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Abstract We present a name freecalculus with explicit substitutions, based

on a generalised notion of director strings. Terms are annotated with information
— directors — that indicate how substitutions should be propagated. We first present
a calculus where we can simulate arbitra@kyeduction steps, and then simplify

the rules to model the evaluation of functional programs (reduction to weak head
normal form). We also show that we can define the closed reduction strategy. This
is a weak strategy which, in contrast with standard weak strategies, allows certain
reductions to take place insideabstractions thus offering more sharing. Our ex-
perimental results confirm that, for large combinator-based terms, our weak evalu-
ation strategies out-perform standard evaluators. Moreover, we derive two abstract
machines for strong reduction which inherit the efficiency of the weak evaluators.

Key words A-calculus — explicit substitutions — director strings — strategies

1 Introduction

In the A-calculus, the operation of substitution used in fheeduction rule is de-

fined outside the system: it is a meta-operation (see [5]). In conegsifcit sub-
stitution calculidefine substitution with reduction rules at the same levet-as
reduction. Over the last years a whole range of explicit substitution calculi have
been proposed, starting with the work of de Bruijn [14] and Xhecalculus [1].
Although there are many different applications of such calculi, one of the main
advantages that we see in describing the process of propagation of substitution at
the same level g8-reduction is that it allows us to control the substitution process,
with an emphasis on implementation.
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There are different notations for substitution, or more precisely, for variables
in the A-calculus. Explicit substitution calculi can be classified as:

— namedwhen variables are denoted by nhames such gs. . .; and
— unnamedfor instance when numbers (also callediceg are used.

During the process of propagation of substitution, it may be necessary to per-
form a-conversion (i.e. variable renaming) to avoid variable capture or clash. Un-
named explicit substitution calculi are thus often preferred for implementation pur-
poses (although there are some exceptions, see for instance [33,17]). De Bruijn no-
tation [13] has, without doubt, become the standard name-free syntax for explicit
substitution calculi. The purpose of this paper is to define an alternative notation
for unnamed explicit substitution calculi, baseddirector strings

Director strings were introduced by Kennaway and Sleep [22] for combinator
reduction, which translated to thecalculus gives a system where no reduction
can be performed under abstractions. They were generalised in [17,18] in order
to defineclosed reductiorior the A-calculus (a weak reduction strategy which in
contrast with standard weak strategies allows certain reductions to take place inside
A-abstractions, thus offering more sharing). A further generalisation of director
strings was used in [35] to define strong reduction strategies fowtiaculus, and
to derive abstract machines suitable for reduction to weak head normal form and to
full normal form. In this present paper we define a calculus of explicit substitutions
with director strings in which any strategy of reduction in thealculus can be
simulated, and we explore the properties of this general director string calculus as a
rewrite system and also as a means to express efficient (weak and strong) reduction
strategies for the-calculus. We consider this important for several reasons:

— Director strings offer an alternative to de Bruijn notation [13] for unnamed
calculi. However, as for de Bruijn notation, the syntax is not as readable as the
corresponding named version. We will show that the general notation can be
simplified in some cases, for instance, closed reduction turns out to be a natural
restriction leading to a very simple rewrite system for weak reduction.

— Director strings are a natural notation for explicit substitutions from an op-
erational point of view: terms are annotated to indicate what they should do
with a substitution. Substitutions are only propagated to places where they are
needed, thus these calculi preserve strong normalisation (i.e\difeam is
strongly normalisable, so is its compilation). Other calculi preserving strong
normalisation are presented in [27,12] (see [29, 9] for counterexamphes in

— We provide a generalisation of the director strings introduced by Kennaway
and Sleep [22] for combinator reduction. With our generalised director strings
we can simulate arbitrarg-reductions.

We thus see the calculi presented in this paper both as an alternative syntax for
explicit substitutions and as a basis for more efficient implementations of-the
calculus. We present three calculi based on director strings. The first one, which we
call \,, is a general system where afiyreduction in the\-calculus can be simu-
lated. From a theoretical point of view;, has the desired properties (it is confluent,
preserves strong normalisation, fully simulates Xhealculus), however, from an
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implementation perspective, its generality is a drawback rather than an advantage.
In the other two calculi, which we cal; and)., reduction is restricted so that only
some evaluation strategies (which are efficient) can be simulated. In this dense,
and ). are weak, but not as weak as standard weak calculi. It is well-known that
standard weak explicit substitution calculi aveietonversion by allowing neither
reduction under abstraction nor propagation of substitution through an abstrac-
tion (see for instance [11]). In contrast, our weak calculi allow certain reductions
under, and propagation of substitutions through, abstractions. In this way more re-
ductions can be shared. Moreover we may use the explicit information given by
directors to avoid copying a substitution which contains a free variable, avoiding
the duplication of potential redexes.

We have implemented a family of abstract machines for weak and strong re-
duction based on the director strings calculi, and the benchmarks (given in Sec-
tion 8) show that the level of sharing obtained is close to optimal reduction [23, 19,
3] with considerably less overhead in many cases. Immediate applications of this
work include, on one hana-calculus/functional language evaluators (where weak
reduction is needed), and on the other hand, partial evaluation (also called program
specialisation) and proof assistants based on powerful type theories (where strong
reduction is needed).

1.1 Related Work

Our work is clearly related to the general work on explicit substitutions, start-
ing from de Bruijn’s seminahC¢¢ [14] (see [7] for a modern presentation) and

the Ao-calculus [1]. However, it is much more in line with the use of explicit
substitutions for controlling the substitution process in implementations of-the
calculus [2,36,21,24,31]. Our calculi are closeAto[26,27] than to\o [1] in the

sense that we do not have a syntactic construct for concatenation (also sometimes
referred to as composition) of independent substitutions. Nadathur's work [30,31]
is also concerned with efficiency and has some common points with ours (although
in a quite different framework): for instance, a variant of his calculus has condi-
tions of closedness on certain terms.

Efficiency and sharing in th&-calculus have been important topics in the last
twenty years. There is, in the literature, a wide range of mechanisms used for
sharing: environments [36], sharing graphs [4], calculi with explicit addressing [8,
24]. We use director strings and the mechanism of explicit substitution itself for
the purpose of sharing, i.e. we do not use any external machinery. While optimal
sharing [28] means optimal number @freductions, its implementation relies on
sharing graphs [23,19,3,4] in which a wealth of costly book-keeping rules are
necessary (see [25] for instance). Hence we will in this paper give to efficiency a
rather algorithmic meaning, or more pragmatically, we will count the total num-
ber of reduction steps necessary to reach a normal form, provided these steps are
elementary in some sense.

Director strings were introduced in [22] for combinatory reduction. A first gen-
eralisation was used in [18] for closed reduction, which was the starting point
of [35]. This present work is a substantially revised and extended version of [35].
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1.2 Overview

The rest of this paper is structured as follows. In the following section we provide
the background material and define the syntax of director strings. In Section 3
we present a general calculus where we can simulate arbjtreegduction steps.
Section 4 presents the simplified local open calculus, and the closed reduction
system. A type system for these calculiis presented in Section 5. We then use these
calculi to define several strategies: weak (Section 6) and strong ones (Section 7),
which we experimentally compare (Section 8). Finally, we conclude the paper in
Section 9.

2 Director Strings
2.1 Background

We briefly recall the basic ideas of director strings [22]. As a motivating example,
consider a term with two free variablgsz and substitutions for both of them:
((f(fx)[F/f])[X/z]. The best way to perform these substitutions is to propagate
themonly to the places in the syntactic tree where they are required. Figure 1(a)
shows thepathswhich the substitutions should follow in the tree, where the solid
line corresponds to the substitution férand the dotted line far.

(a) Paths (b) Annotated term

Fig. 1 Substitution paths and director strings

A natural way to guide the substitutions to their correct destination is given
in Figure 1(b) by director strings, which annotate each node in the graph with
information about where the substitution must go (on both application nodes the
first arrow-like symbol or director correspondsftand the second te). When the
substitution forf passes the root of this term, a copyfofs sent to both subterms,
and the) director is erased. The second substitution can then pass the root, where
it is directed uniquely to the right branch by the direc{oiNote that substitutions
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are copied only when they need to be: if there is just one occurrence of a variable
in a term, then no duplication is performed.

This simple idea works well when the substitution is closed (does not contain
free variables). Otherwise, as each open substitution passes a given node we must
add the additional directors for each free variable in the substitution.

We end this section by briefly recalling the analogy between director strings
and combinator reduction, as presented in [22]. The reduction rules f&, tBe
C, K combinators are the following:

Szyz > x2(yz)
Bxyz — z(y2)
Cryz—oxzy
Key —=x

whereS x y takes an argument and directs it to betandy; B = y takes an argu-
ment and directs it just tg; C = y takes an argument and directs it justtoand
finally K x takes an argument and discards it. Thus we can annotate the application
xy with the combinators, which correspond exactly to the direct®iis: A, B is

\, Cis /andKis — (see below).

2.2 Syntax

We assume the reader is familiar with thesalculus [5] and rewrite systems [15].
We recall that a reduction relatier is terminating (or strongly normalising) if all
reduction sequences are finite. It is locally confluert# « andt — v implies
that there existsv such thatu —* w andv —* w; we say thatu andv are
joinable in this cask If u andv are joinable with one-step reductions, the relation
is strongly confluent. It is confluentif—* » and¢t —* v implies that there exists
w such thaty —* w andv —* w.

We now introduce more formally the syntax of annotated terms. This syntax is
common to the different rewrite systems that will be described later.

Definition 1 (A-calculus with Director Strings) We define four syntactic cate-
gories:

Directors: We use five special symbols, called directors, ranged overhy:

1. “\ indicates that the substitution should be propagated only to the right
branch of a binary construct (application or substitution, as given below).

2. '/ indicates that the substitution should be propagated only to the left
branch of a binary construct.

3. ‘A’ indicates that the substitution should be propagated to both branches
of a binary construct.

4. ‘|’ indicates that the substitution should traverse a unary construct (ab-
straction and variables, see below).

