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Abstract

In this paper, we survey some of the results which have betnnelol
the last ten years on the control of hybrid and timed systems.

1 Introduction

Timed and hybrid systems. Timed automata are a well-established and widely
used model for representing real-time systems. Since tedinition by Alur

& Dill in the 90’s [3], many works have investigated this madeoth from a
theoretical and an algorithmic point of view. Several tdudse been developed
for model-checking timed automata [12, 27] and have beed tmeverifying
industrial case studies.

Hybrid automata can be seen as an extension of timed autpluathey have
in fact been defined and studied roughly at the same time [T&pugh most
verification problems for this model are undecidable, manyka are devoted to
its study, by providing for instance decidable subclassespproximation algo-
rithms.

Control of timed and hybrid systems. To deal withopensystemsi.e. systems
interacting with an environment (which is the case for mosbedded systems),
model-checking may not be Sicient, and we better need tmntrol (or guide)
the system so that it satisfies the specification, whateweetivironment does.
More formally, thecontrol problemasks, given a syste and a specificatiomp,
whether there exists a controll€rsuch thatS guided byC satisfiesy (see [30,
31] for initial papers on the control of discrete event sgstg Since the mid-
90’s, work on the control of real-time systems is flourish{sge all references
mentioned along this paper).

*Work partly supported by ACI Cortos, a program of the Frendhistry of research.
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Positioning of this survey. In the literature, several formalisations of the con-
trol problem have been proposed, some of them are based anplayer game
formulation where the “controller” plays against the “exaviment”. Mostly, re-
sults in one framework can be translated into another fraorlevbut care needs
however to be taken. In this paper we focus on “control games’asymmetric
formulation where the “environment” player is somehow mpogverful than the
“controller” player (the controller has to fix his strategpnd this strategy has to be
winning whatever the environment does). This is a framewel&ted to the one
considered for instance in 15,1169, 8]. A very close framguwbased on control
maps is considered also [d [4,121]. In the literature, we gahrfiore “concurrent”
(and thus symmetric) formulations where both players ied€jently choose a de-
lay and an action to be performed after that delay, and actoresponding to the
shortest delay is donkl[1], or a joint play is obtained witisi two choice$ [20].

Outline of the paper. In Sectiori®, we will present basic notions on timed sys-
tems. In Sectiofl3, we define the problem of control for timgstems we will
consider, and explain how the basic safety and reachabdityrol problems can
be solved for the class of timed automata. We also shortliaexfor which other
external specifications languages (like timed automatapteal logics, etc.) we
can solve the control problem. In the previous section gleian (implicit) hy-
pothesis that the controller has complete information andyistem. This is a
restrictive hypothesis, which we relax in Sectldn 4: undeagtial observabil-
ity assumption, the control problem becomes vefiidilt, and even the simplest
control problems (reachability and safety) become unddated except if we re-
strict the resources of the controller. In Sectidn 5, weflyrigive some results
concerning the control of two subclasses of hybrid systerasely rectangular
hybrid automata and o-minimal hybrid automata. We finallyeggome conclu-
sions and mention some current challenges in Setlion 6.

2 Timed Automata

2.1 Preliminaries

Timed words. Let R.o be the set of non-negative reals afg, be the set of
non-negative rational numbers. LEtbe a finite alphabet. Aimed wordover

¥ is a (possibly infinite) sequenee = (a;, 71)(a, 72) . .. OVerX x R, such that
7 < 7j41 for every 1< i < |o| (where|o| denotes the (possibly infinite) length of
o). If o isinfinite, it isnon-Zendf the sequencér;}i«y is unbounded.



Clocks, operations on clocks. We consider a finite seX of variables, called
clocks A valuationoverX is a mapping : X — R, which assigns to each clock
a time value inR.o. We noteVy (or V when it is clear from the context) the
set of valuations oveX. We use0 to denote the valuation which sets each clock
x € Xto 0. Ift € Ry, the valuatiorv + t is defined as\y + t)(X) = v(x) + t for all
x € X. If Y is a subset oK, the valuation[Y « 0] is defined as: for each clock
X, MY < 0D(X) =0if xe Yand (Y « 0])(x) = v(x) otherwise.

