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Preface

This volume contains the preliminary proceedings of the 7th International Work-
shop on Reduction Strategies in Rewriting and Programming (WRS 2007). The
final proceedings of WRS 2007 will be published as a volume of ENTCS (Elec-
tronic Notes in Theoretical Computer Science). The workshop was held in Paris,
France, on June 25, 2007, as part of the 4th Federated Conference on Rewriting,
Deduction, and Programming (RDP 2007).

The WRS workshop intends to promote and stimulate international research
and collaboration in the area of strategies. It encourages the presentation of new
directions, developments, and results as well as surveys and tutorials on existing
knowledge in this area. The previous editions of the workshop were: WRS 2001
(Utrecht, The Netherlands), WRS 2002 (Copenhagen, Denmark), WRS 2003
(Valencia, Spain), WRS 2004 (Aachen, Germany), WRS 2005 (Nara, Japan),
and WRS 2006 (Seattle, USA).

Each submission to WRS 2007 was assigned to at least three Program Com-
mittee members, who reviewed the papers with the help of 7 external refer-
ees. Afterwards, the submissions were discussed by the Program Committee by
means of Andrei Voronkov’s EasyChair system. I am grateful to Andrei for pro-
viding his system which was very helpful for the management of the submissions
and reviews and for the discussion of the Program Committee.

The program of WRS 2007 includes submitted 12 papers. In addition, WRS
2007 had two invited speakers, Pierre-Etienne Moreau and Rachid Echahed. I
want to thank the invited speakers for their interesting and inspiring talks.

Many people helped to make WRS 2007 a success. In particular, I want to
thank the organizers of RDP for their help (especially Ralf Treinen and Xavier
Urbain). I am also very grateful to the members of the Program Committee
and to the external reviewers for their careful work.

I would also like to thank the institutional sponsors of RDP 2007 without
whom it would not have been possible to organize RDP 2007: the Conserva-
toire des Arts et Métiers (CNAM), the Centre National de la Recherche Scien-
tifique (CNRS), the École Nationale Supérieure d’Informatique pour l’Industrie
et l’Entreprise (ENSIEE), the GDR Informatique Mathématique, the Institut
National de Recherche en Informatique et Automatique (INRIA) unit Futurs,
and the Région Île de France.

Aachen, June, 2007 Jürgen Giesl
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WRS 2007

Innermost Termination of Rewrite Systems by
Labeling 1

René Thiemann

LuFG Informatik 2, RWTH Aachen
52074 Aachen, Germany

Aart Middeldorp

Institute of Computer Science, University of Innsbruck
6020 Innsbruck, Austria

Abstract

Semantic labeling is a powerful transformation technique for proving termination of term rewrite systems.
The semantic part is given by a model or a quasi-model of the rewrite rules. A variant of semantic labeling
is predictive labeling where the quasi-model condition is only required for the usable rules. In this paper we
investigate how semantic and predictive labeling can be used to prove innermost termination. Moreover,
we show how to reduce the set of usable rules for predictive labeling even further, both in the termination
and the innermost termination case.

Keywords: Innermost Termination, Predictive Labeling, Semantic Labeling, Term Rewriting, Termination

1 Introduction

We start our discussion by illustrating the limitations of existing versions of semantic

and predictive labeling on a concrete example. Consider the following rewrite system

R where x÷ y generates a number between 0 and b xy c:

x > 0→ true (1)

0 > s(y)→ false (2)

s(x) > s(y)→ x > y (3)

x− 0→ x (4)

0− y → 0 (5)

s(x)− s(y)→ x− y (6)

id-inc(x)→ x (7)

id-inc(x)→ s(x) (8)

x÷ y → if(y > s(0), x > y, x, y) (9)

if(false, b, x, y)→ div-by-zero (10)

if(true, false, x, y)→ 0 (11)

if(true, true, x, y)→ id-inc((x− y)÷ y) (12)

1 Supported by DFG (Deutsche Forschungsgemeinschaft) grant GI 274/5-1 and FWF (Austrian Science
Fund) project P18763.
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Proving termination of R is a difficult task. Consider the recursive calls of ÷ and

if in rules (9) and (12). Essentially, one has to find a well-founded order such that

the argument x of if is larger than the argument x− y of ÷. To this end, one can

use the fact that in the previous recursive call the terms y > s(0) and x > y are

both reducible to true. This knowledge is important as for x = 0 or y = 0 the term

x − y can be reduced to x. However, when using term orders one generates one

separate constraint for each rule of R. Thus, the knowledge of a previous recursive

call is not directly available when building the constraint for rule (12). For example,

polynomial interpretations with negative coefficients [5] are not expressive enough

to solve the constraints of rules (9) and (12).

To solve this problem one can use the technique of semantic labeling [9]. We can

take an algebra A over natural numbers N where we use the natural interpretation

for the symbols −, s, 0, false, true, and >, i.e., x−A y = max(x−y, 0), sA(x) = x+1,

0A = falseA = 0, trueA = 1, and x>A y = 1 if x > y, and 0 otherwise. Now, we can

also provide labeling functions `f which define how to label the function symbol f

in a term f(t1, . . . , tn), depending on the value of their arguments. E.g., we can

choose `÷(n,m) = n, `if(b1, b2, n,m) = b1b2+max(n−m, 0), and we do not label the

remaining symbols. Then by labeling we get the (infinite) TRS lab(R) consisting

of (1)–(8) together with the following rules, for all i > j > 0:

x÷i y → ifj(y > s(0), x > y, x, y) (13)

ifi(false, b, x, y)→ div-by-zero (14)

ifi(true, false, x, y)→ 0 (15)

ifi+1(true, true, x, y)→ id-inc((x− y)÷i y) (16)

Termination of lab(R) is easily proved by LPO with precedence · · · A ÷n A ifn A
· · · A ÷1 A if1 A ÷0 A if0 A id-inc A − A > A s A 0 A true A false. The result

of semantic labeling is that if the algebra A is a model of R then termination of

lab(R) implies termination of R. However, it is impossible to give an interpretation

id-incA such that A is a model of R, since there is a conflict between the rules (7)

and (8).

One solution is to work with quasi-models where it is only required that the inter-

pretation of each left-hand side of a rule is greater than or equal to the interpretation

of the corresponding right-hand side. In [4] semantic labeling with quasi-models is

extended to predictive labeling where A only has to be a quasi-model of the usable

rules, the rules which define the function symbols that are needed to perform the

labeling. In our example the usable rules are (1)–(6). And indeed A is a (quasi-)

model of these rules. The problem when using quasi-models is the requirement that

all interpretations have to be weakly monotone in all arguments. As −A is not

weakly monotone (1 > 0, but 3−A 1 = 2 6> 3 = 3−A 0) one cannot use the algebra

A to prove termination of R.