1 _* denotes the reflexive and transitive closure-ef
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5. ‘=’ indicates that the substitution should be discarded (when the variable
concerned does not occur in a term).

Strings: A director string is either empty, denoted dyyor built from the above
symbols (so is of the form; as . . . ,, Where thew;’s are directors). We use
Greek letters such gso... to range over strings. The length of a strinds
denoted byo|. If « is a director, them™ denotes a string of’s of lengthn.

If o is a director string of length and1 < i < j < n, o; denotes the™
director ofoc ando.; = 01 ...0;-10i41 .. .0, is o Where thei" director has
been removedr; ; = o;...0; is our notation for substringges|; denotes the
number of/ and A occurring ino, |o|, the number of, and A, and|c|, the
number of directors thare not—.

Preterms: Leto range over stringsk be a natural number andl, u range over
preterms, which are defined by the following grammar:

t =07 (A)7 [ (tw)” | (t[k/u])?

We denote preterms Ity or t7 if we want to emphasise the director striag
Terms: Well-formed terms are preterms that recursively satisfy the following con-
ditions, wherd/ = (| |[-)*andB = (/| A |\ |-)*™:

Name Term Constraints

Variable |07 oceU, o, =1

Abstraction (\t?)? ocel,lpl=lol, +1

Application|(t? u*)? |0 € B, |p| = |oli, |v| = |o]»
Substitution(t’[k/u”])7|o € B, |p| = |oli + 1, |v| = |0l 1 < k < |p]

Remark 1For terms we use the same convention as for preterms, wiitorg”
depending on whether or not we need to mention specifically the director string of
an annotated term, as in the definition above. To sum up the naming conventions
in this paper, boldface lower-case letters designate preterms in general (hence also
well-formed terms), while normal lower-case letters designate preterms (or terms)
with their root director string removed, hence explicitly needing a director string

to form a preterm or term. Upper-case letters are reserved for terms of the usual
A-calculus.

We have a variety of different term constructs:

— O represents variables (a place holder),

— (At)? is an abstraction,

— (t u)? is an application,

— finally (t[k/u])? is our notation for explicit substitution, meaning that the vari-
able corresponding to thé" director int’s string is to be replaced by. We
will often write (t[u])? instead of(t[1/u])” when the substitution binds the
first variable.

The name of the variable is of no interest since the director strings give the
path that the substitution must follow through the term to ensure that it gets to the
right place; all we need is a place holder.
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In contrast with other explicit substitutions syntax, ours has explicit informa-
tion about duplication ) and erasing-). This is inspired by calculi for linear
logic, and will allow us a finer control on substitutions: we may reduce a subterm
more when encountering g thus taking advantage of the mechanism of explicit
substitution to share some reductions. There is an alternative presentation which
combines the director~’ with abstraction, using the notatigiA—t)? to indicate
that the bound variable does not occur in the terfihe resulting syntax is sim-
pler, and it allows us to erase terms as soon as possible. However, it does not allow
to defineg-reduction in full generality. We will discuss this choice again in Sec-
tion 4.

As with most\-calculi, we will adopt several syntactic conventions: we will
drop parentheses whenever we can, and omit the empty stunlgss it is essen-
tial.

2.3 Compilation and Readback

We use)\-terms with director strings as an intermediate language. We thus need
to provide a function to compile usuatterms into this syntax and another to
read them back. Notice that, as usual, we consider terms oftadculus modulo
a-conversion (renaming of bound variables).

The following definition of a compilation from the usualcalculus into di-
rector strings syntax indicates precisely how the strings and terms are built. We
use an auxiliary ordered ligty, . . ., z,,] in the compilation function to keep track
of the variable names corresponding to each director in the strings. Each step of
the compilation function goes down one node in the syntax tree of the term, and
computes the corresponding string using auxiliary functéoasdd. We denote by
fv(M) the set of free variables of theterm M. We use the standard notations for
the empty list and the cons and append operatipps:(: £ and( - ¢ respectively)
and abbreviate ::...::z, [ ] 0 [x1,...,2,] or Z. We denoté; the:" element
of alist/.

Definition 2 (Compilation) Let M be a\-term withfv(M) C {xy,...,z,}, its
compilation][M]z is defined as follows:

[«]z =0° where([z],0) = (33’)
Ae.M]z = (A[M]e)° where(l,o) = z)
[(M N)z = (IM]¢ [N]e) where((, £, ) = O, x(7)

el ={ {3020 DTSN bunerat. o) =6 (0

[
(x:0,0", /o)  ifzefy(
o)Wzt )\ o) ifaxefy(
HIL[,N(CL'..K)* (x::é’,m::ﬁ”,Aa) |f.13€fV(
0,0, —o) if zfv(

\fV(N)

\ fv(M) | where

NIV(N) [ (¢, 0", 0)=0nn(0)
Ufv(N)

M)
N)
M)
M)
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When there is no ambiguity, we use the notafidfi) z with the implicit assumption
thatfv(M) C &, and write[M] when the list is empty.

Remark 2 (Order of directorsin an abstractior(\¢?)?, the last director in the
stringp corresponds to the bound variable. This is reminiscent efGrsreversed
de Bruijn’s indexind10].

Example 1We show the compilation of someterms:

| = [Az.2] = (AOb)e

K= [Az.\y.2] = (AAO)b)e

S = M Ay Az (z2)(y2)] = AAA(@OH A (@O ) Ad) e
2 = [M Az f(f2)] = (AA@H @) A )A) e

In order to show that the result of the compilation is a well-formed term, we
need two auxiliary lemmas.

Lemma 11If (M N) is an application withfv(AM N) C {z1,...,z,}, then
GAI,N([xla Ce ,xn]) = (61762,0) wherel; = fV(M), by = fV(N), and\0| =n.

Proof Straightforward inductionon. O

Lemma 2 (Length of Strings) Let M be aA-term andfv(M) C {z1,...,z,},
then:

[M]z = u° where|og| =n
In particular, if M is closed therfM] has an empty director string);

Proof By induction onn.

Forn = 0, M is either an abstraction, in which case the compiled term has
director string|® = ¢ as required, or an application afid/ N)] = ([M] [N])¢
sincedn v ([]) = ([1,[], €) by definition.

Forn > 0 we distinguish cases according . The cases of variable and
abstraction are trivial. The interesting case is application. In this case, the property
is a direct consequence of Lemma 1

Proposition 1 (Consistency of Compilation)lf M is a A-term withfv(M) C &
then[M]z is a well-formed term.

Proof By induction on the structure of-terms. If M is a variable then the result
holds trivially. If M is an abstraction, then the result holds by induction\lfis

an application, it is a consequence of Lemma 1, the induction hypothesis, and the
construction ot in the definition ofd. 0O

Since we prefer to think of this calculus as some form of intermediate lan-
guage, we also provide a notion of readback, which simply puts names back in.
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Definition 3 (Readback)Lett = ¢t be a term wher¢s| = n, and letzy, ..., z,
ben fresh variables. We define the readback @ (t)(, ... .., where the read-

back function (which uses an auxiliary lisf of A-terms) is defined as follows:

(@) =M where[M] = . (M)
((A£)7) 7 = )“T'(]tDHU(M-[x]) wherez is fresh
(tw)) g = (the (u)er where(¢, ') = ~, (M)
1tk /a)) )iz = Wier,. s b . ) WHETE(E, ) = 75 (M)

re([1) =[]

Klo(M 2 0) =M = k,(£)

Feo(M :: 0) = ko (L)

Ye([) = (][]

Vio(M i 8) = (M 0, 0")

WolM ::l) = (', M 0") where(¢',0") = v, (¢)

Ypo (M 2 l) = (M 2 0/, M :: 0")

Voo(M 2 4) = (£, 0"

Notice that in the case of a variabl&# we must haves|, = 1 since the termis
well-formed, hencec(,(M) is a singleton. Also note that the auxiliary lisf may
contain arbitrary\-terms, and not necessarily only variables as in the compilation.
This makes it possible to complete substitutions in a thorough and elegant way: we
only put them in the list, and the terms will be guided to the right places, thanks to
the directors. More precisely:

(]tl)[th,wn]{xi = MZ} = (]tD[.'Ela--«w'I:ifl1Mi7wi+l;-<~7$n]

whereM {z — N} is our notation for implicit substitution (the meta-operation of
substitution in the\-calculus).

Example 2We give two small examples of the readback procedure:

(AOHe) = Az.(0Y) [y = Azz
(AANEH@ ON)A)A)N) = Az Ay ((OH(@F O )M gy
=z \y.z (zy)

To prove that the readback function is well defined we use the following lemma:

Lemma 3If |o| = nand M, ..., M, are A\-terms then

—length(kq ([My, ..., M,))) = |o|, if o € U;
Yo ([My, ..., My]) = (¢,¢) wherelength(¢) = |o|; andlength(¢') = |o]..

Proof Straightforward induction on. O

Lemma 4 During the readback of a well-formed term, the readback procedure is
only called under the fornt”),,,

.....
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Proof By induction and Lemma 3. Each step of the procedure adjusts the length
of the auxiliary list according to the constraints on well-formed terms (see Defini-
tions 1 and 3). O

Proposition 2 (Consistency of Readbacklf ¢? is a well-formed term witho| =
nandzy,...,z, aren fresh variables thet?),, .. ., is a \-term.

Proof We prove the more general property:

If t° is a well-formed term|o| = n and M, ..., M, are A-terms, then
(7D 1asy,.... 0] 1S Well-formed.

This is proved by induction of, using Lemma 4. The case of a variablé
is trivial since|o|, = 1 by well-formedness. For an abstraction, application or
substitution the result follows directly by induction and Lemma 4.

The compilation and the readback function are inverses magilonversion.
To prove it we use the following auxiliary lemma:

Lemma5 —¢&y([z1,.-.,20]) = (¢, 0) impliesky ([z1, ..., 2,]) = 4
- (QM’N([LL‘l, ey l‘nD = (El,gg,d) implies%([xl, . 733n]) = (gl,fz).