The set ofclock) constraintgor guardg over a set of clockX, denoted7(X),
is given by the syntaxd ::= x~c | gA g"wherex e X, ¢ € Qso and~ is one
of the comparison operatoss <, =, >, or >. We writev [ g if the valuationv
satisfies the clock constraigtand is given by E x ~ cif v(x) ~ candv E g1AQ>
if v g; andv E g,. The set of valuations ovet which satisfy a guard € G(X)
is denoted byfg]lx, or simply[g]] whenXis clear from the context.

Timed automata [Z2,[3]. A timed automatorfTA for short) is a 6-tupleA =
(Z, X, Q, o, —, Inv) whereX is a finite alphabet of action is a finite set of
clocks, Q is a finite set of stategjy € Q is the initial state,— C Q x G(X) x
T x 2X x Q is a finite set of transitions, ankv : Q — G(X) assigns an in-
variant to every state. The timed automat@his said to bedeterministicif
(0,01, Y1, th), (0. 92,8 Y2, 0p) € — implies (1]l N [gzll = 0. The class of
deterministic timed automata is denoted DTA.

A configuration ofA is a pair §, v) whereq € Q andv si a valuation over the
set of clocksX. The timed automatorfl defines a timed transition system, made
of timetzd and discrete transitions.t#ned transitionin A is a transition of the form
(0, v) = (g, v+t) where for every X t’ < t,v+t’ = Inv(q). A discrete transitionn
A is a transition of the formd, v) 3 (9, V) when there existg)(g,a,Y,q) € —
such that E g A Inv(qg), vV = V[Y « 0], andV E Inv(q).

A run of A starting in €1, V1) is a finite or infinite sequence of transitions

o = (O, V1) LN (97 vy) &, (O, V2) LA -+, which alternates between timed and
discrete transitions. We will sometimes equivalently &iitp = (g, V1) Bl

a,b

(O, V2) — ---. We writetw(p) the timed word associated to the runthat is
the finite or infinite sequenceay, t;)(ay, to) - --. If p is finite and ends ind;, Vi)

we write Last(p) = (Qn, V). We writeRuns(A) (resp. Runs¢(A)) the set of runs
(resp. finite runs) inA. We say thaa € X is enabledn (g, v) if there exists ¢, V')
such thatg, v) 3 (q,V). We say thaft (a symbol used to express time elapsing)

is enabled ind, v) if there exists ¢, Vv') andt > 0 such thatd, v) 5 (q,v). We
write Enabled((q, v)) the subset o U {1} of actions orl enabled ing, v).

The scrupulous reader may have noticed that we did not iecludaccept-
ing condition to timed automata. This is for simplicity, lmhen necessary (for



instance in Subsectidn_8.3), we will assume that there iscaeping condition
in timed automata, for instance a $ebf accepting states for finite words, or a
set ofR of repeated states for defining a Blichi condition for infimiards (and
we could consider more general accepting conditions likiéviiRabin or parity
conditions). Acceptance of a timed word is defined claslyieadd we writel (A)
the set of timed words accepted B

2.2 Region automaton

Theregion automatorR(A) of a timed automatorA is a finite automaton, which
abstracts timed behaviours of a timed automaton into (ledjrbehaviours. This
abstraction has been proposed by Alur & Dill A [2, 3] for déng language
emptiness of timed automata. Indeed, each state of theragtomaton is a cla$s
of an equivalence relatioa (of finite index) over configurations which idiane-

abstract bisimulationif (g, vi) =4 (02, v2) and @q, V1) 3 (97, vy) with a € X,
then there existsgg, V) 3 (a5, V) such that @, v}) =a (05 V5); if (01, V1) ==
(02, Vo) and @y, V1) LN (gy, V) for somet; > 0, then there exists > 0 such that

(O, V2) LA (05 v5) and @, V;) =a (d,V,). We will not enter into more details
and better refer td_[3] for the description of the region awbon construction.
However it is worth mentioning that this construction is tegre of numerous
decidability results for the model of timed automata.

3 Control of Timed Automata

3.1 The control problem

Several formulations of the control problem can be foundchm Itterature. It is
sometimes defined as a game betweeardrollerand a (possibly nastgnviron-
ment The formulation we consider in this paper is an asymmetingwhere the
environment is more powerful than the controller.

We define the control problem for a timed system given as adiastomaton,
but it could be easily generalized to other kinds of systefglantis a timed
automatonA = (Z, X, Q, go, —, Inv) where the alphabét is partitioned into two
subsets, andX, corresponding respectively to controllable and uncolsibdé
actions. Intuitively, the controller will be able to perforcontrollable actions,
whereas the environment will be able to perform uncontbbdactions.