As a matter of fact, R is not terminating:

s(0)÷ id-inc(0)→ if(id-inc(0) > s(0), s(0) > id-inc(0), s(0), id-inc(0))

→2 if(s(0) > s(0), s(0) > s(0), s(0), id-inc(0))

→4 if(true, true, s(0), id-inc(0))

2
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→ id-inc((s(0) − id-inc(0))÷ id-inc(0))

→2 (s(0)− 0)÷ id-inc(0)→ s(0)÷ id-inc(0)→ · · ·

So there cannot be a version of predictive labeling with models and arbitrary inter-

pretations. 2 Nevertheless, R is innermost terminating. Therefore we investigate

whether one can use predictive labeling with models for innermost termination,

where one can freely choose interpretations and where the algebra only has to be a

model of the usable rules. As the previous results on predictive labeling only work

for quasi-models, one cannot reuse them for innermost rewriting, e.g., Example 2.3

below shows that the main theorem of predictive labeling [4, Theorem 18] does not

hold for innermost rewriting.

The remainder of this paper is organized as follows. In Section 2 we start the

formal developments by recalling the basic definitions related to semantic labeling.

We show that with respect to innermost termination semantic labeling is incom-

plete for both models and quasi-models and unsound for quasi-models. Soundness

for models does hold and is shown in Section 3. By adapting the idea of predictive

labeling to the innermost case we show that the model requirement is only needed

for the usable rules induced by the labeling. The next contribution (Section 4) is

the integration of an argument filter, i.e., a mapping from function symbols to sets

of argument positions, to obtain even less usable rules than in [4] for innermost

termination. This idea was already used in [3] where argument filters are employed

to increase the power of term orders. In the context of semantic labeling, argument

filters are used to express which arguments are ignored in interpretation and label-

ing functions. In Section 5 we return to termination. We show how to integrate

argument filters with predictive labeling, resulting in a result that is strictly more

powerful than the main theorem of [4]. Concluding remarks are given in Section 6.

2 Semantic Labeling for Innermost Termination

We assume that the reader is familiar with term rewriting [2]. Below we recall the

basic definitions related to semantic labeling.

An algebra A over F is a pair (A, {fA}f∈F ) consisting of a carrier A and, for

every n-ary function symbol f ∈ F , an interpretation function fA : An → A. Given

an assignment α : V → A we write [α]A(t) for the interpretation of the term t. An

algebra A is a model of a rewrite system if [α]A(l) = [α]A(r) for all rules l→ r ∈ R
and all assignments α. If additionally, the carrier A is equipped with a well-founded

order >A then A is a quasi-model if [α]A(l) >A [α]A(r) for all l → r ∈ R and all

assignments α.

For each function symbol f there also is a corresponding set Lf ⊆ A of labels

for f and if Lf is non-empty there also is a labeling function `f : An → Lf . The

labeled signature Flab consists of n-ary function symbols fa for every n-ary function

symbol f ∈ F and label a ∈ Lf together with all function symbols f ∈ F such that

Lf = ∅. The labeling function `f determines the label of the root symbol f of a term

f(t1, . . . , tn) based on the values of the arguments t1, . . . , tn. For every assignment

2 This answers a question raised in [4].
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α : V → A the mapping labα : T (F ,V)→ T (Flab,V) is inductively defined as follows:

labα(t) =





t if t is a variable,

f(labα(t1), . . . , labα(tn)) if t = f(t1, . . . , tn) and Lf = ∅,

fa(labα(t1), . . . , labα(tn)) if t = f(t1, . . . , tn) and Lf 6= ∅

where a denotes the label `f ([α]A(t1), . . . , [α]A(tn)). The labeled TRS lab(R) over

the signature Flab consists of the rules labα(l) → labα(r) for all l → r ∈ R and

α : V → A. Moreover, if one uses quasi-models then one needs the set Dec =

{fa(x1, . . . , xn) → fb(x1, . . . , xn) | a, b ∈ Lf , a >A b} of decreasing rules. In this

case every interpretation function fA and every labeling function `f has to be weakly

monotone, i.e., if a >A a′ then fA(a1, . . . , a, . . . , an) >A fA(a1, . . . , a
′, . . . , an) and

similarly for `f .

Zantema [9] obtained the following results for semantic labeling.

Lemma 2.1 Let R be a TRS and A a non-empty algebra.

(i) If A is a model of R then t→R u implies labα(t)→lab(R) labα(u).

(ii) If A is a quasi-model of R then t→R u implies labα(t)→+
lab(R)∪Dec labα(u).

From Lemma 2.1 one obtains that R is terminating if and only if lab(R) (∪Dec)

is terminating when A is a (quasi-)model of R. Completeness is achieved by remov-

ing the labels of a possible infinite rewrite sequence of the labeled TRS. Soundness

is proved by transforming a presupposed infinite rewrite sequence in R into an

infinite rewrite sequence in lab(R) (∪Dec). This transformation is achieved by ap-

plying the labeling function labα(·) (for an arbitrary assignment α) to all terms in

the infinite rewrite sequence of R. Hence, semantic labeling is sound and complete

for termination with respect to both models and quasi-models.

As first new contribution we show that semantic labeling is incomplete for in-

nermost termination (Example 2.2) and that it is not even sound when using quasi-

models (Example 2.3). We write i→R for the innermost rewrite relation of R.

Example 2.2 Consider the TRS R:

if(true, x)→ if(test-ab(x), x) test-ab(a(x))→ test-b(x)

a(b)→ c test-b(b)→ true

Note that R is innermost terminating. The reason is that test-ab(x) can only be

evaluated to true if x is instantiated with a(b). But this is not allowed as a(b) is not

in normal form. We choose the algebra A with carrier A = {0, 1}, interpretations

ifA(x, y) = 0, bA = cA = trueA = 1, test-abA(x) = test-bA(x) = aA(x) = x, and

order >A = ∅. Then A is a model (and thus also a quasi-model) of R. Choosing

La = A, `a(x) = x, and Lf = ∅ for all other function symbols f we get the following

labeled TRS lab(R):

if(true, x)→ if(test-ab(x), x) test-ab(a0(x))→ test-b(x) test-b(b)→ true

a1(b)→ c test-ab(a1(x))→ test-b(x)

4
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There are no decreasing rules. The following reduction shows that lab(R) is not

innermost terminating:

if(true, a0(b))→lab(R) if(test-ab(a0(b)), a0(b))→lab(R) if(test-b(b), a0(b))

→lab(R) if(true, a0(b))→lab(R) · · ·

So semantic labeling is incomplete in the innermost case. The next example

shows that semantic labeling with quasi-models is unsound in the innermost case.