Proof Straightforward inductionon. O

Proposition 3 (Inverses)f M is aA-term withfv(M) C &, then([M]z)z =o M.
In particular, if M is a closed\-term, ([M]) =, M.

Proof By induction onM.

— Variable:
([x]z)z = « as required.
— Abstraction:
([(Az.M)]2Dz = (A[M]e-(2))7Dz = Ay.([M]e (2)) ey, using Lemma 5, where
(¢,0) = &xe.m (Z). By induction, this isx-equivalent to\z. M.
— Application:
(][[M N]]j‘Dj‘ = (]([[Mﬂg/ [[N]]eu)o-[)f, Where
(ﬂ’,f”,a) = QJV[,N(f)-
By Lemma 5 and the definition of readback:

(([M]e [NTer)?Dz = (([M]e)er (INTerDer)-

The result then follows directly by induction.d

3 The Open Calculus

We will now give the reduction rules that will allow us to fully simulate the
calculus. This calculus is callexpen(,) in contrast with the calculus for closed
reduction(\.) defined in Section 4.3, which is simpler but does not fully simulate
(-reduction.
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3.1 TheBetaRule

We need &Betarule to eliminates-redexes and introduce an explicit substitution
instead. In a compiled terifi¢”)? the variable bound by the abstraction is deter-
mined by thdastdirector inv (see Remark 2), and| = |p|, + 1 according to the
constraints in Definition 1. Since may contain erasing directors-Y which we
have to preserve, we move them up to the director string of the substitution:

[Beta] (W) W) ~ (tph+1/ )’ wherer = 4y(a,p)]

with:

vp( €, €)= €

Yo(\ o, p) =\ (o, p)
(Lo, | p) = /w(o,p)
YA, | p) = Avu(o,p)
Yo(—o,  p)=—vu(o,p)
"/)b(\/ ag, 7p) = *¢b(07 P)
wb(A g, _P> - \/ ¢b(0» p)

Remark 3f the function is closed (i.e. has an empty director string), then the sub-
stitution binds the first (and only) variable tiffand we simply have:

((A6) 1)~ (t[u])”.

Based on this idea we will define a simplified system for the evaluation of closed
terms in Section 4.

3.2 Propagation Rules

We need rules to propagate the substitutions created [Betseule defined above
in Section 3.1. The directors indicate the path that the substitution should follow:
we will need a rule per term construct and possible director.

To understand how the rules for the propagation of substitutions are defined,
consider a simple case: an applicati@nu)/# with a substitution concerning the
first variable, i.e. we havé(t u)‘*[v])?. The substitution should be propagated
to the left branch of the application node as the direg¢tordicates. Therefore we
need a rule of the form:

(Appr) ((tw)/?[v])7 ~ ((¢[v])” w)”
Let's try to findp’ ando’. Suppose that a (closed) substitution is applied to the
left and right hand-sides of the above equation. If, for example, p =/, then
the substitution is fox on the left, so we must have = p’ =/ to ensure that
the substitution is also guided towartl®n the right. Ifc =/ andp =\, then it
is to be directed towards, and we must have’ =\ andp’ is not concerned (say
p' = € here). Finally, ifc =\, the substitution is fox, and we writes’” =/ and

p=\.
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Name Reduction Cond.

Var |[(O°[i/v"])° ~o VT wherer = 7' (o, v)| pi=]

App, |((t u)?[i/v])” o ((t[1/v) w)” pi=/
wherev = ¢y(0, p\;), 7 = ¥1(0, p\), J = |p1..s

App, [ (6 w)°[i/v])” o (t (ulk/v])*)" pi=\
wherew = ¢,(a, p\;), 7 = 2(0, p\i), k = |p1.il»

App [(w)[i/v)7 e (/v (alk/v]))T pi=\
wherev =¢(a, p\;), w=¢r(0, p\;), T=%3(0, p\i), F=p1.ili, k=|p1. il

Lam [((A)°[i/v])° o (A[i/v])"Y)T pi=|
wherev = ¢q(0, p\;), T = Pa(o, ;)

M((t[j/lﬂ)”[i/v})" o (tl/(ulk/v])¥])T pi=\
wherew = ¢ (o, p\i),T = 2 (o, p\i)v k=lp1.ilr

Eras#(t"[i/v])" ~e o T wherer = 7 (o, p\;)|pi= —

Fig. 2 Propagation Rules?

o1 p1||Pt|Pr |1 |2 |3 | o1 p1||Ya|Pa|Ps
NoelIVIVIZ VAL Nvoell LIV
VARV N VA VS VR IV AV VAR B IV v
VARVA VA N VA IV IV V] AL LIATA
L AL ATALA LA —€ell—-|€e|—
A NINVIATATY AN /=l —l€el—
A JIWAINILTATALY A — VL
A AA|ATATATA|A
— €llelel—=|—|—|—-
/ —llelel—=1—|—|—
A =IINIVIZ VA=

Fig. 3 Functions used in the Propagation Rules

We obtain most of the propagation rules in the same way. Notice that not every
combination of directors is to be considered, as some of them do not correspond
to well-formed terms. Figure 2 shows the $bf propagation rules.

The various functiong andt used in the propagation rules just compute the
ad hocdirector strings. They are generated recursively in the same way as above
from the tables in Figure 3.

For example:
(€, €= €
oi(\No, p)=\ (o, p)
di(/o,\p)= ¢i(o,p)

&u(L o, [/ p) = /o, p), etc.
The functionr used only in théraserule adds a new directoer for every free
variable of an erased term, and can be paraphrased from Figure 3 in the following
way (« is any director):
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(€ €= ¢

7\, p)= (o)
7(/ 0 ap) = an(op)
r(ho,ap) = an(,p)

The functionz’ used for theVar rule performs a similar joba( is not in Fig-
ure 3 because it does not follow exactly the same pattern):

(€ €= ¢

7' (\ o,av) = an'(o,v)
' (/o, v)=—7'(o,v)
(Ao, av) = an'(o,v)
(-0, v)=—7'(o,v)

These rules deserve some explanations:

— TheVar rule is the simplest. When the substitution reaches such a place holder
with a corresponding directqy, we know that it is indeed the right variable
(because the substitution has been guided there earlier and is not erased). We
know thatp,, = —" if the term is well-formed so that both-" and / in o
should result in a=' in 7 to ensure that the erased variables are preserved.
Moreover we do not need to inspegcin the computation of.

— The rules for application are the main rules here. Depending; pthe sub-
stitution is guided to the left or right, or copied App; only when there is
more than one occurrence of the given variable. The new director strings are
computed byad hocfunctions fromo and p (omitting the:™ director of the
last one).

— Surprisingly, the rule that allows an open substitution to pass through an ab-
straction Lam) is simple. This is quite remarkable, as this is especially diffi-
cult in usual calculi. For example, it requiresconversion in a calculus with
names.

— The Comprule is the counterpart oApp, in terms of substitution instead of
application. We could have written composition rules for substitutions similar
to App. and Apps, but the substitutions would then be allowedaeertake
(i.e. their order would not be preserved), which means that the system would
trivially fail to preserve strong normalisation.

— TheEraserule applies to a substitution in any term construct, provided the di-
rector corresponding to the substitutionis.' Then the substitution is simply
discarded and new-"’ directors are added to take into account possible free
variables of the discarded term.

We have a small number of propagation rules in comparison with standard explicit
substitution calculi. However, our rules require non-trivial syntactical computa-
tions on director strings when we consider arbitrary substitutions. The system can
be drastically simplified if we impose some restrictions on the substitutions, as we
will see in the next section. Note that the conditiongrin the rules has been ex-
ternalised only to improve readability and is of course a simple pattern-matching.
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Example 3We show a reduction sequence using this calculus. Considartren
Az.(Ay.y)z which contains a single redex:

[Aa.(Ay.y)a] = (AT TN v (AOHON)Y)E w0 AOH = [Az.a]

Note that an encoding into combinators, using director strings as presented in [22],
would not allow this redex to be contracted, and thus if used as an argument could
potentially be duplicated. In this sense, our calculus offers a generalisation of the
director strings of [22].

3.3 Properties

Lemma 6 (Preservation of Well-Formedness)f ¢t is a well-formed term and
t7 ~, u”, thenu™ is a well-formed term, moreovés| = |7|.

Proof We have to prove that each rule produces a well-formed term with a director
string of the same size. The proof is laborious but not difficult, and we omit the
details. O

The process of propagating a substitution to the corresponding leaves in the
tree associated to the term, using the rule®jrs terminating: each rule either
erases the substitution or moves it down towards the leaves. Formally, we prove
the termination ofP by using an interpretation function. This function computes
the lengths of the paths to be traversed by a substitution to reach the corresponding
leaves. We call it thelistanceof a substitution.

Definition 4 (Distance) The distance associated to the substitutjifv] in the
term (t[i/v])? is computed by the functidun[i/v]| defined by induction on as
follows:

07[i/v]] =1
|(A)7[i/v]| =1 (if o = —)
() [i/v]| =1+ [¢[i/v]] (it o =)
[(tw)?[i/v]| = |(t[i/a])?[i/v]] = 1+ |t[k/V]| (if o =/,

k computed as in Fig. 2)
|(tw)?[i/v]] = |(t[i/u])?[i/v]] =1+ [ulk/V]| (if o; =\,

k computed as in Fig. 2)
[(Cw)?[i/v]| = [(t/ua])7[i/v]] = 1+ [6[k/V]| + [u[k'/v]| (if o =A,
k, k' computed as in Fig. 2)
[(tw)?[i/v]] = |(t[/u])?[i/v]| = 1 (if oi = )

Proposition 4 (Termination of Propagation) The setP of propagation rules is
terminating.

Proof We define an interpretation that associates to eachtt@multiset with an
elementu[i/v]| for each subternfu[i/v])? occurring int. Each application of a
propagation rule decreases the interpretation of the term:ValeandEraseerase

one element of the multiset, and in the other rules one element is replaced by one
or two strictly smaller elements.O
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It is easy to see that using the propagation rules we eventually reach a pure
term (i.e. a term without substitutions):

Proposition 5 (Completion of Substitutions)Every term has &-normal form
which is a pure term.

