ are adequately

chosen).
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Proof By induction onM . If M is a variable we distinguish two cases: ifM =
y 6= x we obtain the required result using the ruleErase, otherwise we useVar.
The case of an application follows directly by induction using rulesApp1, App2,
App3 or Erase. For an abstraction we use the induction hypothesis and rulesLam
or Erase. ut

Reduction inλo is sound with respect to theλ-calculus, in the following sense.

Proposition 6 (Soundness ofλo) If t o u thenLtM~x →∗
β LuM~x. In particular:

1. if t P u thenLtM~x = LuM~x, and
2. if t is aP-normal form thenLtM~x →β LuM~x.

Proof The result is trivial if the reduction step uses a rule inP, since the readback
function performs the substitution. Note that

LtM[x1,...,xi−1,Mi,xi+1,...,xn] = LtM[x1,...,xn]{xi 7→Mi}.

Assume we use theBetarule. We proceed by induction ont. The only interesting
case is when the reduction takes place at the root oft. In this caset = ((λw)ρ v)σ

andu = (w[|ρ|+ +1/v])τ . By definition of readback,LtM~x = (λx.LwM~y)LvM~z,
where~x, ~y, ~z are the corresponding lists of free variables. There is therefore aβ-
reduction step:LtM~x →β LwM~y{x 7→ LvM~z} = LuM~x by definition of readback. Note
that in the general case thisBeta-redex might occur in a substitution and it might
be copied or erased by the readback function, thusLtM~x →∗

β LuM~x. In particular, if
t is aP-normal form thenLtM~x →β LuM~x sincet does not contain substitutions.
ut

We also have a Simulation Theorem which shows the completeness ofλo with
respect toβ-reduction.

Theorem 1 (Simulation)LetM be aλ-term withfv(M) ⊆ ~x. If M →β N , then
there existsu such thatJMK~x  ∗

o u andLuM~x = N .

M
→β- N

t

J·K
?

.........

 ∗
o

- u

L·M
6
..........

Proof Since the compilation function (Definition 2) transforms applications into
applications and abstractions into abstractions, it is clear that ifM has aβ-redex
thenJMK~x has aBeta-redex. We proceed by induction onM . The only interesting
case is when theβ-reduction takes place at the root ofM . In this case,M =
(λx.M ′)N ′ andN = M ′{x 7→ N ′}. Using the compilation function, we get:

– Jλx.M ′K~z = (λr)ν wherer = JM ′K~z′x
– JN ′K~y = w
– JMK~x  Beta (r[i/w])σ
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Using the Substitution Lemma (Lemma 8) we obtain the required result:

(r[i/w])σ  ∗
o u with LuM~x = N.

The reduction steps in the latter reduction are all inP. ut

Remark 4In general, we do not haveu = JNK~x (which would be stronger). For
instance,Jλxy.((λz.y) x)K = (λ(λ((λ�↓−)↓�↓)%$)↓)ε  ∗

o (λ(λ�−↓)↓)ε, and
L(λ(λ�−↓)↓)εM = λxy.y, while Jλxy.yK = (λ(λ�↓)−)ε. Intuitively, there are
two different levels where we may say thatx should be erased. The compilation
function makes the canonical choice to put this information at the highest possible
level, i.e. right below the correspondingλ, but it may also happen that a variable
disappears “at runtime”, as in the example above. Then we could of course add a
rule to make the erasing director go up until it reaches its canonical position, so that
we would indeed haveu = JNK~x. But this would be useless, and this is exactly
what the simulation theorem says: we may have different internal representations
corresponding to the same term in the course of reduction, but we do not care as
long as we can still correctly read back aλ-term at the end of the reduction. Hence
although seemingly weaker than one could expect, Theorem 1 is exactly the right
property for an intermediate language that cleanly separates the readback from the
reduction rules.

In order to prove confluence ofλo, we need some extra lemmas. Let’s define
t →B u if t, u are inP-normal form andt Beta ∗

P u.

Lemma 9 t o u ⇒ P(t) →∗
B P(u).

Proof Obvious ift P u. If t Beta u, the interesting case is when reduction is
at the root. Then((λt)ρ v)σ  Beta (t[|ρ|++1/v])τ and((λP(t))ρ P(v))σ →B

P((P(t)[|ρ|++1/P(v)])τ ) = P(u). ut

Lemma 10 If t →B u thenLtM~x →β LuM~x (one step).

Proof Direct consequence of Proposition 6.ut

According to the relation→B onP-normal forms ofλo-terms, we may define
the notions of residuals and developments as in theλ-calculus (see [5]). Then
clearly by Lemma 10, to a residual oft according to→B corresponds a residual
of LtM~x using→β . We hence have a Finite Developments Theorem for→B :

Lemma 11 (FD for→B) If t is aP-normal form, all developments oft according
to the reduction→B are finite.

Proof Assume an infinite development of(t,F) wheret is aλo-term inP-normal
form andF a set of→B-redex occurrences oft:

t →B t1 →B · · · →B tn →B · · ·

Then we have by Lemma 10:

LtM~x →β Lt1M~x →β · · · →β LtnM~x →β · · ·

where every step is a residual of a redex corresponding toF . Since theλ-calculus
satisfies the Finite Developments Theorem [5], this is impossible.ut
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A complete development of(t,F) is a development of(t,F) such that there
is no residual ofF after it.

Lemma 12All complete developments of(t,F) with→B end with the same term.

Proof Assume thatt →B u andt →B v are the first steps in two complete de-
velopments of(t,F), obtained by reducing redexesf1 andf2 respectively. Then,
by definition of→B , u andv areP-normal forms, and there are termsu′ andv′

such thatt Beta u′  ∗
P u ≡ P(u′) andt Beta v′  ∗

P v ≡ P(v′).
If the Beta-redex reduced is the same in both cases, then obviouslyu ≡ v be-

cause P is confluent. Let’s assume thatf1, f2 ∈ F are differentBeta-redexes.
Thenu andv can be joined using Lemma 9, as shown in the following diagram,
where fi/fj

Beta denotes theBeta-reduction of the residuals offi relative tofj

(see [5]):

t
 f1

Beta- u′  ∗
P- u

v′

 f2
Beta

?

 f1/f2
Beta

- s

 f2/f1
Beta

?

v

 ∗
P

?

→∗
B

- P(s)

→∗
B

?

 ∗P
-

Note that the ruleBeta is left-linear and only superposes trivially with itself,
which guarantees the existence of the termss andP(s) obtained by developing
(t, {f1, f2}).

Lemma 11 and Newman’s Lemma [32] complete the proof.ut

Lemma 13→B is confluent.