Example 2.3 The TRS R = {f(a(b)) → f(a(b))} is obviously not innermost

terminating. We choose the algebra A with carrier A = {0, 1}, interpretations

bA = fA(x) = 1, aA(x) = x, and >A = >, which is a (quasi-)model of R. By

taking Lb = Lf = ∅, La = A, and `a(x) = x, we obtain the TRS lab(R) ∪ Dec =

{f(a1(b)) → f(a1(b)), a1(x) → a0(x)}. This TRS is innermost terminating because

the second rule prohibits an innermost rewrite step with the first rule.

The previous example does not show that semantic labeling with models is

unsound for innermost termination because there are no decreasing rules when using

models. Indeed, in the next section we show the soundness of semantic labeling

with models for innermost termination. Actually, we prove a stronger results by

incorporating usable rules.

3 Predictive Labeling for Innermost Termination

Semantic labeling requires that the algebra is a model of all rules. This is in contrast

to predictive labeling where the model condition only has to be satisfied for the

usable rules, a concept introduced in [1]. We slightly modify the definition of usable

rules by integrating the labeling. Here, Fun(t) denotes the set of all function

symbols occurring in the term t.

Definition 3.1 Let R be a TRS and ` a labeling. We define the set of usable

symbols US`(t) ⊆ F of a term t inductively. If t ∈ V then US `(t) = ∅. If t =

f(t1, . . . , tn) then US`(t) is the least set such that

(i) US`(t1) ∪ · · · ∪ US`(tn) ⊆ US`(t),
(ii) if Lf 6= ∅ then Fun(t1) ∪ · · · ∪ Fun(tn) ⊆ US`(t), and

(iii) if l→ r ∈ R and root(l) ∈ US `(t) then Fun(r) ⊆ US`(t).
The usable symbols of R are defined as

US`(R) =
⋃

l→r∈R
US`(r)

and the usable rules of R are defined as

U`(R) = {l→ r ∈ R | root(l) ∈ US `(R)}.

It can be shown that US`(t) = G`(t) for the corresponding definition of G` in [4,

Definition 5]. However, there is a difference in the definition of US `(R) and G`(R)

5
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as in [4] both sides of a rule are considered, i.e., G`(r) and G`(l) are added for a rule

l→ r. The difference is illustrated in the following example.

Example 3.2 Consider the TRS R = {a→ f(g(b)), g(a) → c}. Assuming Lf 6= ∅
and Lg 6= ∅, in [4] one obtains G`(R) = {a, b, c, f, g} and thus both rules are

usable. This is in contrast to Definition 3.1 where US`(R) = {b, c, g} and hence

U`(R) = {g(a) → c}. The advantage of our definition is obvious: we get less

usable rules. However, the property in [4] that one only needs interpretations for

the symbols in US`(R) is not valid anymore. To check the model condition for

g(a)→ c and to label g(a) we need an interpretation aA for a.

From now on we assume a fixed TRS R and just write US ` instead of US`(R)

and U` instead of U`(R). Essentially, the aim of predictive (resp. semantic) la-

beling is to find a model for the usable (resp. all) rules and then try to prove

innermost termination of lab(R) to ensure innermost termination of R. As argued

between Lemma 2.1 and Example 2.2, soundness of semantic labeling is proved

by transforming an infinite reduction t1 →R t2 →R . . . into an infinite reduction

labα(t1) →lab(R) labα(t2) →lab(R) . . . by using Lemma 2.1(i). However, in the pre-

dictive case this lemma does not hold if the algebra is not a model of all rules. To

this end we consider a variant in which only reduction steps tσ i→R u are regarded

where t satisfies US`(t) ⊆ US` and where σ is a normalized substitution, i.e., where

σ(x) is in normal form for all x ∈ V.

Lemma 3.3 Let A be a model of U`, let US`(t) ⊆ US`, and let σ be a normalized

substitution. If tσ = C[lσ] i→R C[rσ] = u is a reduction with rule l→ r ∈ R then

(i) labα(tσ) i→lab(R) labα(u),

(ii) there is a term t′ such that u = t′σ and US`(t′) ⊆ US`, and

(iii) Fun(t) ⊆ US` implies both Fun(t′) ⊆ US` and [α]A(tσ) = [α]A(u).

Note that Lemma 3.3(i) and (ii) will allow us to transform innermost reductions

of R into infinite innermost reductions of lab(R). This is needed for the proof of

the main theorem of this section (Theorem 3.4). Property (iii) is only needed to

prove Lemma 3.3.

Proof. We perform structural induction on t. As σ is a normalized substitution t

is not a variable, so let t = f(t1, . . . , tn). We first consider a root reduction, i.e.,

tσ = lσ i→R rσ = u. Let σlab be the substitution labα ◦ σ and let ασ be the

assignment [α]A ◦ σ. We have labα(lσ) = labασ(l)σlab and therefore obtain (i):

labα(tσ) = labα(lσ) = labασ(l)σlab
i→lab(R) labασ(r)σlab = labα(rσ) = labα(u).

Note that labeling does not introduce new redexes and hence the above reduction

step is really an innermost step. The reason is that there are no decreasing rules

as in Example 2.3. To obtain (ii) we choose t′ = r. Then u = t′σ is obviously

satisfied and US`(t′) = US`(r) ⊆ US` follows by definition of US `. To prove (iii)

let Fun(t) ⊆ US`. Then f ∈ US` and thus l → r ∈ U`. Moreover, by the closure

property in Definition 3.1(iii) we conclude Fun(r) ⊆ US `. As the rule is usable we

know that A is a model of this rule. Hence we can finish the root reduction case:

6
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[α]A(tσ) = [α]A(lσ) = [ασ]A(l) = [ασ ]A(r) = [α]A(rσ) = [α]A(u).

Now we consider a reduction below the root: tiσ = C ′[lσ] i→R C ′[rσ] = ui and

u = f(t1σ, . . . , ui, . . . , tnσ). By Definition 3.1(i) we have US`(ti) ⊆ US`(t) ⊆ US`.
Hence, we can use the induction hypothesis for ti. To prove (i) we consider two

cases. First, if Lf = ∅ then

labα(tσ) = f(labα(t1σ), . . . , labα(tiσ), . . . , labα(tnσ)) i→lab(R)

f(labα(t1σ), . . . , labα(ui), . . . , labα(tnσ)) = labα(u)

directly proves (i). Otherwise, if Lf 6= ∅ then

labα(tσ) = fa(labα(t1σ), . . . , labα(tiσ), . . . , labα(tnσ)) i→lab(R)

fa(labα(t1σ), . . . , labα(ui), . . . , labα(tnσ))

where a = `f ([α]A(t1σ), . . . , [α]A(tiσ), . . . , [α]A(tnσ)). It remains to show that

a = `f ([α]A(t1σ), . . . , [α]A(ui), . . . , [α]A(tnσ)). To this end it suffices to prove

[α]A(tiσ) = [α]A(ui) which directly follows from the induction hypothesis (iii) since

Fun(ti) ⊆ US`(ti) ⊆ US` by Definition 3.1(ii).