A controller strategy(or simply astrategy is a partial functionf from the
setRunsi(A) to 2"V such that for every finite rup such thatf (p) is defined,

Lcalled aregion



f(o) € Enabled(Last(o)) and f(p) # 0. The strategyf tells precisely what the
controller has to do: iff (o) C X, then a discrete controllable action tfp) has

to be done, whereas if € f(p), then it is possible to delay (or a discrete action
of f(p) can be done as well). Note that a strategy is not deterrnarastit may
propose a set of actions & U {1}. In the literature, several other notions of
strategies can be found.

Arunp = (q, V1) auh, (O, Vo) Bl s saidcompatible with a strategy
f if for all i, writing pi = (i, v1) =2 ... 2% (g, v) we have that for all
O<t <t,de flo— (G,vi+ 1)), and ifa € ¢, & € fo — (G Vi +17). A
maximal run w.r.t a strategy for simply maximal runwhen f is clear from the
context) is either an infinite run or a run which satisfies:dibt > 0O, ifp—t> (q,V)

thend e f(p— (g, V).
A strategyf is saidrealizableif for every finite runp such thatt € f(p), there

existsg > O suchthatforallxt < 6 if p 4 (g,v) thena € f(o 4 (g,Vv)). This
notion of realizability has been defined [r [8] to avoid saés which have no
compatible run, but is relevant for most control problems.

Given a plantA, aspecificationS for A is a subset oRuns(A). Intuitively
it corresponds to the desired behaviours of the plant. Infdhewing, we will
consider special cases of specifications such as readiatjectives, safety ob-
jectives, or external specifications.

If A is a plant andS a specification fotA, a strategyf is winning from a
configuration (qg,v)f all maximal runs starting ind, v) compatible withf are in
the setS. A configuration ¢, V) is saidwinningif there is a realizable winning
strategy from ¢, v).

We can now formally define the control problem:

Problem (Control problem). Given a plantA, a specificationS and an initial
configuration €, v), determine if there is a realizable winning strategy frapvyj.

A natural further question is to fectively) construct winning strategies, if
one exists. In the rest of the paper, we will not devote muuie tio that subject,
though it is sometimes a non-trivial one.

3.2 Reachability and safety control

In this subsection, we consider two natural types of spetifios: reachability
and safety properties. Intuitively, for a reachability ffieation, the goal for the
controller is to reach a set of good states, whereas for @ysspecification, the
controller has to avoid a set of bad states.



LetA = (X, X, Q, go, —, InV) be a plant, and l&boodandBad be two subsets
of Q, we define the two following specifications:

{ Scood = {0 = (d1. V1) 2, (O2, V2) Bl | i g; € Good}
gty b .
Sgad = {p = (01, V1) — (02, Vo) — -+ | Vi Q; ¢ Bad}

Problem (Reachability control problem). Given a plantA, a set of state&ood
and an initial configurationg v), determine if there is a realizable winning strat-
egy from @, v) for the specificatioS¢ooq.

Problem (Safety control problem). Given a plantA, a set of stateBad and an
initial configuration ¢, v), determine if there is a realizable winning strategy from
(g, v) for the specificatioiBg,q.

We now explain how to solve reachability and safety controbgems in the
timed framework([4]. A way of computing winning states foesie specifications
is to compute thattractor of goal states by iterating @ontrollable predecessor
operator. This is a classical method in the theory of clas¢imtimed) games for
computing winning states [18].

Let A be a plant. We define the controllable and uncontrollablerdie pre-
decessors of a set of configuratiohs Q x V as follows:

dc e X, cis enabled ing,v),
cPred(A) ={(g,v) e Qx V | and¥(q,v) e Qx V,
C
@v-(@.v)=({.v)eA

Jue X, Aq,V)e QxVsit.
(@ V)= (¢, V) and ¢, V) € A

The setcPred(A) is the set of configurations from which we can enforce a
configuration ofA by doing a controllable action. The sePred(A) is the set
of configurations from which the environment can do an unadiable action
which leads to a configuration 8. In the untimed (finite-state) framework, these
two operators are skicient to define the set of configurations from which we can
enforce the seh in one step, this ig(A) = cPred(A) \ uPred(A). Then, starting
from the set of configurations which are good, and iterativgydperatorr, we
can compute the set of configurations from which we can eaftire set of states
Good. Similarly (or dually), we can also compute the set of configions from
which we can avoid the set of statBad. Note that in the untimed framework,
these two problems are dual.