Proof Definet�B u if u is a complete development of(t,F) according to→B

for someF . Then:

– →∗
B=�∗

B

– �B is strongly confluent: ift �B t1 (with F1) andt �B t2 (with F2),
then lett3 be the complete development oft with F1 ∪ F2. t �B t1 results
from a partial development of(t,F1 ∪ F2), hence by completely developing
the residuals ofF1 ∪F2 in t1, one obtains by Lemma 12t1 �B t3. Similarly
t2 �B t3.
ut

Theorem 2 (Confluence)The calculusλo is confluent.
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Proof The situation is the following:

t
 ∗

o- u

v

 ∗
o

?

 ∗
o

- w

 ∗
o

?

We use the interpretation method. By Lemma 9,P(t) →∗
B P(u) andP(t) →∗

B

P(v). By Lemma 13, there existsw such thatP(u) →∗
B w andP(v) →∗

B w.
And since→∗

B⊂ ∗
o, the derivationsu  ∗

o P(u)  ∗
o w andv  ∗

o P(v)  ∗
o w

conclude the proof. ut

The confluence property above is sometimes calledground confluencein the
terminology of explicit substitution calculi, since it applies to terms inλo rather
than terms with metavariables of the rewrite system. Another property that has
been extensively studied for explicit substitution calculi is the preservation of
strong normalisation (PSN): a calculus of explicit substitutions preserves strong
normalisation if the compilation of a strongly normalisableλ-term is strongly nor-
malisable (see [29] for a counterexample forλσ, and [27,12] for calculi satisfying
PSN). Thanks to our limited form of composition (the ruleComponly allows to
move a substitution inside another where the substituted variable does occur)λo

preserves strong normalisation. Our proof of PSN is inspired from that ofλυ [27].
We first define a notion of minimal infinite derivation and external reduction. Intui-
tively, a derivation is minimal if we always reduce a lowest possible redex to keep
non termination, and a reduction step is external if it does not take place inside a
substitution. We denote by Beta,p aBetareduction at positionp, and by o,p an
arbitraryλo reduction at positionp.

Definition 5 (Minimal Derivation) An infiniteλo sequence of reductions

t1  Beta,p1 t′1  
∗
P · · · ti  Beta,pi

t′i  
∗
P . . .

is minimal if for any other infinite derivation

t1  Beta,p1 t′1  
∗
P · · · ti  Beta,q u ∗

P · · ·

we haveq 6= pip
′ for everyp′.

In other words, in any other infinite derivation,pi andq are disjoint orq is above
pi, which means that theBeta-redex we reduce is a lowest one.

Definition 6 (External Reduction) The setExt(t) of external positions in the
term t is defined as follows, whereΛ denotes the root position andxX denotes
{x · y | y ∈ X} if X is a set of positions:

Ext(�σ) = {Λ}
Ext((λt)σ) = 1Ext(t) ∪ {Λ}
Ext((t u)σ) = 1Ext(t) ∪ 2Ext(u) ∪ {Λ}
Ext((t[k/u])σ) = 1Ext(t) ∪ {Λ}
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A reduction stept  o,p u is external ifp ∈ Ext(t), otherwise it is internal. We
write t  ext

o u (resp.t  int
o u) to emphasise that a rewrite is external (resp.

internal).

Lemma 14 If t  Beta,p u is an external reduction step thenLtM~x →+
β LuM~x. In

particular LtM~x 6= LuM~x if LtM~x is strongly normalisable.

Proof The termt contains aBetaredex, and since it is external it is obviously not
erased in the readback (see Proposition 6). HenceLtM~x →+

β LuM~x. ut

Lemma 15 If there is an infinite derivation

t o t1  o t2  o t3  o t4 · · ·

in which all theBetasteps are internal, then there exists another infinite derivation

t ∗
P u1  o u2  o u3  o u4 · · ·

in which the rewrites fromt to u1 are the only external ones (i.e.all steps are
internal fromu1). Moreover, the transformation preserves minimality.

Proof It is sufficient to prove that ifu  int
o v  ext

o w in a minimal derivation
thenu  ext

o v′  int∗
o w preserving minimality. The proof is by induction on

the structure ofu. If the external rewrite does not take place at the root position
then the result follows by induction. If the external rewrite takes place at the root
of u, then the rule applied is inP by assumption, and thereforeu is a term of the
form (t[i/v])σ. We distinguish cases according to the rule applied. If the rule is
Var, App1, App2, Lam, or Compthe rewrite steps commute. If the rule isApp3 the
internal rewrite is replaced by two internal rewrites. If the rule isErasethe internal
rewrite is not needed.

The termination ofP (Proposition 4) ensures that there are a finite number of
external stepst ∗

P u1, completing the proof. ut

We will prove a result which is slightly more general than preservation of
strong normalisation and will also be used to prove the termination of typeable
terms in Section 5.

Proposition 7 If LtM~x is a strongly normalisableλ-term thent is strongly normal-
isable inλo.

Proof For a contradiction, assume that there is an infinite reduction sequence start-
ing from t. We show that there is an infinite derivation forLtM~x. For this we con-
sider an infiniteminimalreduction sequence, which contains an infinite number of
applications ofBetasince the propagation rules are terminating:

t ∗
P t1  Beta t2  

∗
P t3  Beta t4 · · ·

By Proposition 6:

LtM~x = Lt1M~x →∗
β Lt2M~x = Lt3M~x →∗

β Lt4M~x · · ·
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and sinceLtM~x is strongly normalisable by assumption, there existsk such that
for all i ≥ k, LtiM~x = Lti+1M~x. Hence, by Lemma 14, all theBetareduction steps
after that point are internal, and by Lemma 15 we can assume thatall the reduction
steps aftertk are internal. There is therefore a subtermu[i/v] of tk with an infinite
reduction sequence out ofv. But this substitution was created by a previousBeta
step, which contradicts the minimality assumption.ut

Theorem 3 (PSN)If M is a strongly normalisableλ-term withfv(M) ⊆ ~x then
JMK~x is strongly normalisable inλo.

Proof Direct consequence of Propositions 7 and 3.ut

4 Simplified Calculi

We now have a general framework to simulate theλ-calculus with a director strings
notation. However, our aim is to search for new efficient reduction strategies, so we
may give up completeness if we can gain some efficiency and simplicity, provided
that we are still able at least to reduce closed terms to weak head normal form2,
which is the widely accepted minimal requirement for aλ-evaluator, such as found
in functional compilers and interpreters.