To show (ii) we first get a term t′i with t′iσ = ui and US`(t′i) ⊆ US` by induc-

tion. We choose t′ = f(t1, . . . , t
′
i, . . . , tn) and directly obtain t′σ = u. To prove

US`(t′) ⊆ US` we define USk` (t′) to be like US`(t′) where we only apply closure (iii)

in Definition 3.1 at most k times. Then it suffices to prove USk` (t′) ⊆ US` for all

k ∈ N which we do by an inner induction on k. We first consider closure (i). Here,

we use US`(t) ⊆ US` and Definition 3.1(i) to obtain US`(t1)∪ · · · ∪US`(tn) ⊆ US`.
Thus, USk` (t1)∪ · · · ∪USk` (t′i)∪ · · · ∪USk` (tn) ⊆ US` is also satisfied. For closure (ii)

we only have to consider the case Lf 6= ∅. From US`(t) ⊆ US` and Definition 3.1(ii)

we conclude Fun(tj) ⊆ US` for all 1 6 j 6 n. As Fun(t′i) ⊆ US` by induction

hypothesis (iii), we are done. For closure (iii) let f ∈ USk` (t′). If f ∈ USk−1
` (t′)

then we only have to apply the inner induction hypothesis. Otherwise, there is a

rule l → r with root(l) ∈ USk−1
` (t′) and f ∈ Fun(r). From the inner induction

hypothesis we obtain root(l) ∈ US` =
⋃
l′→r′ US`(r′). Thus, for some r′ we have

root(l) ∈ US`(r′) and by Definition 3.1(iii) we know f ∈ US`(r′). But then f ∈ US`
as well.

To finally prove (iii) we assume Fun(t) ⊆ US`. Then obviously Fun(ti) ⊆ US`.
Thus, by induction hypothesis (iii) we know Fun(t′i) ⊆ US`. So Fun(t′) ⊆ US` is a

consequence of Fun(t) ⊆ US `. Moreover, we also obtain [α]A(tiσ) = [α]A(ui) from

the induction hypothesis (iii). Hence, we can finally prove (iii):

[α]A(tσ) = fA([α]A(t1σ), . . . , [α]A(tiσ), . . . , [α]A(tnσ))

= fA([α]A(t1σ), . . . , [α]A(ui), . . . , [α]A(tnσ)) = [α]A(u).

2

Theorem 3.4 If A is a model of U` then innermost termination of lab(R) implies

innermost termination of R.

Proof. Suppose R is not innermost terminating. Then there is a minimal non-

terminating term s which is not innermost terminating. By renaming the variables

7
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of the rules used for the reductions we can assume that for every rewrite step in this

infinite reduction the corresponding rule is instantiated by the same normalized

substitution σ. By minimality of s, after a number of reductions there must be

a root step, i.e., s i→∗R lσ i→R rσ for some rule l → r ∈ R where rσ is not

innermost terminating. By definition of US ` we know US`(r) ⊆ US`. Hence,

starting the infinite reduction with rσ we can now simulate every reduction step

with the corresponding labeled term labα(rσ) using the labeled TRS lab(R). If

rσ i→R r1
i→R r2

i→R · · · then by Lemma 3.3(ii) we obtain terms t1, t2, . . . such

that ri = tiσ and US`(ti) ⊆ US`. Using Lemma 3.3(i) we can finally prove that

lab(R) is not innermost terminating:

labα(rσ) i→lab(R) labα(r1) = labα(t1σ) i→lab(R) labα(r2) = labα(t2σ) i→lab(R) . . .

2

With Theorem 3.4 it is now possible to prove innermost termination of the

leading example with the specified algebra and the specified LPO.

4 Improved Labeling for Innermost Termination

We first modify the leading example to show a limitation of predictive labeling.

Afterwards we present an improvement to overcome this limitation.

Example 4.1 We consider a reformulated version of the TRS in the leading exam-

ple which uses an accumulator. Let R consist of the rules (1)–(8) together with the

following rules:

quot(x, y)→ ÷(x, y, 0) (17)

÷(x, y, z)→ if(y > s(0), x > y, x, y, z) (18)

if(false, b, x, y, z)→ div-by-zero (19)

if(true, false, x, y, z)→ z (20)

if(true, true, x, y, z)→ ÷(x− y, y, id-inc(z)) (21)

The problem is that we cannot apply Theorem 3.4 with the given algebra A; because

id-inc now occurs below the labeled symbol ÷, the problematic rules (7) and (8) are

usable and A is not a model of these rules. However, the labeling function `÷
ignores its third argument and thus, we do not need semantics for id-inc to compute

the label for ÷. Therefore, we would like to remove the id-inc-rules from the set of

usable rules. How this can be achieved is shown in the remainder of this section.

First, we need a notion to express which arguments of a function symbol should

be ignored. To this end we use an argument filter which maps every symbol to the

set of arguments that are not ignored. We further need a notion to express that an

argument filter is suitable for an algebra and a labeling function. Argument filters

were introduced in [1] and have been recently [3] used to reduce the usable rules in

connection with the dependency pair method.

Definition 4.2 An argument filter is a mapping π : F → 2N such that π(f) is a

subset of {1, . . . , n} for all f ∈ F with arity n. The application of an argument

8
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filter π to a term t is denoted by π(t) and defined as follows:

π(t) =

{
t if t is a variable

f(π(ti1), . . . , π(tik)) if t = f(t1, . . . , tn) and π(f) = {i1, . . . , ik}

An algebra A is π-conform if fA may depend on the i-th argument only if i ∈ π(f).

Similarly, a labeling function `f is π-conform if `f may depend on the i-th argument

only if i ∈ π(f).

From now on it is assumed that all algebras and labeling functions are π-conform.

We refine Definition 3.1 to get less usable rules when regarding the argument filter.

Definition 4.3 Let R be a TRS, ` a labeling, and π an argument filter. We define

the set US`,π(t) ⊆ F of usable symbols with respect to π of a term t inductively. If

t ∈ V then US`,π(t) = ∅. If t = f(t1, . . . , tn) then US`,π(t) is the least set such that

(i) US`,π(t1) ∪ · · · ∪ US`,π(tn) ⊆ US`,π(t),

(ii) if Lf 6= ∅ and i ∈ π(f) then Fun(π(ti)) ⊆ US`,π(t), and

(iii) if l→ r ∈ R and root(l) ∈ US `,π(t) then Fun(π(r)) ⊆ US`,π(t).