Proof We prove by contradiction that any term of the fofm:/v])? can be re-
duced by a rule irP. Assume there is a counterexample, and take one of minimal
size:(t[i/w])?. Consider all the cases for If t is a variable, application or ab-
straction obviously we can apply a rule frgfn If it is a substitution(t’[j /u’])?,

then it is reducible (by the minimality of the counterexample)l

Lemma 7 (Local Confluence of Propagation)The setP of propagation rules is
locally confluent.

Proof P has seven critical pairs, all witGomp In the version of the calculus
without the director for erasing (Section 4), they all easily converge. But here, the
pairs reduce to terms where the erasing may occur at two different levels, and we
need to go one step further with the corresponding rule to flatten these two strings
to one, and obtain syntactically equal terms. Of course, this makes the proof rather
tiresome, due to the definition by cases of the functions involved in the rules, so
we only give the details for th€ar/Comppair, as the other critical pairs can be
dealt with in a similar way.

Comp

(@G /u"))Pli/v1)? O/ (u” [k /v

Var l l Var

(u?[i/v])? (u”[k/v])"

~.

?

with the conditionsy; =/, p; =\ and the intermediate results:
k= |p1..i|7‘7'7 =7'(p, V)a T= '(/)2(07 p\i>7w = ¢ (o, p\i)a = 71'/(7',(4}).

The two terms may be syntactically different, the only difference being that
directors =’ may have been added #in the left term and in. in the right term,
so at different levels. Fortunately, these terms are n@-imormal form (thanks
to Proposition 5), and we know that anoth@srule may be applied at the root
of both terms. (There is one case where we can't, but then wedtave* v’
where we can reduce at the root and= u™ (») ~»* /7' (».¥") ‘and the situation
is similar). It is indeed the same rule for both terms, because the unlabelled term
to the left of the substitution is the same and= vy, which comes from the
following observations:

(i) '(p,v) is well-defined if and only ifv|=|p|,;
(i) if |v|=1plr 1<i<|p| andk=|p1_i|r, 7' (p1.4, V1) IS @ prefix ofr’ (p, v);
(i) it [v[=plr, |7 (p, v)[=pl;
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(V) if [v|=lplr, 1<i<|p| andk=|p1_ilr, (7'(p, V) ; = 7' (p1.is V1. k)-

(i), (ii), (iii) are clear from the definition ofr’ and (iv) is a direct consequence
of (ii) and (iii). As a corollary, we have indeed from (iv), back to our case, that
Vi = Vk and(ﬂ'/(p, V))\,L' = W/(p\z'v V\k)' (*)

Now, to prove that the terms are equal after this (unknown) reduction, we just
need to show thaﬁ(07 fY\i) = f(/’ba V\k) for f € {(blv (bra ¢da wla 1#2’ ¢3, Ya, T, ﬂ-/}
and|yi_ilr = (Vi &l 716l = Vi ikl

This job is of course awfully tiresome and we will omit most of it. We will
however deal completely with one case, gay which means that our unknown
rule was in factApp,, and we want to compare the outermost director strings of
both terms. We thus have to compape(c,,;) and; (u,v,,) for every valid
case, i.e. for every case that corresponds to initially well-formed terms:

o py Va1 (o v )| T w] et (, vg)
\ € €€ / VIV /
VARVEERVEIIRY \ VS \
SN LY / \ /Y /
VARV - Vi -
AR e N M
L= el=| = |-

— € €| e - —lel— -

Note that we compute,; from p, ; andv, ;. thanks to(x).

The table above shows thatdf p, v are as defined in a well-formed term,
Y1(o,7,) = ¥1(p,v,,) (cases with\, have been omitted but are similar), hence,
after the application of aApp, rule to both terms of the critical pair, their outer-
most director strings are the same. A similar proof witkvould allow to conclude
that these terms are indeed the same, which concludes this case. All the other cases
are similar. O

Local confluence and termination imply confluence, using Newman’'s Lem-
ma [32].

Corollary 1 (Confluence of Propagation)The setP of propagation rules is con-
fluent on)\,-terms.

As a consequence of confluence (Corollary 1) and termination (Proposition 4),
the setP of propagation rules defines a function from a terta its unique normal
form, denotedP(t). The following lemma shows th& implements the meta-
operation of substitution in thg-calculus: to computd/{z — N} we compile
M, compileN, create an explicit substitution, and normalise it viith

Lemma 8 (Substitution) Let A/ and N be M\-terms. Lef[M]z = t*, [N]y = u.
Letp’ = p— andi = |p| + 1 if x ¢ &, otherwisep’ = p and: is the position of
xin & Then(P((t*'[i/u])?))z = M{z — N} (whereZ,7, Z,o are adequately
chosen).
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Proof By induction onM. If M is a variable we distinguish two casesMif =
y # = we obtain the required result using the ridese otherwise we us¥ar.
The case of an application follows directly by induction using rlles;, App,
App; or Erase For an abstraction we use the induction hypothesis and kales
orErase 0O

Reduction in\, is sound with respect to thecalculus, in the following sense.

Proposition 6 (Soundness of\,) If t ~», u then(t)z —% (u)z. In particular:

1.ift ~p uthen(t)z = (u)z and
2. ift is aP-normal form ther(t)z —3 (u)z.

Proof The resultis trivial if the reduction step uses a ruléinsince the readback
function performs the substitution. Note that

(]tD[.'L'l,..471,'7;71,Mr57li+1,<..,.’ljn] = th[ll7,‘Ln]{I'l = Mz}

Assume we use thBetarule. We proceed by induction dn The only interesting
case is when the reduction takes place at the rotitlofthis case = ((Aw)? v)?
andu = (w[|p|, +1/v])". By definition of readback(t)z = (Az.(w)z)(v)z,
whereZ, i, Z are the corresponding lists of free variables. There is therefgre a
reduction step(t)z — g (w)g{z — (v)z} = (u)z by definition of readback. Note
that in the general case tHetaredex might occur in a substitution and it might
be copied or erased by the readback function, tfiis —7 (u))z. In particular, if

t is aP-normal form then(t)z — 4 (u)z Sincet does not contain substitutions.
O

We also have a Simulation Theorem which shows the completenagsath
respect tg3-reduction.

Theorem 1 (Simulation) Let M be aA-term withfv(M) C Z. If M —g N, then
there existar such thatffM]z ~* uand(u)z = N.

Mﬁ,N
: A

[1: ()
\J :
t--->u

s ¥
o

Proof Since the compilation function (Definition 2) transforms applications into
applications and abstractions into abstractions, it is clear thit ifas ag-redex
then[M] z has aBetaredex. We proceed by induction @d. The only interesting
case is when thé-reduction takes place at the root df. In this case M =
(Az.M') N"andN = M'{z — N'}. Using the compilation function, we get:

— [Az.M']z = (Ar)” wherer = [M'] 5
- [N]z=w
- [[MH:E‘ ~ Beta (r[l/w])a
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Using the Substitution Lemma (Lemma 8) we obtain the required result:
(r[i/w])? ~> uwith (u)z = N.
The reduction steps in the latter reduction are afPin O

Remark 4in general, we do not have = [N]z (which would be stronger). For
instance[A\zy.((\z.y) )] = AA(ADH)IOHMY) e wx (AAO~Hbe, and
(AAOHHe) = Azy.y, while [Azy.y] = (A(AOY)7)e. Intuitively, there are

two different levels where we may say thashould be erased. The compilation
function makes the canonical choice to put this information at the highest possible
level, i.e. right below the correspondirig but it may also happen that a variable
disappears “at runtime”, as in the example above. Then we could of course add a
rule to make the erasing director go up until it reaches its canonical position, so that
we would indeed have = [N]z. But this would be useless, and this is exactly
what the simulation theorem says: we may have different internal representations
corresponding to the same term in the course of reduction, but we do not care as
long as we can still correctly read backderm at the end of the reduction. Hence
although seemingly weaker than one could expect, Theorem 1 is exactly the right
property for an intermediate language that cleanly separates the readback from the
reduction rules.

In order to prove confluence df,, we need some extra lemmas. Let’s define
t —p uif t, uare inP-normal form and ~ ge~3 .

Lemma 9t ~, u= P(t) =% P(u).

Proof Obvious ift ~p u. If t ~ g, 1, the interesting case is when reduction is
at the root. Therf(At)? v)7 ~>petq (t[lpl +1/v])™ and((AP(t))? P(v))° —p5
P(P®)[pl+1/P(V)]))7) =P(u). O

Lemma 101f t —p uthen(t)z —s (u)z (one step).
Proof Direct consequence of Proposition &1

According to the relatior- g onP-normal forms of\,-terms, we may define
the notions of residuals and developments as inMualculus (see [5]). Then
clearly by Lemma 10, to a residual ofaccording to— 5 corresponds a residual
of (t)z using— 3. We hence have a Finite Developments Theorem-gr:

Lemma 11 (FD for — p) If t is aP-normal form, all developments dbhccording
to the reduction— g are finite.

Proof Assume an infinite development @f, 7) wheret is a\,-term inP-normal
form andF a set of— g-redex occurrences of

t—pti—=p--—pt, =p- -
Then we have by Lemma 10:
(thz —5 (t1)z —p - —p (ta)s —5 -

where every step is a residual of a redex corresponditfg ince the\-calculus
satisfies the Finite Developments Theorem [5], this is impossihie.
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A complete development dt, F) is a development oft, ) such that there
is no residual ofF after it.

Lemma 12 All complete developments @f ) with — 5 end with the same term.

Proof Assume that —5 u andt —pg v are the first steps in two complete de-
velopments oft, F), obtained by reducing redex¢s and f> respectively. Then,
by definition of— 3, u andv areP-normal forms, and there are termSandv’
suchthat ~ e, u' ~5 u=P(u') andt ~pesq v/ ~5 v =P(V').