In the timed framework, these two discrete controllable andontrollable
predecessors are notfBaient, and we need to define a time controllable prede-
cessor operator of a sAtof configurations: a statey(v) is in 7(A) if and only if

uPred(A) = {(q, V)eQxV



(1) it is possible to let time units elapse for somte> 0 and use a controllable
action to reachA and no uncontrollable action played before ot lads outside
A; or (2) Acan be reached by just letting time elapse and no uncortelétion
leads outsidé\. Formally the operator is defined as follows:

3t (6. V) > (0. V), (0. V) € cPred(A),
A) = (q.v %V andPosty 4(q, v) N uPred(A) = 0;
(A @veQ or 3t Postj 1)(0, V) € A,
andPosty ,(a, V) N uPred(A) = 0

wherePost,(q,V) = {(q,v+1) e Inv(q) | t eI} with | interval ofR,.

We now contruct an increasing and a decreasing versiart@kolve respec-
tively reachability and safety controtieac{A) = AU(A) andrsad A) = ANa(A).
We noter’,. (Good) = kirpmn'r‘eacr(Good) andr: . (Bad) = k&rpmyrgafe(Bad).
Proposition 1 ([4]). Let A be a plant, letGood (resp. Bad) a set of good (resp.
bad) states. The set of winning states for the reachabifigcgicationSgeoq iS
mr...(Good), whereas the set of winning states for the safety spectitdt,q is
s (Bad).

From this characterization of the set of winning states, a® deduce an al-
gorithm for computing the set of winning states for reacligland safety spec-
ifications: indeed it is easy to show that wh&ns a union of regions (see Sub-
sectiolZP), them(A) is a union of region and can béectively computed. So
the fixed pointsr;,, (Good) andr_(Bad) Of meach aNdrsae respectively can be
computed after a finite number of iterations: the set of wigrstates can thus be

effectively computed.

Example We develop a short example to illustrate how the controigibédeces-
sor operator acts. We assurig = {c}, X, = {u}, and the following plant with
Good = {g3}:

Figure 1: A plant to control



The computation of the fixed point is the following (we n@¢he set of good
configurations we want to enforceg. G = {(gs, (X, y)) | x> 0 andy > 0}):

Treac(G) = G U {(01, (X)) | y<landx-y> 1}
ﬂrzeach(G) = Treach(G) U {(o, (%)) | Y<2andy-x<1}
4 ?each(G) =7 rzeach(G)

The set of states from which the controller can enforce state thusn’,. . (G),

reach
as described above. Thus, the initial configurat'rqu:l@) is winning. |

From the above fixed point computation, we can extract wigrstrategies
(like in the untimed framework [18]). However, strategiebieh are extracted
that way may not be realizable: this is for instance the cagbe previous ex-
ample where the extracted strategy say5dn (g, (X = 2,y)) (withy < 1) and
“c’on (i, (x > 2,y)) (withy < 1). Itis then necessary to make the strategy
realizable[[8

Moreover by adapting the PSPACE-hardness proof of the edsldy prob-
lem in timed automata, one can show that reachability aretysabntrol of timed
automata are EXPTIME-hard [21]. As the above-mentionedifp@ints can be
computed in exponential time (because there is an exp@enimber of re-
gions [3]), we have the following theorem:

Theorem 2. Reachability and safety control problems in timed automae
EXPTIME-complete.

3.3 External specifications

In the previous subsection we have investigated the confriimed automata
for reachability and safety specifications; these are ialespecifications as the
winning condition is given on states of the plant itself. Tdwatrol problem for
various external specifications has also been considered.

External specifications given as timed automata. A natural external specifica-
tion is one given by a timed automaton. L#&te a plant an® a timed automaton
with an accepting condition for infinite words. We can eas a specification for
the plantA by definingSg = {p € Runs(A) | tw(p) € L(B)}H

For this kind of specifications, the following decidabilitgsults have been
proved:

°Note that the new realizable strategy might not be exprkesaiba timed automaton, even if
the former was definable as a timed automaton.