The usable symbols US`,π(R) and the usable rules U`,π(R) with respect to π are

defined as

US`,π(R) =
⋃

l→r∈R
US`,π(r) and U`,π(R) = {l → r ∈ R | root(l) ∈ US `,π(R)}.

As before, we assume a fixed TRS R and therefore just write US `,π and U`,π
for US`,π(R) and U`,π(R). We now show how innermost termination of the TRS in

Example 4.1 can be proved if one only has to find a model for the usable rules with

respect to π.

Example 4.4 We choose π(÷) = {1, 2} and π(if) = {1, 2, 3, 4} in Example 4.1.

Then A and the labeling functions are π-conform and the usable rules are (1)–

(6) as in the leading example. We obtain a similar labeled TRS and termination

is proved by a similar LPO. One only has to extend the precedence for the new

symbol quot by demanding quot A ÷i for all i ∈ N.

The only missing step is to extend the results of Lemma 3.3 and Theorem 3.4

to the refined version of usable rules in Definition 4.3.

Lemma 4.5 Let A be a model of U`,π, let US`,π(t) ⊆ US`,π, and let σ be a nor-

malized substation such that tσ = C[lσ] i→R C[rσ] = u for a rule l → r ∈ R. Then

the following properties are satisfied:

(i) labα(tσ) i→lab(R) labα(u),

(ii) there is a term t′ such that u = t′σ and US`,π(t′) ⊆ US`,π, and

(iii) Fun(π(t)) ⊆ US`,π implies both Fun(π(t′)) ⊆ US`,π and [α]A(tσ) = [α]A(u).

Proof. The proof is completely similar to the proof of Lemma 3.3 where one re-

places US` by US`,π, Fun(t) by Fun(π(t)), and U` by U`,π. Therefore, we only give

the three additional cases which arise when considering reductions below the root.

9
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First, to prove (i) one has to show `f ([α]A(t1σ), . . . , [α]A(tiσ), . . . , [α]A(tnσ)) =

`f ([α]A(t1σ), . . . , [α]A(ui), . . . , [α]A(tnσ)) as before. If i ∈ π(f) then one can con-

clude Fun(π(ti)) ⊆ US`,π and proceed as in the proof of Lemma 3.3. Otherwise,

i /∈ π(f) and thus, the equality is valid as `f ignores its i-th argument. Second,

to prove (ii) one has to show US`,π(t′) ⊆ US`,π by looking at the closure prop-

erties (i) and (ii) of Definition 4.3. When considering (ii) one cannot conclude

Fun(π(ti)) ⊆ US`,π if i /∈ π(f). However, in that case Fun(π(t′i)) ⊆ US`,π is not

required to satisfy (ii). Finally, to prove (iii) one gets the additional case i /∈ π(f).

Then Fun(π(t′)) = Fun(π(t)) ⊆ US`,π as π(t) = π(t′). Moreover, using the fact

that fA ignores its i-th argument immediately yields [α]A(tσ) = [α]A(u). 2

We are now ready to present the result about improved predictive labeling where

under the assumption of π-conformity one only has to find a model for the usable

rules with respect to π. As demonstrated in Example 4.1 and Example 4.4 this

clearly extends Theorem 3.4.

Theorem 4.6 Let π be an argument filter. If A is a model of U`,π and if both

A and all labeling functions are π-conform then innermost termination of lab(R)

implies innermost termination of R.

Proof. Just replace Lemma 3.3 by Lemma 4.5 in the proof of Theorem 3.4. 2

A possible extension of Theorem 4.6 is to redefine Definition 4.3 such that

US`,π(ti) ⊆ US`,π(t) is only required if i ∈ π(f). However the following exam-

ple shows that this extension is unsound.

Example 4.7 Consider the TRS {f(g(a)) → f(g(b)), b → a}. We choose the

algebra with carrier A = {0, 1} and interpretations fA(x) = gA(x) = aA = 0 and

bA = 1. For the labeling we use Lf = La = Lb = ∅, Lg = A, and `g(x) = x.

Then both the algebra and the labeling functions are π-conform for the argument

filter π defined by π(f) = π(a) = π(b) = ∅ and π(g) = {1}. However, using

the alternative definition of US `,π(t) we get US`,π = ∅ and hence, A is a model

for the usable rules. Thus, the extension cannot be sound as the labeled TRS

{f(g0(a))→ f(g1(b)), b→ a} is terminating while R is not innermost terminating.

In the next section we combine the idea of usable rules with respect to an

argument filter with predictive labeling for full rewriting.

5 Improved Predictive Labeling for Termination

Example 5.1 We consider the TRS R consisting of (7), (8), and

nonZero(0)→ false (22)

nonZero(s(x))→ true (23)

p(s(x))→ x (24)

p(0)→ 0 (25)

random(x)→ rand(x, 0) (26)

rand(x, y)→ if(nonZero(x), x, y) (27)

if(false, x, y)→ y (28)

if(true, x, y)→ rand(p(x), id-inc(y)) (29)

Here, random(x) generates a random number between 0 and x. We use the algebra

A with carrier N and natural interpretations pA(x) = max(x− 1, 0), sA(x) = x+ 1,

10
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0A = falseA = 0, trueA = 1, and nonZeroA(x) = 0 if x = 0, and 1 otherwise. If one

takes the standard order > on N then A is a t-algebra [4] and a quasi-model for

rules (22)–(25). Moreover, for the labeling with Lrand = Lif = N, `rand(n,m) = n,

`if(b, n,m) = b+ max(n− 1, 0), and Lf = ∅ for all other function symbols, both A
and the labeling functions are monotone. Hence, one can apply predictive labeling

of [4] to obtain the terminating TRS lab(R) ∪ Dec which can be proved by an LPO.

Unfortunately, the usable rules according to [4] include the critical rules (7) and

(8) as argument filters are not considered when computing the usable rules. Thus,

the requirements of predictive labeling [4, Theorem 18] are not satisfied. Therefore,

we now extend the results of [4] and show how to integrate argument filters in

the termination case where we only obtain the usable rules (22)–(25). Indeed, all

requirements of our new Theorem 5.10 are satisfied and we can conclude termination

of R by proving termination of lab(R) ∪ Dec.

As in [4], for improved predictive labeling in the termination case we do not

allow arbitrary algebras but one has to use a so-called t-algebra ([4, Definition 8]).

Definition 5.2 Let A be an algebra and let >A be a well-founded order on the

carrier A. We say that (A, >A) is a t-algebra if for all finite subsets X ⊆ A there

exists a least upper bound
⊔
X of X in A.

In the remainder of this section we assume that R is a finitely branching TRS,

π an argument filter, and (A, >A) a t-algebra such that all interpretations fA and

all labeling functions `f are weakly monotone and π-conform, and U`,π ⊆ >A.