If the Beta-redex reduced is the same in both cases, then obviousiyw be-
causevp is confluent. Let's assume th#t, fo € F are differentBeta-redexes.
Thenu andv can be joined using Lemma 9, as shown in the following diagram,
where /17 denotes theBeta-reduction of the residuals of; relative to f;

Beta
(see [5)]):

f1 *
PSS
t Beta 11/ -

) |
f2 v 2/ ‘
Beta | Beta :

Y v |
A > S ‘=5
filfz2 ~_ ‘
Beta \\L&% :
* D
P SN
v Y
A » P(s)
*
B

Note that the ruleBeta is left-linear and only superposes trivially with itself,
which guarantees the existence of the teen@d P(s) obtained by developing

(t, {f1, f2}).

Lemma 11 and Newman’s Lemma [32] complete the proaf.
Lemma 13 — g is confluent.

Proof Definet —p u if uis a complete development ¢f, ) according to—p
for someF. Then:

- ==
— —p is strongly confluent: it —p t; (with 1) andt —pg ts (with 7),
then letts be the complete developmentiofvith 7, U F>. t ~—p t; results
from a partial development dt, 7; U F»), hence by completely developing
the residuals ofF; U F; in t1, one obtains by Lemma %2 — g t3. Similarly
to —p ts.
O

Theorem 2 (Confluence)lhe calculus\, is confluent.
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Proof The situation is the following:

o ®
t —2> u

|
s ¥ RN
o o
v
V- w

s ¥
o

We use the interpretation method. By Lemma&P9t) —%5 P(u) andP(t) —7%
P(v). By Lemma 13, there exist& such thatP(u) —% w andP(v) —% w.
And since—;C~~?, the derivationsr ~~} P(u) ~} w andv ~* P(v) ~i w
conclude the proof. O

The confluence property above is sometimes cajiedind confluencén the
terminology of explicit substitution calculi, since it applies to terms\jnrather
than terms with metavariables of the rewrite system. Another property that has
been extensively studied for explicit substitution calculi is the preservation of
strong normalisation (PSN): a calculus of explicit substitutions preserves strong
normalisation if the compilation of a strongly normalisakierm is strongly nor-
malisable (see [29] for a counterexample Jor, and [27,12] for calculi satisfying
PSN). Thanks to our limited form of composition (the ré@demponly allows to
move a substitution inside another where the substituted variable does agcur)
preserves strong normalisation. Our proof of PSN is inspired from thgt §27].
We first define a notion of minimal infinite derivation and external reduction. Intui-
tively, a derivation is minimal if we always reduce a lowest possible redex to keep
non termination, and a reduction step is external if it does not take place inside a
substitution. We denote by ..., a Betareduction at positiop, and by~-, , an
arbitrary )\, reduction at positiomp.

Definition 5 (Minimal Derivation) An infinite\, sequence of reductions
ty ~ Beta,p1 tll W’?J R 7} ~ Beta,p; t; W;(? cee

is minimalif for any other infinite derivation

li * *
tl ~ Beta,p1 tl Mot tz ~*Beta,g U ~*p "

we havey # p;p’ for everyp'.

In other words, in any other infinite derivatiom, andq are disjoint org is above
pi, which means that thBetaredex we reduce is a lowest one.

Definition 6 (External Reduction) The setEzt(t) of external positions in the
termt is defined as follows, wher& denotes the root position andX denotes
{z-y|y € X}if X is a set of positions:

Ext(O7) ={A}

Ext((At)7) = 1Ext(t) U {A}
Ext((tuw)?) = 1Ezt(t) U2Ext(u)U{A}
Ext((t[k/u])?) = 1Exzt(t) U {A}
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A reduction stegg ~+,,, uis external ifp € Ext(t), otherwise it is internal. We
write t ~&* u (resp.t ~"' u) to emphasise that a rewrite is external (resp.
internal).

Lemma 141f t ~> gy, u is an external reduction step the) z eg (u)z. In
particular (t)z # (u)z if (t)z is strongly normalisable.

Proof The termt contains éBetaredex, and since it is external it is obviously not
erased in the readback (see Proposition 6). Hﬁtmiee; (u)z. O

Lemma 15If there is an infinite derivation
t~op b o o v g v by
in which all theBetasteps are internal, then there exists another infinite derivation
t ~op Up v Ug v, Ug ~op Uy - - -

in which the rewrites front to u; are the only external ones (i.all steps are
internal fromu;). Moreover, the transformation preserves minimality.

Proof It is sufficient to prove that ifi ~*' v ~¢* w in a minimal derivation
thenu ~¢ v/ ~* w preserving minimality. The proof is by induction on
the structure ofu. If the external rewrite does not take place at the root position
then the result follows by induction. If the external rewrite takes place at the root
of u, then the rule applied is i® by assumption, and thereforeis a term of the
form (t[i/v])?. We distinguish cases according to the rule applied. If the rule is
Var, Appi, App:, Lam or Compthe rewrite steps commute. If the ruleApp; the
internal rewrite is replaced by two internal rewrites. If the rulEiasethe internal
rewrite is not needed.

The termination ofP (Proposition 4) ensures that there are a finite number of
external steps ~+3 u;, completing the proof. O

We will prove a result which is slightly more general than preservation of
strong normalisation and will also be used to prove the termination of typeable
terms in Section 5.

Proposition 7 If (t) z is a strongly normalisable-term thent is strongly normal-
isable in),.

Proof For a contradiction, assume that there is an infinite reduction sequence start-
ing fromt. We show that there is an infinite derivation g} z. For this we con-

sider an infiniteminimalreduction sequence, which contains an infinite number of
applications oBetasince the propagation rules are terminating:

t “""j}; t1 ~ Beta t2 “’"’7) t3 ~Beta ta- -
By Proposition 6:

(t)z = (t1)z —5 (t2)z = (ts)z —5 (ta)z- -
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and since(t))z is strongly normalisable by assumption, there exissuch that
foralli > k, (t;)z = (t:+1)z. Hence, by Lemma 14, all ti@etareduction steps
after that point are internal, and by Lemma 15 we can assumalthié reduction
steps aftet,, are internal. There is therefore a subterfiyv] of t; with an infinite
reduction sequence out of But this substitution was created by a previ@eta
step, which contradicts the minimality assumptioim

Theorem 3 (PSN)If M is a strongly normalisableé-term withfv(M) C & then
[M]z is strongly normalisable ir,.

Proof Direct consequence of Propositions 7 and 8.

4 Simplified Calculi

We now have a general framework to simulateXhealculus with a director strings
notation. However, our aim is to search for new efficient reduction strategies, so we
may give up completeness if we can gain some efficiency and simplicity, provided
that we are still able at least to reduce closed terms to weak head norm3) form
which is the widely accepted minimal requirement for-avaluator, such as found
in functional compilers and interpreters.

We will thus introduce two new calcul; and A, (with reduction~~; and~~.
respectively) on the same terms, which will be simplifications (specialisations) of
Ao By definition, the following relation will hold:

*
M—)CCWZCWO

so that, for instance); and . will inherit properties of termination of,,.

From an algorithmic point of view, the rewrite rules df cannot be consid-
ered as constant time operations, because we have to access directors at arbitrary
positions in strings, and the computation of the new director stang#ori seems
to require a time linear in the size of the original ones. In contrast withthe
calculus),; performs onlylocal reduction steps. In other words, is a restriction
of A\, where the rewrite rules make only local modifications in the director strings.
It is the most general sub-calculusXf with such a property.

The calculus). is a restriction of\; which implements alosed reduction
strategy This is the most interesting calculus from an implementation perspective,
as our benchmarks show (see Section 8).

We will first define the common syntax fog and \., then we will give the
two sets of rewrite rules defining these calculi, focusing on the propertias of
(the proofs for\; are similar).

2 A \-termis in weak head normal form ifit is either an abstraction or a nested application
ultimately beginning by a variable, i.e. any term not beginning by a redex.
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4.1 Syntax

Definition 7 (Simplified Terms) In this section, the syntax is slightly different:

— The directors are/, \,, A and | only (— is no longer a director).
— Preterms are defined according to the following grammar:

ta=01 (A)7 | (AT6)7 [ (tw)” | (t[u])”

where(A~t)? is an abstraction where the bound variable does not occur in
and (t[u])? is a substitution for the first variable afonly.

— Terms are preterms satisfying the constraints given in Definition A fptak-
ingd =|*andB = (/ | A | \)*. Note that now variables do not have
a director string. Moreover, abstractions have the following additional con-
straint:

(A7t7)? is well-formed ife € U and|p| = |o]|

The new set of terms can be seen as a subskj-térms using some abbrevi-
ations:

Proposition 8 (Syntactic Equivalence)The following mapping from simplified
terms to\,-terms is injective.

We will hence sometimes feel free to identify simplified terms\yiterms (i.e. to
omitJ).

4.2 The Local Open Calculus

Taking a closer look at thBetarule, we notice that for a redex where the function

is closed, we generate a substitution for the first (and only) variable of the function
body (which was bound by the abstraction). Moreover, we know from [17] that
restricting3-reduction to closed functions still allows to reach weak head normal
form, for closed terms. In this section we will thus describe the calculus resulting
from this restriction which greatly simplifies the rules. This calculus will be called
local open()\;) because it still allows open substitutions to propagate, even inside
abstractions (in contrast with the system of closed reduction [17]). This does not
need global rewrite steps if we restrict the syntax to allow substitutions for the first
director only.
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Definition 8 (\;-calculus)Below are shown the reduction rules for the local open
calculus.

Name Reduction

Beta |((At)c u)” ~p (t[a])?

BetaB((A t) uc)© ~p

Var |(O[v])? ~pV

App, |((6 )P [v])\" /" oy ((BVDY )

App, |((tu) Vo))" " wp (6 (uy])N TV

App; [((t WA v\ o (VDY (afy] )N AT
Lam |((At)!*[v])” (A7)

LamE| (A~ t)*[v])” — (A (t[V])? >i“

Comp ((¢[w)*" /" W)V ey (W) PV

Even though the rules in this system apply to terms with director strings of a
particular pattern, the system is still suitable to reduce general terms, thanks to the
following property.