We will thus introduce two new calculiλl andλc (with reduction l and c

respectively) on the same terms, which will be simplifications (specialisations) of
λo. By definition, the following relation will hold:

 c⊂ l⊂ ∗
o

so that, for instance,λl andλc will inherit properties of termination ofλo.
From an algorithmic point of view, the rewrite rules ofλo cannot be consid-

ered as constant time operations, because we have to access directors at arbitrary
positions in strings, and the computation of the new director stringsa priori seems
to require a time linear in the size of the original ones. In contrast withλo, the
calculusλl performs onlylocal reduction steps. In other words,λl is a restriction
of λo where the rewrite rules make only local modifications in the director strings.
It is the most general sub-calculus ofλo with such a property.

The calculusλc is a restriction ofλl which implements aclosed reduction
strategy. This is the most interesting calculus from an implementation perspective,
as our benchmarks show (see Section 8).

We will first define the common syntax forλl andλc, then we will give the
two sets of rewrite rules defining these calculi, focusing on the properties ofλc

(the proofs forλl are similar).

2 A λ-term is in weak head normal form if it is either an abstraction or a nested application
ultimately beginning by a variable, i.e. any term not beginning by a redex.
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4.1 Syntax

Definition 7 (Simplified Terms) In this section, the syntax is slightly different:

– The directors are$, %, ' and↓ only (− is no longer a director).
– Preterms are defined according to the following grammar:

t ::= � | (λt)σ | (λ−t)σ | (t u)σ | (t[u])σ

where(λ−t)σ is an abstraction where the bound variable does not occur int
and(t[u])σ is a substitution for the first variable oft only.

– Terms are preterms satisfying the constraints given in Definition 1 forλo, tak-
ing U =↓∗ and B = ($ | ' | %)∗. Note that now variables do not have
a director string. Moreover, abstractions have the following additional con-
straint:

(λ−tρ)σ is well-formed ifσ ∈ U and|ρ| = |σ|

The new set of terms can be seen as a subset ofλo-terms using some abbrevi-
ations:

Proposition 8 (Syntactic Equivalence)The following mapping from simplified
terms toλo-terms is injective.

– (�)ג = �↓

– (σ(λt))ג = (λג(t))σ

– (σ(λ−tρ))ג = (λג(tρ−))σ

– t))ג u)σ) = (t)ג) σ((u)ג

– (σ(t[u]))ג = σ([(u)ג/1](t)ג)

We will hence sometimes feel free to identify simplified terms withλo-terms (i.e. to
omit .(ג

4.2 The Local Open Calculus

Taking a closer look at theBetarule, we notice that for a redex where the function
is closed, we generate a substitution for the first (and only) variable of the function
body (which was bound by the abstraction). Moreover, we know from [17] that
restrictingβ-reduction to closed functions still allows to reach weak head normal
form, for closed terms. In this section we will thus describe the calculus resulting
from this restriction which greatly simplifies the rules. This calculus will be called
local open(λl) because it still allows open substitutions to propagate, even inside
abstractions (in contrast with the system of closed reduction [17]). This does not
need global rewrite steps if we restrict the syntax to allow substitutions for the first
director only.
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Definition 8 (λl-calculus)Below are shown the reduction rules for the local open
calculus.

Name Reduction

Beta ((λt)ε u)σ  l (t[u])σ

BetaE((λ−t)ε uε)ε  l t
Var (�[v])σ  l v
App1 ((t u)$ρ[v])%m·$n

 l ((t[v])%m·$|ρ|l u)$m·ρ

App2 ((t u)%ρ[v])%m·$n

 l (t (u[v])%m·$|ρ|r )%m·ρ

App3 ((t u)'ρ[v])%m·$n

 l ((t[v])%m·$|ρ|l (u[v])%m·$|ρ|r )'m·ρ

Lam ((λt)↓ρ[v])σ  l (λ(t[v])σ·$)↓
|σ|

LamE ((λ−t)↓ρ[v])σ  l (λ−(t[v])σ)↓
|σ|

Comp((t[w])%n+1·$m

[v])%p·$q

 l (t[(w[v])%p·$n

])%p+n·$m

Even though the rules in this system apply to terms with director strings of a
particular pattern, the system is still suitable to reduce general terms, thanks to the
following property.

Lemma 16 (Completeness of the Reduction)In any reduct of a closed compiled
term, any subterm of the form(t[v])σ has a director stringσ =%m · $n for some
natural numbersm,n.

Proof It is sufficient to notice that the rules for propagation only generate substi-
tutions of this form, and that theBetarule does as well: if the term((λt)ε u)σ is
well-formed (and it is by induction) thenσ is of the form%n. ut

We remark that, in this calculus, we allow even open substitutions to pass
through abstractions, without any global reduction step. This is of course one of the
greatest strengths of this calculus, compared to those based on names or de Bruijn
indices.

Lemma 17 (Preservation of Well-Formedness)If t is a well-formed term inλl

andt l u thenu is a well-formed term inλl.

Proof Straightforward inspection of the rewrite rules.ut

Proposition 9 l⊂ ∗
o

Proof We can easily check that all the rules given in Definition 8, exceptBetaE,
are particular cases of the rules forλo taking into account the simplified syntax of
terms. The ruleBetaEcan be simulated inλo with two reductions:Betafollowed
by Erase. ut

Theorem 4 below summarises the properties ofλl. The calculusλl is con-
fluent and preserves strong normalisation. However, it does not fully simulateβ-
reduction. Instead we can show that it can be used to evaluate closedλ-terms. This
is a consequence of the fact thatλc, which will be shown to be a restriction ofλl,
can compute weak head normal forms of closed terms (see next section).
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Theorem 4 (Properties ofλl)

Confluence:λl is confluent.
PSN:λl preserves strong normalisation.
Adequacy:λl can evaluate closed terms.

Proof Confluence is shown by easily adapting the proof of confluence ofλc, which
is given in the next section. PSN comes from Theorem 3 (PSN forλo) and Propo-
sition 9. Adequacy will be obvious from Theorems 7 and 8 (adequacy forλc) and
Proposition 10 (see next section).ut

4.3 The Closed Calculus

The notion of closed reduction was introduced in [17] using a calculus of explicit
substitutions with names whereβ-reductions are performed when the function part
is closed (as above) and substitutions are propagated through abstractions only if
they are closed, which is crucial to avoidα-conversion in a named setting. These
restrictions were expressed by rewrite rules with external conditions on free vari-
ables, and the internalisation of these conditions was the main motivation for the
introduction of director strings in [18].

We can easily derive a calculus for closed reduction (λc) by adding restrictions
to the rules ofλl (see Definition 8) as follows:Beta, BetaE, Var are the same; in
every other rule we force the substitutionv to be closed, that is, to have an empty
string (ε). Moreover, inApp1,2,3, m = 0, and inComp, m = p = 0 andn = q.
This thus leads to the very simple following rewrite system.