As in the previous sections we cannot directly achieve the result of Lemma 2.1(ii)

to transform infinite R reductions into infinite reductions of lab(R) ∪ Dec since A is

not a quasi-model of all rules in R. Therefore, we introduce an alternative interpre-

tation function [α]∗A(·) for all terminating terms (SN ) similar to [4, Definition 9].

However, one has to perform a minor modification due to the difference between

US` and G`, cf. Example 3.2.

Definition 5.3 Let t ∈ SN and α an assignment. We define the interpretation

[α]∗A(t) inductively as follows where t′ = fA([α]∗A(t1), . . . , [α]∗A(tn)):

[α]∗A(t) =





α(x) if t is a variable,

t′ if t = f(t1, . . . , tn) and f ∈ US`,π,⊔ {[α]∗A(u) | t→R u} ∪ {t′} if t = f(t1, . . . , tn) and f /∈ US`,π.

Note that the recursion in the definition of [α]∗A(·) terminates because the union

of →R and the proper superterm relation B is a well-founded relation on SN .

Further note that the operation
⊔

is applied only to finite sets as R is assumed to

be finitely branching.

The induced labeling function [4, Definition 10] can be defined for terminating

and for minimal non-terminating terms (T ∞) but not for arbitrary terms in T (F ,V).

Definition 5.4 Let t ∈ SN ∪ T ∞ and α an assignment. We define the labeled

11
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term lab∗α(t) inductively as follows:

lab∗α(t) =





t if t is a variable,

f(lab∗α(t1), . . . , lab∗α(tn)) if t = f(t1, . . . , tn) and Lf = ∅,

fa(lab∗α(t1), . . . , lab∗α(tn)) if t = f(t1, . . . , tn) and Lf 6= ∅

where a = `f ([α]∗A(t1), . . . , [α]∗A(tn)).

The following lemma compares the predicted semantics of an instantiated ter-

minating term to the original semantics of the uninstantiated term, in which the

substitution becomes part of the assignment.

Definition 5.5 Given an assignment α and a substitution σ such that σ(x) ∈ SN
for all variables x, the assignment α∗σ is defined as [α]∗A ◦ σ and the substitution

σlab∗α as lab∗α ◦ σ.

Lemma 5.6 If tσ ∈ SN then [α]∗A(tσ) >A [α∗σ ]A(t). If in addition Fun(π(t)) ⊆
US`,π then [α]∗A(tσ) = [α∗σ]A(t).

Proof. We use structural induction on t. If t ∈ V then [α]∗A(tσ) = ([α]∗A ◦ σ)(t) =

[α∗σ ]A(t). Suppose t = f(t1, . . . , tn). We distinguish two cases.

(i) If f ∈ US`,π then

[α]∗A(tσ) = fA([α]∗A(t1σ), . . . , [α]∗A(tnσ)) >A
fA([α∗σ]A(t1), . . . , [α∗σ]A(tn)) = [α∗σ ]A(t)

where the inequality follows from the induction hypothesis (note that tiσ ∈ SN
for all i = 1, . . . , n) and the weak monotonicity of fA. If Fun(π(t)) ⊆ US`,π
and i ∈ π(f) then Fun(π(ti)) ⊆ US`,π and thus [α]∗A(tiσ) = [α∗σ ]A(ti) according

to the induction hypothesis. Since fA is π-conform, the inequality is turned

into an equality.

(ii) If f /∈ US`,π then

[α]∗A(tσ) =
⊔
{· · · } ∪ {fA([α]∗A(t1σ), . . . , [α]∗A(tnσ))}

>A fA([α]∗A(t1σ), . . . , [α]∗A(tnσ)) >A [α∗σ]A(t)

again using weak monotonicity of fA and the induction hypothesis. As in this

case Fun(π(t)) 6⊆ US`,π, we have already proved the second part of the lemma.

2

The next lemma does the same for labeled terms. Since the label of a function

symbol only depends on the semantics of its arguments, we can only deal with

terminating and minimal non-terminating terms.

Lemma 5.7 If tσ ∈ SN ∪ T ∞ then lab∗α(tσ) →∗Dec labα∗σ(t)σlab∗α. If in addition

US`,π(t) ⊆ US`,π then lab∗α(tσ) = labα∗σ(t)σlab∗α .

Proof. We use structural induction on t. If t is a variable then lab∗α(tσ) = tσlab∗α =

labα∗σ(t)σlab∗α . Otherwise t = f(t1, . . . , tn). Note that t1, . . . , tn ∈ SN . The induc-

tion hypothesis yields lab∗α(tiσ) →∗Dec labα∗σ(ti)σlab∗α for all i = 1, . . . , n. Moreover,

12
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whenever US`,π(t) ⊆ US`,π then by Definition 4.3(i) US`,π(ti) ⊆ US`,π for every

i and thus lab∗α(tiσ) = labα∗σ(ti)σlab∗α by the induction hypothesis. We distinguish

three cases.

(i) If Lf = ∅ then

lab∗α(tσ) = f(lab∗α(t1σ), . . . , lab∗α(tnσ))

→∗Dec f(labα∗σ(t1)σlab∗α , . . . , labα∗σ (tn)σlab∗α)

= f(labα∗σ(t1), . . . , labα∗σ(tn))σlab∗α = labα∗σ (f(t1, . . . , tn))σlab∗α .

Of course, if US`,π(t) ⊆ US`,π then there are no reduction steps.

(ii) If Lf 6= ∅ and US`,π(t) 6⊆ US`,π then lab∗α(tσ) = fa(lab∗α(t1σ), . . . , lab∗α(tnσ))

→∗Dec fa(labα∗σ(t1)σlab∗α , . . . , labα∗σ(tn)σlab∗α) and

labα∗σ(t)σlab∗α = fb(labα∗σ(t1), . . . , labα∗σ (tn))σlab∗α
= fb(labα∗σ(t1)σlab∗α , . . . , labα∗σ(tn)σlab∗α)

with a = `f ([α]∗A(t1σ), . . . , [α]∗A(tnσ)) and b = `f ([α∗σ ]A(t1), . . . , [α∗σ ]A(tn)).

Lemma 5.6 yields [α]∗A(tiσ) >A [α∗σ]A(ti) for all i = 1, . . . , n. Because the

labeling function `f is weakly monotone in all its coordinates, a >A b. If

a >A b then Dec contains the rewrite rule fa(x1, . . . , xn)→ fb(x1, . . . , xn) and

thus (also if a = b) fa(labα∗σ(t1)σlab∗α , . . . , labα∗σ(tn)σlab∗α) →∗Dec labα∗σ(t)σlab∗α .