Lemma 16 (Completeness of the Reductiorip any reduct of a closed compiled
term, any subterm of the forfw[v])? has a director stringr =\"" - /™ for some
natural numbersn, n.

Proof It is sufficient to notice that the rules for propagation only generate substi-
tutions of this form, and that thBetarule does as well: if the terrf(\t)c u)? is
well-formed (and it is by induction) them is of the form\™. O

We remark that, in this calculus, we allow even open substitutions to pass
through abstractions, without any global reduction step. This is of course one of the
greatest strengths of this calculus, compared to those based on hames or de Bruijn
indices.

Lemma 17 (Preservation of Well-Formedness)f t is a well-formed term in\;
andt ~~; uthenu is a well-formed term in\;.

Proof Straightforward inspection of the rewrite rulesd
Proposition 9 ~»;C~»7

Proof We can easily check that all the rules given in Definition 8, ex&siaE
are particular cases of the rules fgytaking into account the simplified syntax of
terms. The ruldBetaEcan be simulated in, with two reductionsBetafollowed
by Erase O

Theorem 4 below summarises the properties\ofThe calculus); is con-
fluent and preserves strong normalisation. However, it does not fully simgiate
reduction. Instead we can show that it can be used to evaluate cldseahs. This
is a consequence of the fact that which will be shown to be a restriction of,
can compute weak head normal forms of closed terms (see next section).
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Theorem 4 (Properties of)\;)

Confluence?\; is confluent.
PSN: \; preserves strong normalisation.
Adequacy:)\; can evaluate closed terms.

Proof Confluence is shown by easily adapting the proof of confluenge,avhich

is given in the next section. PSN comes from Theorem 3 (PSN fpand Propo-
sition 9. Adequacy will be obvious from Theorems 7 and 8 (adequacy.joand

Proposition 10 (see next section)d

4.3 The Closed Calculus

The notion of closed reduction was introduced in [17] using a calculus of explicit
substitutions with names whefiereductions are performed when the function part
is closed (as above) and substitutions are propagated through abstractions only if
they are closed, which is crucial to avaidconversion in a named setting. These
restrictions were expressed by rewrite rules with external conditions on free vari-
ables, and the internalisation of these conditions was the main motivation for the
introduction of director strings in [18].

We can easily derive a calculus for closed reductiy) by adding restrictions
to the rules of\; (see Definition 8) as followBeta BetaE Var are the same; in
every other rule we force the substitutierio be closed, that is, to have an empty
string ). Moreover, inApp, 2.3, m = 0, and inCompm = p = 0 andn = q.
This thus leads to the very simple following rewrite system.

Definition 9 (\.-calculus) The reduction rules for the closed calculus are:

Name Reduction

Beta |((At) u)\" e (E[u])V

BetaB((A7t)c u®)© ~e oot

Var (O] eV

App; |((t ) ?[u])/" e () w)p

App, |((6 w) 2 [u]) /" e (6 (up]) )P

App; |((t WA/ e (D! (up)) Ty
Lam |((At)!7[v])/" e (A ”“)

LamE (A~t) 7 [v])¢" e (AT (E]) )Y
Comp((t[w)*" "N e (l(w[p) Y

This system is complete because a property similar to Lemma 16 still holds
here:

Lemma 18 (Completeness of the Reductiorip any reduct of a closed compiled
term, if a subterm is of the forrft[v])“ then eitherc =/" or o =\" for some
natural numbem.
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Proof Betacreates a substitution annotated\§, the other rules only generate
substitutions with g™ string. O

Note that the choice betweeft and\," is always obvious from the context
(by well-formedness). For instance, in rlmmp we reduce a term of the form

(([w])V"" [v])4™, then it is easy to see that = n.

Lemma 19 (Preservation of Well-Formednesslf ¢7 is a well-formed term ir\,
and¢? ~-. u” thenu” is a well-formed term in\.. Moreover,|o| = |7].

Proof Straightforward inspection of the rewrite rulesd
Proposition 10 ~,Cr=;C3

Proof Since the rewrite rules in Definition 9 are particular instances of the rules
of \; (Definition 8), the rewrite relatior-,. is included in~-;. The latter inclusion
was established in Proposition 90

We will show that~ . is confluent on\ .-terms, preserves strong normalisation,
and implements call-by-value and call-by-name evaluation strategies for clesed
terms. For this, we first show that the propagation rules (i.e. all the rules except
BetaandBetaBb are terminating and confluent, and are sufficient to implement the
metaoperation of substitution in thecalculus, provided substitutions are closed.
The set of propagation rules will be denoted

Proposition 11 (Termination and Confluence ofP,) All the reduction sequences
on \. using only rules inP, are finite. MoreoverpP. is locally confluent (hence
confluent).

Proof Termination is a direct consequence of Proposition 4 sirgeC~~7.

Local confluence is proved by showing that the critical pairs are joinable. There
is only one, betwee@ompandVar (the conditions on the director strings prevent
superpositions betwedDompand the other propagation rules).

n Comp n n

(= )L

Since the propagation rules are terminating, the system is confluent by Newman'’s
Lemma [32]. O

SinceP. is terminating and confluent, it defines a function associating to each
A.-termt its unique normal form, denote@.(t).

Lemma 20 (Closed Substitutions).et M and N be\-terms such that € fv(M)
C Zandfv(N) = 0. Let[M]z = t, [N] = v, [M{z — N}]; = v°, where
g = Z\{z}. ThenP.((t[u])?) = 0.
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Proof By induction onM. If M is a variable (in this case it must bg then its
compilation is simply— and using the rul&ar, O[u] ~. v = [M{z — N}]y
as required. If\/ is an application, then one of the rul&pp;, App:, App; applies,
and the result follows directly by induction. M is an abstraction then eitheam
or LamEapplies and again the result follows by inductiorn

As a consequence, we deduce that even with the restrictions imposgd by
rules, closed substitutions do not remain blocked: if a closed substitution is created,
it will be fully propagated.

The following lemma shows that the rul@eta and BetaE also generate a
confluent relation, which we denote . In the proof we use an auxiliary relation,
=, which makes- g steps in parallel. It is defined by induction.

Definition 10 (Parallel Beta) Let = be the rewrite relation or\.-terms induc-
tively defined as follows.

l.t=1t,

2. (M) ) = [\ ift =t andu = u/,
(V) u) = tift =t

(M) = (W) ift=t/,

(tu)? = (t'uw)?ift =t andu = v/,
(t[v])? = ('V])7ift = t' andv = v'.

Lemma 21 (Confluence of Beta reductions)~ g is confluent.

Proof We show that= is strongly confluent (i.e. has the diamond property), and
since obviously~pC= and=*=~~7, we obtain confluence of 3.

Assumet = u andt = v (u # v). We show thaBiw such thatu = w and
v = w by induction ont = u. The proof is standard. The case> t is trivial,
takingw = v. We give the details fof(\t)cu)*" = (t/[u’])\", wheret = t’
andu = u’. In this case, the only alternatives are:

— v = ((At)°u)\", in which case we taker = (t'[u/])*", or

- v =((\t")u”)\", wheret = t” andu = u”. By induction, there existe,’
andw” such thatt’ = w', t” = w’, v’ = w”, u”’ = w”. Hence we take
w = (w/[w'])\".

The casé(A~t)° u®)° = t’' wheret = t’ is similar. All the other cases follow
directly by induction. O

Next we prove the commutation e 5 and~-p_. Rosen’s Lemma [34] states
that if two confluent rewrite relations are independent (commute) then their union
is confluent. Since~.=~-p U ~»p_ and we have just shown that both relations
are confluent, commutation implies confluence-ef.

Lemma 22 (Commutation)If t ~~3 aandt ~% b, then there exists such that
a~pcandb ~% c.
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Proof Again we use the parallel reduction relatien (Definition 10). Since=-*
coincides with~7, it is sufficient to prove that ib < t ~»p_ a then there exists
a terme such thab ~»p_ ¢ < a. In this way we can close the diagrati~; a
andt ~% b (which is equivalent td *« t ~7, a), by induction on the length
of the derivationt =* b.

We proceed by induction on=- b. We distinguish the following cases:

=

. t = b: Then we take = a.

2. (M) w)'" = b = (t[u])*" wheret = t’ andu = u’: Since no rule
from P, applies at the root, it must be either~p_ t” oru ~p_ u”. In
the first case, by induction, there exists a tarthsuch thatt’ ~»»_ t"”’ and
t” = t", therefore we can take = (t"/[u’])\". In the second case, by
induction, there exista’”” such thatn’ ~p_ u” andu” = u’”’, therefore we
can takec = (t'[u’”])\".

3. The casé(A~t) uc)° = b = t’ wheret = t’ is similar to the above.

4. (t[v])? = (t'[v'])? wheret = t’ andv = v’: We distinguish two cases

according to the position of the.-reduction stet[v])? ~>p, a.

— If it does not apply at the root then the property holds by induction.
— Ifit applies at the root: then there is a substituttband a ruld — r in P,
such that(t[v])? = I6 anda = r6.

— If all the ~~ g-redexes that are contracted in the reducfitin])’ =
(t'[v'])? = b are under variables ih (that is, they are irf) then
these variables are uniquely identified (sirids left-linear) and we
can therefore define a substituti®rsuch that) = ¢’ and the diagram
commutes(t[v])? = 10 ~p, 70 = a = rf’ = c and(t[v])? =
10 =10'=b~p, rd =c.

— Ifthere is a~ p-redex at the root of in (t[v])? then we have a critical
pair, between thé,.-rule applied at the root oft[v])° and theBeta
or BetaErule applied at the root df. In that case th@.-rule applied
must beApp; (it cannot beApp; or App; because of the restrictions:
the function has a directe). Then the diagram commutes as follows:
we have

(VD7 = (Ow) @)Y T D"~ 4, (AW (o)) =a

and

n

o

(VD)7 = ((Ow) ) T " = (WD VDY =
wherew = w/,u = u/,v = v/, hence
a= (w’[(u’[v’})!"])w —c

and
J"DX"

b~ comp (W'[(0'[v']) c.
5. In the other cases the property follows directly by induction.