Definition 9 (λc-calculus)The reduction rules for the closed calculus are:

Name Reduction

Beta ((λt)ε u)%n

 c (t[u])%n

BetaE((λ−t)ε uε)ε  c t
Var (�[v])%n

 c v
App1 ((t u)$ρ[vε])$n

 c ((t[vε])$|ρ|l u)ρ

App2 ((t u)%ρ[vε])$n

 c (t (u[vε])$|ρ|r )ρ

App3 ((t u)'ρ[vε])$n

 c ((t[vε])$|ρ|l (u[vε])$|ρ|r )ρ

Lam ((λt)↓ρ[vε])$n

 c (λ(t[vε])$n+1
)↓

n

LamE ((λ−t)↓ρ[vε])$n

 c (λ−(t[vε])$n

)↓
n

Comp((t[w])%n+1
[vε])$n

 c (t[(w[vε])$n

])%n

This system is complete because a property similar to Lemma 16 still holds
here:

Lemma 18 (Completeness of the Reduction)In any reduct of a closed compiled
term, if a subterm is of the form(t[v])σ then eitherσ =$n or σ =%n for some
natural numbern.
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Proof Betacreates a substitution annotated by%n, the other rules only generate
substitutions with a$n string. ut

Note that the choice between$n and%n is always obvious from the context
(by well-formedness). For instance, in ruleComp, we reduce a term of the form
((t[w])%n+1

[vε])$m

, then it is easy to see thatm = n.

Lemma 19 (Preservation of Well-Formedness)If tσ is a well-formed term inλc

andtσ  c u
τ thenuτ is a well-formed term inλc. Moreover,|σ| = |τ |.

Proof Straightforward inspection of the rewrite rules.ut

Proposition 10 c⊂ l⊂ ∗
o

Proof Since the rewrite rules in Definition 9 are particular instances of the rules
of λl (Definition 8), the rewrite relation c is included in l. The latter inclusion
was established in Proposition 9.ut

We will show that c is confluent onλc-terms, preserves strong normalisation,
and implements call-by-value and call-by-name evaluation strategies for closedλ-
terms. For this, we first show that the propagation rules (i.e. all the rules except
BetaandBetaE) are terminating and confluent, and are sufficient to implement the
metaoperation of substitution in theλ-calculus, provided substitutions are closed.
The set of propagation rules will be denotedPc.

Proposition 11 (Termination and Confluence ofPc) All the reduction sequences
on λc using only rules inPc are finite. Moreover,Pc is locally confluent (hence
confluent).

Proof Termination is a direct consequence of Proposition 4 since ∗
Pc
⊂ ∗

P .
Local confluence is proved by showing that the critical pairs are joinable. There

is only one, betweenCompandVar (the conditions on the director strings prevent
superpositions betweenCompand the other propagation rules).

((�[v])%n+1
[uε])$n Comp - (�[(v[uε])$n

])%n

(v[uε])$n

Var
?

≡ (v[uε])$n

Var
?

Since the propagation rules are terminating, the system is confluent by Newman’s
Lemma [32]. ut

SincePc is terminating and confluent, it defines a function associating to each
λc-termt its unique normal form, denotedPc(t).

Lemma 20 (Closed Substitutions)LetM andN beλ-terms such thatx ∈ fv(M)
⊆ ~x and fv(N) = ∅. Let JMK~x = t, JNK = uε, JM{x 7→ N}K~y = vσ, where
~y = ~x\{x}. ThenPc((t[uε])σ) = vσ.
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Proof By induction onM . If M is a variable (in this case it must bex) then its
compilation is simply� and using the ruleVar, �[uε]  c u

ε = JM{x 7→ N}K~y

as required. IfM is an application, then one of the rulesApp1, App2, App3 applies,
and the result follows directly by induction. IfM is an abstraction then eitherLam
or LamEapplies and again the result follows by induction.ut

As a consequence, we deduce that even with the restrictions imposed byλc

rules, closed substitutions do not remain blocked: if a closed substitution is created,
it will be fully propagated.

The following lemma shows that the rulesBeta and BetaEalso generate a
confluent relation, which we denote B . In the proof we use an auxiliary relation,
⇒, which makes B steps in parallel. It is defined by induction.

Definition 10 (Parallel Beta) Let ⇒ be the rewrite relation onλc-terms induc-
tively defined as follows.

1. t ⇒ t,
2. ((λt)ε u)%n ⇒ (t′[u′])%n

if t ⇒ t′ andu ⇒ u′,
3. ((λ−t)ε uε)ε ⇒ t′ if t ⇒ t′,
4. (λt)σ ⇒ (λt′)σ if t⇒ t′,
5. (t u)σ ⇒ (t′ u′)σ if t ⇒ t′ andu ⇒ u′,
6. (t[v])σ ⇒ (t′[v′])σ if t ⇒ t′ andv ⇒ v′.

Lemma 21 (Confluence of Beta reductions) B is confluent.

Proof We show that⇒ is strongly confluent (i.e. has the diamond property), and
since obviously B⊆⇒ and⇒∗= ∗

B , we obtain confluence of B .
Assumet ⇒ u andt ⇒ v (u 6= v). We show that∃w such thatu ⇒ w and

v ⇒ w by induction ont ⇒ u. The proof is standard. The caset ⇒ t is trivial,
takingw ≡ v. We give the details for((λt)ε u)%n ⇒ (t′[u′])%n

, wheret ⇒ t′

andu ⇒ u′. In this case, the only alternatives are:

– v ≡ ((λt)ε u)%n

, in which case we takew ≡ (t′[u′])%n

, or
– v ≡ ((λt′′)ε u′′)%n

, wheret ⇒ t′′ andu ⇒ u′′. By induction, there existsw′

andw′′ such thatt′ ⇒ w′, t′′ ⇒ w′, u′ ⇒ w′′, u′′ ⇒ w′′. Hence we take
w ≡ (w′[w′′])%n

.

The case((λ−t)ε uε)ε ⇒ t′ wheret ⇒ t′ is similar. All the other cases follow
directly by induction. ut

Next we prove the commutation of B and Pc . Rosen’s Lemma [34] states
that if two confluent rewrite relations are independent (commute) then their union
is confluent. Since c= B ∪  Pc

and we have just shown that both relations
are confluent, commutation implies confluence of c.