We conclude that lab∗α(tσ)→∗Dec labα∗σ(t)σlab∗α .

(iii) If Lf 6= ∅ and US`,π(t) ⊆ US`,π then lab∗α(tσ) = fa(lab∗α(t1σ), . . . , lab∗α(tnσ)) =

fa(labα∗σ(t1)σlab∗α , . . . , labα∗σ(tn)σlab∗α) = fa(labα∗σ(t1), . . . , labα∗σ(tn))σlab∗α and

labα∗σ(t)σlab∗α = fb(labα∗σ(t1), . . . , labα∗σ(tn))σlab∗α

with a = `f ([α]∗A(t1σ), . . . , [α]∗A(tnσ)) and b = `f ([α∗σ]A(t1), . . . , [α∗σ]A(tn)). We

need to show that a = b. Because `f is π-conform, this amounts to showing

[α]∗A(tiσ) = [α∗σ]A(ti) for i ∈ π(f). If we can show that Fun(π(ti)) ⊆ US`,π,

this follows from Lemma 5.6. (Note that tiσ ∈ SN as tσ ∈ SN ∪ T ∞.) But

this can directly be concluded from Fun(π(ti)) ⊆ US`,π(t) ⊆ US`,π by closure

property (ii) of Definition 4.3.

2

We further need to know that the predicted semantics decreases when rewriting.

Lemma 5.8 Let t, u ∈ SN . If t→R u then [α]∗A(t) >A [α]∗A(u).

Proof. We perform structural induction on t. Obviously, t is not a variable, so let

t = f(t1, . . . , tn). If f /∈ US`,π then [α]∗A(t) =
⊔ {[α]∗A(v) | t →R v} ∪ {· · · } >A

[α]∗A(u) since [α]∗A(u) ∈ {[α]∗A(v) | t→R v}. Thus, for the remaining proof we may

assume f ∈ US`,π. We consider two cases.

(i) First we consider a root reduction t = lσ →R rσ = u. As root(l) = root(t) =

f ∈ US`,π we know l → r ∈ U`,π and Fun(π(r)) ⊆ US`,π due to closure

property (iii) in Definition 4.3. From the assumption U`,π ⊆ >A we infer

l >A r. Using Lemma 5.6 we obtain [α]∗A(t) = [α]∗A(lσ) >A [α∗σ ]A(l) >A
[α∗σ]A(r) = [α]∗A(rσ) = [α]∗A(u).
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(ii) Next assume a reduction t →R f(t1, . . . , ui, . . . , tn) = u below the root where

ti →R ui. The induction hypothesis yields [α]∗A(ti) >A [α]∗A(ui) and thus

[α]∗A(t) = fA([α]∗A(t1), . . . , [α]A(ti), . . . , [α]A(tn))

>A fA([α]∗A(t1), . . . , [α]A(ui), . . . , [α]A(tn)) = [α]∗A(u)

by weak monotonicity of fA.

2

We are now ready for the key lemma, which states that rewrite steps between

terminating and minimal non-terminating terms can be labeled.

Lemma 5.9 Let t, u ∈ SN ∪ T ∞. If t→R u then lab∗α(t)→+
lab(R)∪Dec lab∗α(u).

Proof. We use structural induction on t. Obviously t = f(t1, . . . , tn). For a root

reduction t = lσ →R rσ = u we infer lab∗α(t) = lab∗α(lσ)→∗Dec labα∗σ(l)σlab∗α →lab(R)

labα∗σ(r)σlab∗α = lab∗α(rσ) = lab∗α(u) by Lemma 5.7. Otherwise, we have u =

f(t1, . . . , ui, . . . , tn) with ti →R ui. We obtain lab∗α(ti) →+
lab(R)∪Dec lab∗α(ui) from

the induction hypothesis. We distinguish two cases.

(i) If Lf = ∅ then lab∗α(t) = f(lab∗α(t1), . . . , lab∗α(ti), . . . , lab∗α(tn)) →+
lab(R)∪Dec

f(lab∗α(t1), . . . , lab∗α(ui), . . . , lab∗α(tn)) = lab∗α(u).

(ii) If Lf 6= ∅ then

lab∗α(t) = fa(lab∗α(t1), . . . , lab∗α(ti), . . . , lab∗α(tn))

→+
lab(R)∪Dec fa(lab∗α(t1), . . . , lab∗α(ui), . . . , lab∗α(tn))

with a = `f ([α]∗A(t1), . . . , [α]∗A(ti), . . . , [α]∗A(tn)) and

lab∗α(u) = fb(lab∗α(t1), . . . , lab∗α(ui), . . . , lab∗α(tn))

with b = `f ([α]∗A(t1), . . . , [α]∗A(ui), . . . , [α]∗A(tn)). Because ti ∈ SN we can use

Lemma 5.8 to obtain [α]∗A(ti) >A [α]∗A(ui). Hence, a >A b by weak monotonic-

ity of `f and thus fa(lab∗α(t1), . . . , lab∗α(ui), . . . , lab∗α(tn))→∗Dec lab∗α(u).

2

We now have all the ingredients to prove the soundness of improved predictive

labeling for termination.

Theorem 5.10 Let R be a TRS, let π be an argument filter, and let (A, >A) be

a t-algebra such that A is a quasi-model of U`,π and all interpretation and labeling

functions are weakly monotone and π-conform. If lab(R) ∪ Dec is terminating then

so is R.

Proof. Note that for every term t ∈ T ∞ there exist a rewrite rule l → r ∈ R,

a substitution σ, and a subterm u of r such that t
>ε−→∗ lσ ε−→ rσ D uσ and

lσ, uσ ∈ T ∞. Let α be an arbitrary assignment. We will apply lab∗α to the terms in

the above sequence. From Lemma 5.9 we obtain lab∗α(t)→∗lab(R)∪Dec lab∗α(lσ). Since

rσ need not be an element of T ∞, we cannot apply Lemma 5.9 to the step lσ
ε−→ rσ.

Instead we use Lemma 5.7 to obtain lab∗α(lσ) →∗Dec labα∗σ(l)σlab∗α . Since labα∗σ(l) →
14
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labα∗σ(r) ∈ lab(R), labα∗σ(l)σlab∗α →lab(R) labα∗σ(r)σlab∗α . Because u is a subterm of r,

labα∗σ(r)σlab∗α D labα∗σ(u)σlab∗α . From closure property (i) of Definition 4.3 we infer

US`,π(u) ⊆ US`,π(r). Since r is a right-hand side of a rewrite rule of R, US `,π(r) ⊆
US`,π. Hence US`,π(u) ⊆ US`,π. Lemma 5.7 now yields labα∗σ(u)σlab∗α = lab∗α(uσ).