This concludes the proof.0
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Theorem 5 (Confluence)\. is confluent.

Proof Consequence of Proposition 11, Lemma 21, and Lemma 22, using Rosen’s
Lemma[34]. O

Theorem 6 (PSN))\, preserves strong normalisation.
Proof Consequence of Theorem 3 (PSN Q) and Proposition 10. O

The restrictions imposed on the rewrite rules)\gfstill allow us to simulate
the usual evaluation strategies, for closettrms. We will show that call-by-value
and call-by-name reductions to weak head normal form can be implemented in

Call-by-name.We recall the evaluation rules for weak reduction in the call-by-
nameA-calculus:

M| e M M{x— N}V
x|z Av.M || Ae.M (MN)JV

whereM || V means thafl/ evaluates to the (principal) weak head normal form
V' using the call-by-name strategy.

Theorem 7 (Call-by-name Evaluation)If M is a closed\-term andM |} V' by
the call-by-name strategy, thgi/] ~~% [V].

Proof By induction on the derivation of/ |} V.
If M is a weak head normal form then the theorem holds trivially. Otherwise,
it is an applicationN M N) and[(M N)] = ([M] [N])¢ (sincefv(M N) = 0).
By induction, sinceM | Az.M’, we know thaf M ~~* [Ax.M’]. Now there are
two alternatives.
— [Ae.M'] = (A[M'] ) if z € fv(M').
Then((A[M o)) [N]) ~e ([M']2 [[IV]])°. By Lemma 20([ M '] [[N]])¢
~* [M'{xz — N}] and by induction the latter reduces][d] as required.
= Mz M'] = (A [M'])cif x & fv(M').
Then (A~ [M'])<[N])¢ ~. [M'] = [M'{x — N}] and by induction the
latter reduces t@V] as required. O

Call-by-value. We recall the evaluation rules for weak reduction in the call-by-
value\-calculus:

My .M NV M{z—V}IV
zlz  Aa.M{ e M (MN)IV

whereV’ is a weak head normal form.

Theorem 8 (Call-by-value Evaluation)If M is a closed\-term andM || V' by
the call-by-value strategy, thdid/] ~* [V].
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Proof Similar to Theorem 7. In the case of an applicatidd N) where M |
Az.M'"andN |} V', we get:[(M N)] = ([M] [N])¢ (sincefv(M N) = (), and
by induction,[M] ~% [Ax.M'], [N] ~% [V']. Again there are two cases to
consider, which are identical to those in the proof of Theorem 7 abdve.

This system has several advantages as a basis for an implementation of a
calculus evaluator:

— closed substitutions can be propagated through abstractions, which permits
more sharing of work than in standard weak calculi,

— itforbids copying open terms, which ensures that we never duplicate a potential
redex.

Moreover, the shape of the rewrite rules shows that in most cases we do not
need to represent director strings as complex structures. For example, a director
string of a substitution can be represented as a simple relative integer, because of
Lemma 18. In the same spirit, the information|ghy and|p|,- can be maintained
at each step. The system can thus be implemented in a realistic and efficient way,
giving to each rewrite step a constant algorithmic cost. We will come back to this
point in Section 6.

5 A Type System for Director Strings Calculi

For completeness, we present in this section a type system common to the above
defined calculi and which enjoys the same kind of properties as the usual simply
typed A-calculus. We present the system with the syntax gfbut it is of course

also valid for); and . thanks to Proposition 8. The types are the simple types of
the A-calculus: type variabled, B ... and function typesA — B. We also add

a generic constant® of type T (well-formed iff 0 = —" for somen). Typing
judgements will be of the forni" - t : A where the context’ is an ordered list of

types.

Definition 11 (Typed Terms) Each termt is assigned a type in a given context:

I' -t : A, as given by the following set of rules. A term is typeable if there exists
a context such that it is typeable in that context. The typing rules make use of two
auxiliary relations defined below.

r<o rLA
—— (Cst) — (Ax)
'E+%:T r-n0°: A
I''A+t:B I'XrI’
(Abs)
I'-(\t):A—B
o Fl

Nrt:A—B DNLru:da g
T'F(tw?’:B
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n/Ayrt:B  Lru:A T p
'k (t[i/u])? : B
WhereF<i/A>:Al,...,Ai_l,A,Ai,...,An ifF:Al,...,An.

Note that there are no structural rules, as the type of a given variable is always
at a known location in the context.

In the typing rules we used two auxiliary relations. The first ofle% I™)
ensures that the right types are erased fidrdepending orr. The second one
ensures that a context adequately splits according to a director string, which is

g Fl
shown ag” % Iy
rr rer
00  Aar¥ar ArSr
o Fl o Fl
re{y re{y
e Ao A, I —o (I
0y ArHan Aar—n
o Fl o Fl
re{y re{y
o (I} /o A, I
= Jl' A, T 4L % Iy
Remark 9f a termt is typeable in a context’, then the length of” is exactly
the length oft’s string. In particular, a term with empty director string (e.g. the

compilation of a closed\-term) is typeable if and only if it is typeable in the
empty context.

Example 4We give two small examples of type derivations in this system.

1L.AO):A— A

AFOb: A
PHOOYHY:A— A
2.0 )Y A—-B— A

ABHO: A
AFQOD)Y:B— A
PEAMO)HY:A—-B— A

A first useful property is the following:

Proposition 12 (Well-Formedness)lypeable preterms are well-formed terms.
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Proof The functions~ and { clearly enforce the constraints on well-formed
terms (Definition 1). O

This type system corresponds to thecalculus simple type system (see for
instance [6]), whose judgements we denbte M : A, in the following sense:

Lemma 23
LoagiAy, o mni Ay by MiA= Ay, Ap b [M]y,. 0, A
2. A1, Ay A= 2 Ay, Ay B ()t A

Proof By straightforward induction on the type derivatiord
We also have the basic results expected from a simply typed calculus:

Theorem 9 (Subject Reduction)if " - t : Aandt ~» uthenI" - u: A (for

«/-)E {WCH Wl, WC})

Proof By Proposition 10, the cases fog and ). follow from the general case
of \,, which is proved by checking that each rule preserves type. We will only
illustrate the proof on the case App,, the others being similar.

The situation is the following, wherg; =/, j = |p1.ili, v = di(0,p,,),
T=11(o,p;)andl’ = Ay, ..., Ay

VAV
Mbt:A—B Ajbu:A A%AQ

o Fl
A=T1(/C)F (tu)”: B nkv:C F%Fz
't ((tu)’[i/v])? : B
1
6, X Ql
{j/CYFt:A—>B (QHEv:C 1 R o
T 1
o1+ (t[j/v])!: A — B Ok u:A F%@

It/ v) )" : B
Then subject reduction is verified for this rule, provided that

2(j/C) = Ay
25 =15
Oy = Ay

Letswrite L, = {i¢ |o; =/ or A}, R, = {i |o; =\ or A} and[4]; =

Ay Ay, 8T = {iy,...,in} and(i;), is increasing, so thal' = [A]. ).
Then we have:

Iy =[A]L,

Iy = [A]g,

Ay = [A]L,n,(j/C) sincep; =/ andj = [p1_4s

Ay = [A]L,nR,
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and on the other hand:

61 = [A]L,
Oy = [A]r, = [AlL,nR, by definition ofy;

21 = [A}LTQL” = [A]LGOLP by definition Of(bl

25 =[Alr.nr, = [4]Rr, again by definition of,
Hence subject reduction holds fApp,. The other cases are similard

Theorem 10 (Termination) If I" + t : A thent is strongly normalisable (in\,,
)\ly >\C)'

Proof Since typeable\-terms are strongly normalisable, this is a direct conse-
guence of Lemma 23 and PSN for the corresponding calcullds.

6 An Abstract Machine for Evaluation

In this section we will exhibit a strategy which makes use of the explicit infor-
mation carried by director strings to efficiently reduce closed terms to weak head
normal form. Efficiency is measured with respect to the total number of rewriting
steps (not jusB-steps) and we will give experimental comparisons in Section 8.

Notice that the syntax of director strings allows us to identify the moment
when we have to copy a term, and we can reduce it before copying. In particular,
we may want to use the most general rules, in order to be able to reduce a term to
be copied to its full normal form, thus avoiding copying any redex. However, if we
do so, then open substitutions are allowedpp; as well, which means that terms
with free variables, i.e. potential redexes, might be copied. Our experimental tests
confirmed that restricting just that rule to the closed case, we obtain a strategy very
similar to closed reduction. This is because the propagation of an open substitution
is very likely to be blocked by this restriction. Thus, the best strategy we found is
based on the closed calculus, which is good news since it is also the simplest.

We cannot expect to reduce to full normal form with the closed rules, but some
open terms can still be reduced. Thus, our strategy to compute the weak head
normal form of a ternt can be summarised as follows: we use the closed calculus,
which allows some extra reductions under abstractions, but we stop the reduction
as soon as we reach a weak head normal forin ®he extra reductions are done
only when we reduce a subterm to be copied, to share more work than in usual
strategies.

To formally specify this strategy we will interleave one strategy which reduces
under\’s and one which does not. We thus define three mutually recursive rela-
tions: —,,, —¢ and—. The last one will be the strategy we want to exhibit. The
relation—,, is defined in Figure 4, which, together with the other two relations
below define the big-step operational semantics which the closed abstract machine
implements.