Lemma 22 (Commutation)If t ∗
Pc

a andt ∗
B b, then there existsc such that

a ∗
B c andb ∗

Pc
c.
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Proof Again we use the parallel reduction relation⇒ (Definition 10). Since⇒∗

coincides with ∗
B , it is sufficient to prove that ifb ⇐ t Pc a then there exists

a termc such thatb Pc c ⇐ a. In this way we can close the diagram:t ∗
Pc

a
andt  ∗

B b (which is equivalent tob ∗⇐ t  ∗
Pc

a), by induction on the length
of the derivationt ⇒∗ b.

We proceed by induction ont ⇒ b. We distinguish the following cases:

1. t ≡ b: Then we takec ≡ a.
2. ((λt)ε u)%n ⇒ b ≡ (t′[u′])%n

wheret ⇒ t′ andu ⇒ u′: Since no rule
from Pc applies at the root, it must be eithert  Pc t′′ or u  Pc u′′. In
the first case, by induction, there exists a termt′′′ such thatt′  Pc

t′′′ and
t′′ ⇒ t′′′, therefore we can takec ≡ (t′′′[u′])%n

. In the second case, by
induction, there existsu′′′ such thatu′  Pc

u′′′ andu′′ ⇒ u′′′, therefore we
can takec ≡ (t′[u′′′])%n

.
3. The case((λ−t)ε uε)ε ⇒ b ≡ t′ wheret ⇒ t′ is similar to the above.
4. (t[v])σ ⇒ (t′[v′])σ wheret ⇒ t′ andv ⇒ v′: We distinguish two cases

according to the position of thePc-reduction step(t[v])σ  Pc
a.

– If it does not apply at the root then the property holds by induction.
– If it applies at the root: then there is a substitutionθ and a rulel→ r in Pc

such that(t[v])σ = lθ anda ≡ rθ.
– If all the B-redexes that are contracted in the reduction(t[v])σ ⇒

(t′[v′])σ ≡ b are under variables inl (that is, they are inθ) then
these variables are uniquely identified (sincel is left-linear) and we
can therefore define a substitutionθ′ such thatθ ⇒ θ′ and the diagram
commutes:(t[v])σ ≡ lθ  Pc rθ ≡ a ⇒ rθ′ ≡ c and(t[v])σ ≡
lθ ⇒ lθ′ ≡ b Pc rθ

′ ≡ c.
– If there is a B-redex at the root oft in (t[v])σ then we have a critical

pair, between thePc-rule applied at the root of(t[v])σ and theBeta
or BetaErule applied at the root oft. In that case thePc-rule applied
must beApp2 (it cannot beApp1 or App3 because of the restrictions:
the function has a directorε). Then the diagram commutes as follows:
we have

(t[v])σ ≡ (((λw)ε u)%n+1
[vε])$n

 App2
((λw)ε (u[vε])$n

)%n

≡ a

and

(t[v])σ ≡ (((λw)ε u)%n+1
[vε])$n

⇒ ((w′[u′])%n+1
[v′])$n

≡ b

wherew ⇒ w′,u ⇒ u′,v ⇒ v′, hence

a ⇒ (w′[(u′[v′])$n

])%n

≡ c

and
b Comp (w′[(u′[v′])$n

])%n

≡ c.

5. In the other cases the property follows directly by induction.

This concludes the proof.ut
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Theorem 5 (Confluence)λc is confluent.

Proof Consequence of Proposition 11, Lemma 21, and Lemma 22, using Rosen’s
Lemma [34]. ut

Theorem 6 (PSN)λc preserves strong normalisation.

Proof Consequence of Theorem 3 (PSN forλo) and Proposition 10. ut

The restrictions imposed on the rewrite rules ofλc still allow us to simulate
the usual evaluation strategies, for closedλ-terms. We will show that call-by-value
and call-by-name reductions to weak head normal form can be implemented inλc.

Call-by-name.We recall the evaluation rules for weak reduction in the call-by-
nameλ-calculus:

x ⇓ x λx.M ⇓ λx.M

M ⇓ λx.M ′ M ′{x 7→ N} ⇓ V

(MN) ⇓ V

whereM ⇓ V means thatM evaluates to the (principal) weak head normal form
V using the call-by-name strategy.

Theorem 7 (Call-by-name Evaluation)If M is a closedλ-term andM ⇓ V by
the call-by-name strategy, thenJMK  ∗

c JV K.

Proof By induction on the derivation ofM ⇓ V .
If M is a weak head normal form then the theorem holds trivially. Otherwise,

it is an application(M N) andJ(M N)K = (JMK JNK)ε (sincefv(M N) = ∅).
By induction, sinceM ⇓ λx.M ′, we know thatJMK  ∗

c Jλx.M ′K. Now there are
two alternatives.

– Jλx.M ′K = (λJM ′K[x])ε if x ∈ fv(M ′).
Then((λJM ′K[x])εJNK)ε  c (JM ′K[x][JNK])ε. By Lemma 20,(JM ′K[x][JNK])ε

 ∗
c JM ′{x 7→ N}K and by induction the latter reduces toJV K as required.

– Jλx.M ′K = (λ−JM ′K)ε if x 6∈ fv(M ′).
Then((λ−JM ′K)εJNK)ε  c JM ′K = JM ′{x 7→ N}K and by induction the
latter reduces toJV K as required. ut

Call-by-value. We recall the evaluation rules for weak reduction in the call-by-
valueλ-calculus:

x ⇓ x λx.M ⇓ λx.M

M ⇓ λx.M ′ N ⇓ V ′ M ′{x 7→ V ′} ⇓ V

(MN) ⇓ V

whereV ′ is a weak head normal form.

Theorem 8 (Call-by-value Evaluation)If M is a closedλ-term andM ⇓ V by
the call-by-value strategy, thenJMK  ∗

c JV K.
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Proof Similar to Theorem 7. In the case of an application(M N) whereM ⇓
λx.M ′ andN ⇓ V ′, we get:J(M N)K = (JMK JNK)ε (sincefv(M N) = ∅), and
by induction,JMK  ∗

c Jλx.M ′K, JNK  ∗
c JV ′K. Again there are two cases to

consider, which are identical to those in the proof of Theorem 7 above.ut

This system has several advantages as a basis for an implementation of aλ-
calculus evaluator:

– closed substitutions can be propagated through abstractions, which permits
more sharing of work than in standard weak calculi,

– it forbids copying open terms, which ensures that we never duplicate a potential
redex.

Moreover, the shape of the rewrite rules shows that in most cases we do not
need to represent director strings as complex structures. For example, a director
string of a substitution can be represented as a simple relative integer, because of
Lemma 18. In the same spirit, the information on|ρ|l and|ρ|r can be maintained
at each step. The system can thus be implemented in a realistic and efficient way,
giving to each rewrite step a constant algorithmic cost. We will come back to this
point in Section 6.