3Note that negative specifications liks, = {p € Runs(A) | tw(p) ¢ L(B)} have also been
considered in[15].



Theorem 3([15]). The control problem for specifications given as timed autama
over infinite words is undecidable. The control problem fgafications given as
deterministic timed automata over infinite words is decldand can be solved
in 2EXPTIME.

The control problem for specifications given as (non-deteistic) timed au-
tomata is undecidable as inclusion of timed automata caadigced to that prob-
lem. However a natural assumption when synthesizing tipsms is to restrict
the power of the controller by looking for a controller whisha timed automaton
using a fixed number of clocks and a fixed set of constants. dhdéise, we say
that we fix thegranularity of the controller. This assumption is done for instance
for solving the satisfiability problem of the logic, [26] or for various control
problems|[15,9,16].

A granularity is a tripleu = (k,m, K) wherek,m, K are integers. A timed
automaton is said of granularityif it usesk clocks and constants mentioned in
its constraints are of the fonﬁ with 0 <i < K. LetA be a plant, a strategfyfor
A is saidu-granular if it can be represented by a deterministic timed automaton
8 of granularityu. Formally if p is a run of A compatible with strategy andp’
is the unique corresponding rungthen f (o) = Enabled(Last(p’)) N (. U {1}).

The DTA,-control problem for a specification given as a timed autemater
infinite words then asks, given a plaAt a granularityu, a timed automata over
infinite words8 and an initial configurationg v), whether there is a-granular
realizable winning strategy fronaj,(v) for the specificatior .

Theorem 4 ([15]). The DTA-control problem for specifications given as timed
automata over infinite words is 2EXPTIME-complete.

This result can be proved by reducing this control problera fmarity game
over a finite automaton (this automaton is obtained usinges@gion construc-
tion).

External specifications given as formulas of (timed) tempaal logics. Vari-
ous (timed) temporal logics have been used as specificaimyubges for control
problems. We first focus on linear-time (timed) temporalidsg If ¢ is a for-
mula of some linear-time (timed) temporal logic, we wilg = {p € Runs(A) |
tw(p) € L(¢)} for the specification defined by (whereL(¢) is the set of models
of ¢).

We assume the reader is familiar with the linear-time terajlogic LTL, and
better refer to[[29] for the definition of this logic. The caoltproblem for speci-
fications given a&TL formulas has been studied [n[16]:

Theorem 5 ([16]). The control problem over timed automata for specifications
given asLTL formulas is 2EXPTIME-complete.



The technique used to prove this result relies on the cartgtruof a tree
automaton (based on regions) which accepts all winningesfies.

The logic MTL [23] is a timed extension ofTL with time constraints on
modalities. For instance, in this logic, we can write bouhdEsponse time prop-
erties likea(p — ¢<sq) which says that every timgholds,q has to hold within a
time window of 5 time units. Similarly to specifications givas timed automata,
the control problem is undecidable for specifications giaeMTL formulas but
becomes decidable if we restrictgegranular strategies. However in this case the
complexity is much higher:

Theorem 6([6]). The control problem foMTL-specifications is undecidable. The
DTA,-control problem foMTL-specifications is decidable and has non-primitive
recursive complexity.

It is worth reminding that already model-checkingfL is non-primitive
recursive [[28], and that the halting problem of a lossy-cigrsystem can be
simulated by aMTL model-checking problem. Roughly, using the power of the
controller, we can simulate with a control problem the Imgfproblem of a perfect
channel system, which leads to undecidability. The dediithalvhen fixing the
granularity of the controller is not based on regions, bua detter-quasi-order.

Branching-time (timed) logics have also been consideredariterature. For
lack of space, and because it does not perfectly fit our diefndtf specifications,,
we do not enter into details and better point out the cornedimg referencesi 16,
17]. Finally, games for specifications given as formulashef-calculus have
been studied in the ratherftirent framework of symmetric timed gamEgk [1].

4 Partial Observability

In the previous section we have supposed that the contiaeperfect informa-
tion on the plant: at any time, the controller knows in whithts the plant is. In
this section, we consider the more general problem of cbatrder partial ob-
servability: the controller has only partial informatiobaat the plant and should
control it whatever is the behaviour (observable or nothefénvironment.

In this section we suppose tHatis partionned into two subsex§s andzinoPs
The actions oE%* are uncontrollable but observable, whereas the actioB4'8#
are not observable (and thus not controllable). The cdabld actions ofx,
remains observable.