The reduction relation-,, is used as a tool to define the other two and should
not be interpreted on its own, as it does not treat the case of an abstraction. Notice
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t— (Ar)° (r[u])” —v t— (A7v)"
(Beta) — (BetaE
(tu)? -y v (tu) —u v ( )

(Az) t—=v VEAr) ANVANT) VpFe)
H—wl (tuf)” = (v )"

(Arg)

(D" u)r - w (t ()" ) - w

Appl App2
0 E D) —ew P D PP

v = v (VDY v - w

App3
(o)) —u w (App3)

)™y vy DTy
(OO ])” =0 v (O]~ v

VoW ([’ ") = w
— (Var) om
OV = w DB —aw

t—u (up])” —w pFe

(Subst)
(o))" —w w

Fig. 4 The relation—,

that the(App;) rule calls the stronger reductier ¢, which is defined by:

t -V t—ypv t—ypv
t—yv (At)e = (Av)e (A7t)T =5 (A7v)e

— ¢ is the relation which reduces undgs (but not to full normal form).
Finally, — is the combination of the two other relations: we reduce to weak
head normal form, but we reduce more the subterms that will be copied.

t—y Vv

t—v ()7 — (At)7 A1) — (A-t)°

It may seem that the machine returns terms which are not weak head normal
forms (cf. (Arg) rule). In fact, the theory ensures that this is not the case: starting
from a closed term, the closed rules allow us to reach a weak head normal form
(see Theorem 7). Nevertheless, {Aeg) rule may be applied in a reduction of a
term to be copied, so it is indispensable.

The(Substiand(Comp)rules call for a comment: the restriction Bubst)v?
open) forcegComp)to be used as much as possible before reducing to the left of a
closed substitution. Both intuition and experimentation confirm that this is indeed
the right choice.

Notice that each rule either corresponds to a closed rule (see Definition 9) or
focuses reduction on a subterm (corresponding to stack manipulations) and can
indeed be implemented in constant time.
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7 Reduction to Full Normal Form

We have presented so far a rather complex system to fully simglageluction

and simpler systems to reach only weak head normal form. If we were however
interested in computing full normal forms, which is the case for many applications
(e.g. partial evaluation or proof assistants), then we could of course use the general
setting. But this is not really satisfactory (it does not provide any guidance towards
an efficient strategy). On the other hand, we have an efficient strategy to reduce
closed terms to weak head normal form. The idea then naturally arises to use our
efficient weak evaluator to reach full normal form, in a way similar to [10].

The idea is to reduce a closed term to weak head normal form, then to distin-
guish the variable bound by the outermost abstraction in some way (to “freeze”
it), so that we can still consider the term under Ma&s closed, and recursively ap-
ply the same process to this subterm. There are several ways to distinguish those
variables in the syntax. Below we present two natural alternatives.

7.1 With Names

If we choose to represent the frozen variables with names, we can avoid any com-
plex manipulation of the director strings to keep track of the paths to these vari-
ables. As a result, we obtain a rather simple system because we can use the usual
rules (for example the closed ones), where the frozen variables are just consid-
ered as constants and do not need any extra rule. Moreover readback into named
A-calculus is then performed at the same time.

Formally, we extend the syntax of terms in the following way, wheranges
over strings, and ranges over variable names:

t,buxz=0] (M) | (A7) | (tw) | (t[u])? |z | Nzt

that is, we add named variables, whose implicit director string nd named
abstraction binding written a¥'z.t. We do not write any director string for this
abstraction, since we will always consider closed terms of this form.

Using a weak evaluation relatidp,, we can then define reduction to full nor-
mal form} ;.

t o (M)° (t'[2]) Uy t"  xfresh
tdr Nat”
t o (ATH)C t s t” x fresh
t Uy Naot”
t o x (x variable
tdra
t o (uv)© ulsu vigv
t s (u' V)
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Notice that the last rule is used since we are now in a calculus with constants
(the named variables), and the weak head normal form of a term may be an appli-
cation (e.g{(z t)c wherez is a named variable).

Proposition 13 (Correctness) et's writeu for the readback of a reduced tenm
S0~ just transforms\’ to A and erases the remaining director strings. Then\/if
is a closed\-term:

[M] 4y u <= M —j u irreducible.

Proof Assuming correctness df,,, the proof is easily adapted from [10] or the
more recent [20]. O

If we want to reduce an open tern= ¢° with |o| = n, we first taken fresh
variable names, ..., z,, and start the reduction from:

(o () 22D [2nea)) [l

The reduction to normal form follows exactly the same strategy as the corre-
sponding weak reduction. Thus, for terms for which full and weak head normal
forms are the same, the two processes need the same numpeasafotal steps.

In particular, this strategy is much more efficient than the usual naive one.

Although we now have to deal with names and fresh variables during reduction
(which was not the case for reduction to weak head normal form), we still do
not have to deal with name capture amatonversion. Also, the readback is now
simplified.

7.2 With Directors

The previous strategy performs readback at the same time as computation of the
normal form, which may, or may not, be wished. We can however implement a
similar idea using only directors, obtaining a result in this syntax. We just need
a way to distinguish between usual variables, and frozen ones, which correspond
to an abstraction outside of the term we actually want to reduce to weak head
normal form. This can be done in a quite obvious way: by introducing a new kind
of directors corresponding to these frozen variables. However, the frozen part of
director strings may be of any form, so we need to use the general rules on this
part. From an algorithmic point of view, this means that the cost of a reduction step
may be at most linear in the depth dfabstractions in the resulting normal form,
which still seems reasonable. We do not go further on this point as the interesting
ideas have already been exposed in the previous section.

8 Experimental Results

One of the main motivations for this work is the desire to find more efficient im-
plementations of tha-calculus. This interest is not simply to find minor tweaks
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(or optimisations) of existing systems, but rather to attempt a fresh start to un-
cover new strategies, and new machinery, which give asymptotic improvements
over standard techniques in use in implementations of functional languages. Con-
sequently it is essential that our strategies are implemented so that the ideas of
this paper can be backed up with some experimental evidence and compared to
existing evaluators.

It is difficult, if not impossible, to find a relevant measure to compare different
implementations. This point is even more pertinent when we are companing
totypeimplementations. Nevertheless, what we are able to do is to identify atomic
reduction steps for several evaluators. Although the algorithmic cost of a single
step may vary for each evaluator, the respective speed-up can still be examined.
The following benchmarks suggest that the strategies developed in the paper be-
have better than standard reduction strategies, and moreover offer some surprising
statistics with respect to some of the very best evaluators known to date.

We have two set of examples: one that belongsl o order to avoid the prob-
lem of erasing, and a small set K terms to illustrate some specific behaviours.
The Church numerals are an excellent means to produce a panel oklteges.

We recall that Church numerals are of the fonm= A f.A\z.f™ z and that appli-
cation corresponds to exponentiationn = m™. We apply Church numerals in

our examples tdl, wherel = Ax.x, which is sufficient to force reduction to full
normal form, and allows us to compare weak and full reducers. We also use the
combinatorK = Az.\y.z andM = Az Ay.(Klz)(Klzy).

We compare our machines with standard call-by-value and call-by-name eval-
uators, and in addition to the optimal interpreter of Asperti et al. (BOHM [3]). The
latter result provides a comparison with the best known evaluator for such terms.
We show the total number of steps of these evaluators (including stack manipu-
lations). We show the number gfreductions between round brackets, thus the
number shown for BOHM is the minimum number @freductions possible. The
results for the machines that reduce to full normal form are not shown, as they are
the same as those of the underlying weak strategies on these examples.

Term closed CBV CBN BOHM

2211 61(9) 78(11) 76(12) 40(9)

22211  [|140(19) 362(42) 471(60) 93(16)

5511 217(33) 29 723(3913) 31 250(4 689)208(33)

52211 |/832(109) - - 847(31)
22222111507 714(196 655)| - - 1074037 060(61)
M (5511)1][266(42) 41(8) 31(8) 22(8)

KI1(5511) [|7(2) 29731(3915) |7(2) 4(2)

To put some of these results into perspective, we remark that the actual time
taken to compute, for exampl&,2 211 using OCaml is around 5 minutes, and
around 3 minutes using Standard ML (both implementing a variant of call-by-
value). The results for both closed reduction and BOHM are essentially instanta-
neous.
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The main point that we want to make with the above table is that closed reduc-
tion, a simple implementation of the-calculus, clearly out performs traditional
strategies, such as call-by-value, and moreover is a serious competitor to highly so-
phisticated implementations, such as BOHM. The comparison with call-by-value
and call-by-name shows that allowing reductions under abstractions, which is es-
pecially easy with director strings compared to usual calculi, is crucial for both
sharing and efficiency.

The interesting point is the comparison on large terms. The results show that
our machine is able to reduce larger terms than the other machines, and the larger
the term, the better is our machine compared to the others. This hints that it allows
for a high degree of sharing (because the larger the term, the more possible shar-
ing). The last example of the first set shows that our machine eventually explodes
in terms of number ofj-reductions compared to the optimal one but outperforms
BOHM in total number of steps, which is our notion of efficiency.

Besides this classical benchmark, we give tWoterms to illustrate the fol-
lowing points:

— The closed strategy may perform more work than necessary, when every copy
of a term will be erased. The occurrence of such terms in practical situations
is however gquestionable. One could also combine the closed strategy with a
call-by-need strategy similarly to [16] to avoid this problem.

— Except for the previous situation, we may avoid doing useless work, as op-
posed to call-by-value for instance, i.e. we also have some of the advantages
of call-by-name.

9 Conclusion

We have presented a name-free syntax to represent terms)ottieulus with ex-

plicit substitutions, in a way that follows the usual intuitions about the operational
semantics of the propagation of substitutions. We have given a general calculus
on director strings which can fully simulate thecalculus, with rather compli-
cated rules. We then described an intermediate calculus, the local open calculus,
with very simple rules and still allowing open substitutions to traverse abstractions
without global rewriting. Finally, we derived the closed reduction calculus of [18],
which internalises the conditions on the original system [17].

These calculi were used as a basis to describe and implement abstract ma-
chines for weak and strong reduction (the latter was an open problem for director
strings). Efficiency was our main motivation, and we found in practice that these
machines are quite efficient on large terms and allow for a high degree of sharing.
In particular, they quite favourably compare to standard evaluators, which suggests
that more efficient implementations of functional languages andiculus based
proof assistants are still possible.
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