5 A Type System for Director Strings Calculi

For completeness, we present in this section a type system common to the above
defined calculi and which enjoys the same kind of properties as the usual simply
typedλ-calculus. We present the system with the syntax ofλo, but it is of course
also valid forλl andλc thanks to Proposition 8. The types are the simple types of
theλ-calculus: type variablesA,B . . . and function typesA → B. We also add
a generic constant?σ of type> (well-formed iff σ = −n for somen). Typing
judgements will be of the formΓ ` t : A where the contextΓ is an ordered list of
types.

Definition 11 (Typed Terms)Each termt is assigned a type in a given context:
Γ ` t : A, as given by the following set of rules. A term is typeable if there exists
a context such that it is typeable in that context. The typing rules make use of two
auxiliary relations defined below.

Γ
σ∼ ∅

(Cst)
Γ ` ?σ : >

Γ
σ∼ A

(Ax )
Γ ` �σ : A

Γ ′, A ` t : B Γ
σ∼ Γ ′

(Abs)
Γ ` (λt)σ : A→ B

Γ1 ` t : A→ B Γ2 ` u : A Γ σ
{
Γ1

Γ2 (App)
Γ ` (t u)σ : B
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Γ1〈i/A〉 ` t : B Γ2 ` u : A Γ σ
{
Γ1

Γ2 (Sub)
Γ ` (t[i/u])σ : B

whereΓ 〈i/A〉 = A1, . . . , Ai−1, A,Ai, . . . , An if Γ = A1, . . . , An.

Note that there are no structural rules, as the type of a given variable is always
at a known location in the context.

In the typing rules we used two auxiliary relations. The first one (Γ
σ∼ Γ ′)

ensures that the right types are erased fromΓ depending onσ. The second one
ensures that a context adequately splits according to a director string, which is

shown asΓ σ
{
Γ1

Γ2
.

∅ ε∼ ∅

Γ
σ∼ Γ ′

A,Γ
↓σ∼ A,Γ ′

Γ
σ∼ Γ ′

A,Γ
−σ∼ Γ ′

∅ ε
{ ∅
∅

Γ σ
{
Γ1

Γ2

A,Γ
'σ

{
A,Γ1

A,Γ2

Γ σ
{
Γ1

Γ2

A,Γ
−σ

{
Γ1

Γ2

Γ σ
{
Γ1

Γ2

A,Γ
%σ

{
Γ1

A,Γ2

Γ σ
{
Γ1

Γ2

A,Γ
$σ

{
A,Γ1

Γ2

Remark 5If a term t is typeable in a contextΓ , then the length ofΓ is exactly
the length oft’s string. In particular, a term with empty director string (e.g. the
compilation of a closedλ-term) is typeable if and only if it is typeable in the
empty context.

Example 4We give two small examples of type derivations in this system.

1. (λ�↓)ε : A→ A

A ` �↓ : A

∅ ` (λ�↓)ε : A→ A

2. (λ(λ�↓−)↓)ε : A→ B → A

A,B ` �↓− : A

A ` (λ�↓−)↓ : B → A

∅ ` (λ(λ�↓−)↓)ε : A→ B → A

A first useful property is the following:

Proposition 12 (Well-Formedness)Typeable preterms are well-formed terms.
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Proof The functions
·∼ and ·

{
clearly enforce the constraints on well-formed

terms (Definition 1). ut

This type system corresponds to theλ-calculus simple type system (see for
instance [6]), whose judgements we denoteΓ `λ M :A, in the following sense:

Lemma 23
1. x1 :A1, . . . , xn :An `λ M :A =⇒ A1, . . . , An ` JMK[x1,...,xn] :A
2.A1, . . . , An ` t :A =⇒ x1 :A1, . . . , xn :An `λ LtM[x1,...,xn] :A

Proof By straightforward induction on the type derivation.ut

We also have the basic results expected from a simply typed calculus:

Theorem 9 (Subject Reduction)If Γ ` t : A and t  u thenΓ ` u : A (for
 ∈ { o, l, c}).

Proof By Proposition 10, the cases forλl andλc follow from the general case
of λo, which is proved by checking that each rule preserves type. We will only
illustrate the proof on the case ofApp1, the others being similar.

The situation is the following, whereρi =$, j = |ρ1..i|l, υ = φl(σ, ρ\i),
τ = ψ1(σ, ρ\i) andΓ = A1, . . . , An:

∆1 ` t : A→ B ∆2 ` u : A ∆ ρ
{
∆1

∆2

∆ = Γ1〈i/C〉 ` (t u)ρ : B Γ2 ` v : C Γ σ
{
Γ1

Γ2

Γ ` ((t u)ρ[i/v])σ : B

↓

Ω1〈j/C〉 ` t : A→ B Ω2 ` v : C Θ1
υ
{
Ω1

Ω2

Θ1 ` (t[j/v])υ : A→ B Θ2 ` u : A Γ τ
{
Θ1

Θ2

Γ ` ((t[j/v])υ u)τ : B

Then subject reduction is verified for this rule, provided thatΩ1〈j/C〉 = ∆1

Ω2 = Γ2

Θ2 = ∆2

Let’s writeLσ = {i |σi =$ or '}, Rσ = {i |σi =% or '} and [A]I =
Ai1 , . . . , Aim

if I = {i1, . . . , im} and(ij)j is increasing, so thatΓ = [A]{1...n}.
Then we have:

Γ1 = [A]Lσ

Γ2 = [A]Rσ

∆1 = [A]Lσ∩Lρ
〈j/C〉 sinceρi =$ andj = |ρ1..i|l

∆2 = [A]Lσ∩Rρ
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and on the other hand:

Θ1 = [A]Lτ

Θ2 = [A]Rτ = [A]Lσ∩Rρ by definition ofψ1

Ω1 = [A]Lτ∩Lυ
= [A]Lσ∩Lρ

by definition ofφl

Ω2 = [A]Lτ∩Rυ
= [A]Rσ

again by definition ofφl

Hence subject reduction holds forApp1. The other cases are similar.ut

Theorem 10 (Termination) If Γ ` t : A thent is strongly normalisable (inλo,
λl, λc).

Proof Since typeableλ-terms are strongly normalisable, this is a direct conse-
quence of Lemma 23 and PSN for the corresponding calculus.ut

6 An Abstract Machine for Evaluation

In this section we will exhibit a strategy which makes use of the explicit infor-
mation carried by director strings to efficiently reduce closed terms to weak head
normal form. Efficiency is measured with respect to the total number of rewriting
steps (not justβ-steps) and we will give experimental comparisons in Section 8.