We define a consistent strategy for the controller as a giyathich depends
only on observations of actions H andZ2. Let m,ps be the projection of timed
words onX. U X% (which is defined in a natural way by erasing actiong{f°s



and their corresponding dates), a strategy is saitbistenif for all runs p and
o’ such thatry(tw(p)) = mopdtwW(p’)), then f(p) and f(p’) are simultaneously
(un-)defined, and when they are definéfs) = f(o’).

The control problem under partial observability is thusftiiBwing:

Problem (Control problem under partial observability). Given a plantA, a
specificationS and an initial configuratiorgy v), determine if there is a consistent
realizable winning strategy fronaj,(v).

If we consider specifications given as timed automata, timércbunder par-
tial observability is undecidable even for determinispesifications. On the other
side, the decidability proof for the DTAcontrol problem can be extended to par-
tial observability:

Theorem 7 ([9]). The control problem under partial observability for specifi
cations given as deterministic timed automata over infimteds is undecid-
able. The control problem under partial observability fgregifications given
as deterministic timed automata over infinite words is daisid and 2EXPTIME-
complete.

Indeed, techniques used In [9] can be easily extended to gtaweachability
control under partial observability is undecidable. Hoamat’cannot be applied to
safety control under partial observability. We presenetar original construction
which shows that safety control under partial observabifitundecidable when
we consider non-Zeno controlleig. controllers which generate only non-Zeno
behaviours (the fact that the controller has to be non-Zetideencoded in the
specification).

Given a plantA and a seBad of bad states we consider the specification
Sg§§”° = Sgag N{p | tWp) is non-Zen(})E The safety control problem under
partial observability for non-Zeno controllers is givenlam A, a set of states
Bad and an initial configurationg(v), determine if there is a realizable winning
strategy from ¢, v) for the specificatio@ 325"

Theorem 8. The safety control problem under partial observability fmm-Zeno
controllers is undecidable.

The proof consists in reducing the halting problem of a 2ateumachine and
uses roughly the same encoding as the undecidability ofriversality of timed
automatallB]. A configuration of a 2-counter machine withktates is encoded
by a timed word over the alphabét,, --- ,b,, a;, a,as}. We will encode the
first configuration of the 2-counter machine within the timeerval [Q 1[, and
the time intervali, i + 1[ will contain the encoding of th#" configuration of the

4recall thatSg,gq is the set of runs which avolBad.



execution of the 2-counter machine. If the 2-counter mazldnin statej and
counter values areandd then the corresponding timed word should contain the
actionsb;aSadas between timé andi + 1 (the use ofy; is explained later). To
express for example that the value of counter 1 does not ehbetveen thé"

and the (+ 1) configurations we require that eveayof the interval [, i + 1] has

a matchinga; one time unit later and that there is apin [i + 1,1 + 2[ without a
matchinga; one time unit earlier. Similarly, to express that the firstimier has
decreased by one, we check thatals apart the last one in the interva) i[+ 1]

has a matching one time unit later in4{ 1,i + 2[, and everya; in the interval

[i + 1,1 + 2[ is matched one time unit before by another

The use of actiora; is as follows: we require that the first configuration is
encoded byp, a3 for somee € N; then, after each configuration the numbeggf
must be decreased by one.

The plantA is the universal timed automaton. The set of controllabt®as
isX. = {by,---, by, ay, ay, az}: the controller will play an encoding of the execution
of the 2-counter machine freely. We use a single unobsexvadtion (we take
¥0bs = () andzl"°Ps = {u}) which can be used by the environment to check whether
the encoding played by the controller is correct. Non-aeteistically and in an
unobservable way, the environment launchess#to check that the controller has
simulated the 2-counter machine correctly (that is it cketlat all actions are
matched correctly one time unit later or earlier, as exgldiabove).

If the environment discovers that the encoding is incoriegbes to a bad
state and the controller loses. So the controller has toglayrrect encoding for
winning. Moreover if the number &; played during an interval [i + 1[ is null
and the goal state of the 2-counter machine has not beenegaitien the plant
also goes into a bad state. So to control the plant propeutyngl the first time
unit the controller must play at leasta; wheren is the number of steps needed to
reachg. Then it just has to play a correct encoding leading to win the control
game.

a1, X .= 0 >\{a1}

Figure 2: Environment checking that evexyis matched one t.u. later by an



On Figurd 2, we give an example of how the environment cankctined every
a, is matched one time unit later by anotlaer Note that this construction works
only becausel is not observable: as the controller cannot know when itag¢d
it has to always simulate correctly the 2-counter machine.