Notice that the syntax of director strings allows us to identify the moment
when we have to copy a term, and we can reduce it before copying. In particular,
we may want to use the most general rules, in order to be able to reduce a term to
be copied to its full normal form, thus avoiding copying any redex. However, if we
do so, then open substitutions are allowed inApp3 as well, which means that terms
with free variables, i.e. potential redexes, might be copied. Our experimental tests
confirmed that restricting just that rule to the closed case, we obtain a strategy very
similar to closed reduction. This is because the propagation of an open substitution
is very likely to be blocked by this restriction. Thus, the best strategy we found is
based on the closed calculus, which is good news since it is also the simplest.

We cannot expect to reduce to full normal form with the closed rules, but some
open terms can still be reduced. Thus, our strategy to compute the weak head
normal form of a termt can be summarised as follows: we use the closed calculus,
which allows some extra reductions under abstractions, but we stop the reduction
as soon as we reach a weak head normal form oft. The extra reductions are done
only when we reduce a subterm to be copied, to share more work than in usual
strategies.

To formally specify this strategy we will interleave one strategy which reduces
underλ’s and one which does not. We thus define three mutually recursive rela-
tions:→w, →f and→. The last one will be the strategy we want to exhibit. The
relation→w is defined in Figure 4, which, together with the other two relations
below define the big-step operational semantics which the closed abstract machine
implements.

The reduction relation→w is used as a tool to define the other two and should
not be interpreted on its own, as it does not treat the case of an abstraction. Notice
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t → (λr)ε (r[u])σ → v
(Beta)

(t u)σ →w v

t → (λ−v)ε

(BetaE)
(t u)ε →w v

(Ax )
�→w �

t → v v 6= (λr)ε ∧ (v 6= (λ−r)ε ∨ ρ 6= ε)
(Arg)

(t uρ)σ →w (v uρ)σ

((t[vε])$|ρ|l u)ρ → w
(App1 )

((t u)$ρ[vε])σ →w w

(t (u[vε])$|ρ|r )ρ → w
(App2 )

((t u)%ρ[vε])σ →w w

vε →f v′ ((t[v′])$|ρ|l (u[v′])$|ρ|r )ρ → w
(App3 )

((t u)'ρ[vε])σ →w w

(λ(t[uε])$|ρ|+1
)ρ → v

(Lam)
((λt)↓ρ[uε])σ →w v

(λ−(t[uε])$|ρ|)ρ → v
(LamE)

((λ−t)↓ρ[uε])σ →w v

v → w
(Var)

(�[v])σ →w w

(t[(u[vε])$|ρ| ])ρ → w
(Comp)

((t[u])%ρ[vε])σ →w w

t → u (u[vρ])σ → w ρ 6= ε
(Subst)

(t[vρ])σ →w w

Fig. 4 The relation→w

that the(App3) rule calls the stronger reduction→f , which is defined by:

t →w v
t →f v

t →f v
(λt)σ →f (λv)σ

t →f v
(λ−t)σ →f (λ−v)σ

→f is the relation which reduces underλ’s (but not to full normal form).
Finally, → is the combination of the two other relations: we reduce to weak

head normal form, but we reduce more the subterms that will be copied.

t →w v
t → v (λt)σ → (λt)σ (λ−t)σ → (λ−t)σ

It may seem that the machine returns terms which are not weak head normal
forms (cf.(Arg) rule). In fact, the theory ensures that this is not the case: starting
from a closed term, the closed rules allow us to reach a weak head normal form
(see Theorem 7). Nevertheless, the(Arg) rule may be applied in a reduction of a
term to be copied, so it is indispensable.

The(Subst)and(Comp)rules call for a comment: the restriction on(Subst)(vρ

open) forces(Comp)to be used as much as possible before reducing to the left of a
closed substitution. Both intuition and experimentation confirm that this is indeed
the right choice.

Notice that each rule either corresponds to a closed rule (see Definition 9) or
focuses reduction on a subterm (corresponding to stack manipulations) and can
indeed be implemented in constant time.
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7 Reduction to Full Normal Form

We have presented so far a rather complex system to fully simulateβ-reduction
and simpler systems to reach only weak head normal form. If we were however
interested in computing full normal forms, which is the case for many applications
(e.g. partial evaluation or proof assistants), then we could of course use the general
setting. But this is not really satisfactory (it does not provide any guidance towards
an efficient strategy). On the other hand, we have an efficient strategy to reduce
closed terms to weak head normal form. The idea then naturally arises to use our
efficient weak evaluator to reach full normal form, in a way similar to [10].

The idea is to reduce a closed term to weak head normal form, then to distin-
guish the variable bound by the outermost abstraction in some way (to “freeze”
it), so that we can still consider the term under theλ as closed, and recursively ap-
ply the same process to this subterm. There are several ways to distinguish those
variables in the syntax. Below we present two natural alternatives.

7.1 With Names

If we choose to represent the frozen variables with names, we can avoid any com-
plex manipulation of the director strings to keep track of the paths to these vari-
ables. As a result, we obtain a rather simple system because we can use the usual
rules (for example the closed ones), where the frozen variables are just consid-
ered as constants and do not need any extra rule. Moreover readback into named
λ-calculus is then performed at the same time.

Formally, we extend the syntax of terms in the following way, whereσ ranges
over strings, andx ranges over variable names:

t,u ::= � | (λt)σ | (λ−t)σ | (t u)σ | (t[u])σ | x | λ′x.t

that is, we add named variables, whose implicit director string isε, and named
abstraction binding written asλ′x.t. We do not write any director string for this
abstraction, since we will always consider closed terms of this form.

Using a weak evaluation relation⇓w, we can then define reduction to full nor-
mal form⇓f .

t ⇓w (λt′)ε (t′[x])ε ⇓f t′′ x fresh

t ⇓f λ
′x.t′′

t ⇓w (λ−t′)ε t′ ⇓f t′′ x fresh

t ⇓f λ
′x.t′′

t ⇓w x (x variable)

t ⇓f x

t ⇓w (u v)ε u ⇓f u′ v ⇓f v′

t ⇓f (u′ v′)ε
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Notice that the last rule is used since we are now in a calculus with constants
(the named variables), and the weak head normal form of a term may be an appli-
cation (e.g.(x t)ε wherex is a named variable).

Proposition 13 (Correctness)Let’s writeũ for the readback of a reduced termu,
so ·̃ just transformsλ′ to λ and erases the remaining director strings. Then, ifM
is a closedλ-term:

JMK ⇓f u ⇐⇒ M →∗
β ũ irreducible.