Note that this proof shows that both control by general stfias and control
by strategies defined by DTA (with non-fixed granularity) arelecidable. In
fact to show that control under partial observability by gieh strategies a slighty
simpler proof not involvingas actions can be done.

Recently, another framework for control under partial obakility has been
developed[[14], where observations are based on the visitgds. Until now,
this work applies only to finite-state automata, and digcthe timed (and even
hybrid) automata.

5 Control of Hybrid Systems

Hybrid automata are an extension of timed automata in whistables are not
clocks but are more general: they can for instance followsgliven by dieren-
tial equations. This model, though immediately undecidatsl widely used and
studied (this is the topic of the conference HSCC which takase every year
since 1998). The literature on that subject is substantialcan thus not give
an overview of all results on that subject, we thus selectkinds of models for
which decidability results can be obtained.

5.1 Rectangular hybrid automata

The model of rectangular hybrid automata is an extensioheftodel of timed
automata. It thus extends finite automata with real-valwethbles, the enabling
condition for each discrete move is a cartesian producttefvals, and the first
derivative of each continuous variable is bounded by cotstirom below and
above. Checking reachability properties in that model idasidable unless we
assume that they are initialized [22], which means thatyetransition changing
the slope of a variable has to reset it.

In that context, the control problem for safety specificasics undecidable for
rectangular timed automata]22]. Several simpler contrabjems have thus been
considered.

Sampling control. Inthis framework, the controller performs actions evenysi
unit (or everys if § is the sampling rate of the controller). When the sampling ra
is known in advance, the safety sampling control problenrdotangular hybrid



automata is decidablé_[21]. When the sampling rate is notvkre priori, the
problems becomes undecidahlel[11]. Recently a new notisamapling has been
proposed([24], and it would be interesting to check whetherdontrol problem
can become decidable in this (more natural) framework.

Time-abstract restriction. In these games, when the strategy is to wait, it is not
possible to bound the time which is waited, and the environtrtigooses when the
next discrete action happens. In this framework, the gyatewait is viewed as a
discrete action, and this somehountimes the system. Under this time-abstract
restriction, rectangular hybrid games are decidablé [#3gn for specifications
given asL.TL formulas [20].

5.2 O-minimal hybrid automata

O-minimal systemg [25] are hybrid systems which have veaty continuous dy-
namics (for instance polynomial and exponential functicens be used), but have
limited discrete behaviours (at each discrete step, athlobes have to be reset).

The control of such systems is not always decidable as oamaistructures
(and thus reachability) are not necessarily decidable. é¥ewif we restrict to
decidable structures the (safety and reachability) coafro-minimal hybrid sys-
tems is decidable[7].

The technique of the proof is standard as it uses a computaticontrollable
predecessors over a symbolic representation of the gtatees However there is
a major diference with the case of timed automata: in o-minimal hybygdesms,
time-abstract bisimulation is not the right tool to compilie set of winning states.
A finer bisimulation calledsyfix-partition has to be used to prove decidability.
Moreover if the system is controllable, a strategy can benddfin the underlying
structure.

6 Conclusion

The control of timed and hybrid has been the core of much resgaese last
ten years. In this paper, we have focused on a formulationeo€ontrol problem
which is an asymmetric two-player game between the coetratid the environ-
ment. We have given several results concerning the contadilgm, from the
simplest reachability and safety control problems of timaetbmata to more in-
volved control problems like the control for external sfieations, under partial
observability, or for more general systems like subclase$égbrid automata.
These last years, an extension of timed automata with castbéen studied,
which can be used for modeling resource consumption in tisystems. These



automata are simple linear hybrid automata with a singleitiyariable (which is
an “observer” variable), and can used in a formulation oetigames with an op-
timization criterion on the cost. Those kinds of games harectapplications for
modeling for instance scheduling problems, and have beemtly much studied.
We refer to[5] for a recent survey on this model.

In 2005, the tool Uppaal TiGA has been developed, which sollie safety
control problems of timed automata, symbolically and inraverd manner [10].
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