Proof Assuming correctness of⇓w, the proof is easily adapted from [10] or the
more recent [20]. ut

If we want to reduce an open termt = tσ with |σ| = n, we first taken fresh
variable namesx1, . . . , xn and start the reduction from:

((. . . ((t[x1])$n−1
[x2])$n−2

. . . [xn−1])$[xn])ε

The reduction to normal form follows exactly the same strategy as the corre-
sponding weak reduction. Thus, for terms for which full and weak head normal
forms are the same, the two processes need the same numbers ofβ and total steps.
In particular, this strategy is much more efficient than the usual naive one.

Although we now have to deal with names and fresh variables during reduction
(which was not the case for reduction to weak head normal form), we still do
not have to deal with name capture andα-conversion. Also, the readback is now
simplified.

7.2 With Directors

The previous strategy performs readback at the same time as computation of the
normal form, which may, or may not, be wished. We can however implement a
similar idea using only directors, obtaining a result in this syntax. We just need
a way to distinguish between usual variables, and frozen ones, which correspond
to an abstraction outside of the term we actually want to reduce to weak head
normal form. This can be done in a quite obvious way: by introducing a new kind
of directors corresponding to these frozen variables. However, the frozen part of
director strings may be of any form, so we need to use the general rules on this
part. From an algorithmic point of view, this means that the cost of a reduction step
may be at most linear in the depth ofλ-abstractions in the resulting normal form,
which still seems reasonable. We do not go further on this point as the interesting
ideas have already been exposed in the previous section.

8 Experimental Results

One of the main motivations for this work is the desire to find more efficient im-
plementations of theλ-calculus. This interest is not simply to find minor tweaks
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(or optimisations) of existing systems, but rather to attempt a fresh start to un-
cover new strategies, and new machinery, which give asymptotic improvements
over standard techniques in use in implementations of functional languages. Con-
sequently it is essential that our strategies are implemented so that the ideas of
this paper can be backed up with some experimental evidence and compared to
existing evaluators.

It is difficult, if not impossible, to find a relevant measure to compare different
implementations. This point is even more pertinent when we are comparingpro-
totypeimplementations. Nevertheless, what we are able to do is to identify atomic
reduction steps for several evaluators. Although the algorithmic cost of a single
step may vary for each evaluator, the respective speed-up can still be examined.
The following benchmarks suggest that the strategies developed in the paper be-
have better than standard reduction strategies, and moreover offer some surprising
statistics with respect to some of the very best evaluators known to date.

We have two set of examples: one that belongs toλI in order to avoid the prob-
lem of erasing, and a small set ofλK terms to illustrate some specific behaviours.
The Church numerals are an excellent means to produce a panel of largeλ-terms.
We recall that Church numerals are of the formn = λf.λx.fn x and that appli-
cation corresponds to exponentiation:nm ≡ mn. We apply Church numerals in
our examples toI I, whereI = λx.x, which is sufficient to force reduction to full
normal form, and allows us to compare weak and full reducers. We also use the
combinatorsK = λx.λy.x andM = λx.λy.(K Ix)(K Ix y).

We compare our machines with standard call-by-value and call-by-name eval-
uators, and in addition to the optimal interpreter of Asperti et al. (BOHM [3]). The
latter result provides a comparison with the best known evaluator for such terms.
We show the total number of steps of these evaluators (including stack manipu-
lations). We show the number ofβ-reductions between round brackets, thus the
number shown for BOHM is the minimum number ofβ-reductions possible. The
results for the machines that reduce to full normal form are not shown, as they are
the same as those of the underlying weak strategies on these examples.

Term closed CBV CBN BOHM
2 2 I I 61(9) 78(11) 76(12) 40(9)
2 2 2 I I 140(19) 362(42) 471(60) 93(16)
5 5 I I 217(33) 29 723(3 913)31 250(4 689)208(33)
5 2 2 I I 832(109) - - 847(31)
2 2 2 2 2 I I 1 507 714(196 655) - - 1 074 037 060(61)
M (5 5 I I) I 266(42) 41(8) 31(8) 22(8)
K I (5 5 I I) 7(2) 29731(3915) 7(2) 4(2)

To put some of these results into perspective, we remark that the actual time
taken to compute, for example,5 2 2 I I using OCaml is around 5 minutes, and
around 3 minutes using Standard ML (both implementing a variant of call-by-
value). The results for both closed reduction and BOHM are essentially instanta-
neous.
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The main point that we want to make with the above table is that closed reduc-
tion, a simple implementation of theλ-calculus, clearly out performs traditional
strategies, such as call-by-value, and moreover is a serious competitor to highly so-
phisticated implementations, such as BOHM. The comparison with call-by-value
and call-by-name shows that allowing reductions under abstractions, which is es-
pecially easy with director strings compared to usual calculi, is crucial for both
sharing and efficiency.

The interesting point is the comparison on large terms. The results show that
our machine is able to reduce larger terms than the other machines, and the larger
the term, the better is our machine compared to the others. This hints that it allows
for a high degree of sharing (because the larger the term, the more possible shar-
ing). The last example of the first set shows that our machine eventually explodes
in terms of number ofβ-reductions compared to the optimal one but outperforms
BOHM in total number of steps, which is our notion of efficiency.

Besides this classical benchmark, we give twoλK terms to illustrate the fol-
lowing points:

– The closed strategy may perform more work than necessary, when every copy
of a term will be erased. The occurrence of such terms in practical situations
is however questionable. One could also combine the closed strategy with a
call-by-need strategy similarly to [16] to avoid this problem.

– Except for the previous situation, we may avoid doing useless work, as op-
posed to call-by-value for instance, i.e. we also have some of the advantages
of call-by-name.

9 Conclusion

We have presented a name-free syntax to represent terms of theλ-calculus with ex-
plicit substitutions, in a way that follows the usual intuitions about the operational
semantics of the propagation of substitutions. We have given a general calculus
on director strings which can fully simulate theλ-calculus, with rather compli-
cated rules. We then described an intermediate calculus, the local open calculus,
with very simple rules and still allowing open substitutions to traverse abstractions
without global rewriting. Finally, we derived the closed reduction calculus of [18],
which internalises the conditions on the original system [17].

These calculi were used as a basis to describe and implement abstract ma-
chines for weak and strong reduction (the latter was an open problem for director
strings). Efficiency was our main motivation, and we found in practice that these
machines are quite efficient on large terms and allow for a high degree of sharing.
In particular, they quite favourably compare to standard evaluators, which suggests
that more efficient implementations of functional languages andλ-calculus based
proof assistants are still possible.
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