Putting everything together, we obtain lab∗α(t) →+
lab(R)∪Dec

· D lab∗α(uσ). Now

suppose that R is non-terminating. Then T ∞ is non-empty and thus there is an

infinite sequence t1
>ε−→∗ · ε−→ · D t2

>ε−→∗ · ε−→ · D · · · By the above argument, this

sequence is transformed into lab∗α(t1) →+
lab(R)∪Dec · D lab∗α(t2) →+

lab(R)∪Dec · D · · ·
By introducing appropriate contexts, the latter sequence gives rise to an infinite

reduction in lab(R) ∪ Dec, contradicting the assumption that R is terminating. 2

6 Conclusion

We have analyzed how the powerful technique of semantic labeling can be used to

prove innermost termination. It turned out that semantic labeling can be used for

models but not for quasi-models. We extended our results to predictive labeling

such that one only has to find a model for the usable as opposed to all rules.

This approach was further improved by incorporating argument filters. The latter

extension was finally integrated with predictive labeling for termination.

The results presented in this paper should be implemented in order to test their

effectiveness and combined with dependency pairs [1] to increase their applicability.

Semantic [9] and predictive [4] labeling with infinite (quasi-)models for termination

have been implemented in the automatic termination prover TPA [6]. The under-

lying theory is worked out in [8] and [7]. In the latter paper predictive labeling for

termination is combined with dependency pairs. Modifying these results to cover

innermost termination is straightforward. Incorporating argument filterings will in-

crease the search space but otherwise poses no challenge. We anticipate that the

power of TPA and other termination provers will be increased by the results of this

paper.
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Abstract

Yi and Sakai [9] showed that the termination problem is a decidable property for the class of semi-constructor
term rewriting systems, which is a superclass of the class of right ground term rewriting systems. The
decidability was shown by the fact that every non-terminating TRS in the class has a loop. In this paper we
modify the proof of [9] to show that both innermost termination and µ-termination are decidable properties
for the class of semi-constructor TRSs.
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1 Introduction

Termination is one of the central properties of term rewriting systems (TRSs for
short), where we say a TRS terminates if it does not admit any infinite reduction
sequence. Since termination is undecidable in general, several decidable classes
have been studied [4,5,6,8,9]. The class of semi-constructor TRSs is one of them [9],
where a TRS is in this class if for every right hand sides of rules its all subterms
having defined symbol at root position are ground.

Innermost reduction, the strategy which rewrites innermost redexes, is used for
call-by-value computation. are indicated by specifying arguments of function sym-
bols. Some non-terminating TRSs are terminating by context-sensitive reduction
without loss of computational ability. The termination property with respect to
innermost (resp. context-sensitive) reduction is called innermost (resp. context-
sensitive) termination. Since innermost termination and context-sensitive termina-
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tion are also undecidable in general, methods for proving these terminations have
been studied [1,2].

In this paper, we prove that innermost termination and context-sensitive termi-
nation for semi-constructor TRSs are decidable properties. The proof is done by
using notions of dependency pairs [1,2].

2 Preliminaries

We assume the reader is familiar with the standard definitions of term rewriting
systems [3] and here we just review the main notations used in this paper.

A signature F is a set of function symbols, where every f ∈ F is associated with
a non-negative integer by an arity function: arity : F → N(= {0, 1, 2, . . .}). The
set of all terms built from a signature F and a countable infinite set V of variables
such that F ∩V = ∅, is represented by T (F ,V). The set of ground terms is T (F , ∅)
(T (F) for short). The set of variables occurring in a term t is denoted by Var(t).

The set of all positions in a term t is denoted by Pos(t) and ε represents the
root position. Pos(t) is: Pos(t) = {ε} if t ∈ V, and Pos(t) = {ε} ∪ {iu | 1 ≤ i ≤
n, u ∈ Pos(ti)} if t = f(t1, . . . , tn). Let C be a context with a hole �. We write C[t]
for the term obtained from C by replacing � with a term t. Especially, we specify
an occurrence position p of a hole by C[ ]p. We say t is a subterm of s if s = C[t]
for some context C. We denote the subterm relation by �, that is, t � s if t is a
subterm of s, and t � s if t � s and t 6= s. The root symbol of a term t is denoted by
root(t).

A substitution θ is a mapping from V to T (F ,V) such that the set Dom(θ) =
{x ∈ V | θ(x) 6= x} is finite. We usually identify a substitution θ with the set
{x 7→ θ(x) | x ∈ Dom(θ)} of variable bindings. In the following, we write tθ instead
of θ(t).

A rewrite rule l → r is a directed equation which satisfies l 6∈ V and Var(r) ⊆
Var(l). A term rewriting system TRS is a finite set of rewrite rules. A redex is a
term lθ for a rule l → r and a substitution θ. A term containing no redex is called
a normal form. A substitution θ is normal if xθ is in normal forms for every x. The
reduction relation p−→R ⊆ T (F ,V)×T (F ,V) associated with a TRS R and position
p is defined as follows: s p−→R t if there exist a rewrite rule l → r ∈ R, a substitution
θ, and a context C[ ]p such that s = C[lθ]p and t = C[rθ]p, we say that s is reduced
to t by contracting redex lθ. We sometimes write −→R for p−→R by omitting p.

A redex is innermost, if its all proper subterms are in normal forms. If s is
reduced to t by contracting an innermost redex, then s →R t is said to be an
innermost reduction denoted by s−→

in R
t.

Proposition 2.1 For a TRS R, if there is a reduction s−→
in R

t, then C[s]−→
in R

C[t]
for any context C.

A mapping µ : F → P(N) is a replacement map (or F-map) if µ(f) ⊆
{1, . . . , arity(f)}. The set of µ-replacing positions Posµ(t) of a term t is: Posµ(t) =
{ε}, if t ∈ V and Posµ(t) = {ε} ∪ {iu | 1 ≤ i ≤ n, i ∈ µ(f), u ∈ Posµ(ti)}, if
t = f(t1, . . . , tn). The set of all µ-replacing variables of t is Varµ(t) = {x ∈ Var(t) |
∃p ∈ Posµ(t),∃C,C[x]p = t}. The µ-replacing subterm relation �µ is given by s�µ t
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if there is p ∈ Posµ(t) such that t = C[s]p. A context C[ ]p is µ-replacing denoted
by Cµ[ ]p if p ∈ Posµ(C[ ]p). A context-sensitive rewriting system is a TRS with an
F-map. If s p−→ t and p ∈ Posµ(s), then s p−→ t is said to be µ-reduction denoted by
s−→µ R

t.
Let → be a binary relation on terms, the transitive closure of → is denoted by

→+. The transitive and reflexive closure of → is denoted by →∗. If s →∗ t, then
we say that there is a →-sequence starting from s to t or t is →-reachable from s.
We write s →k t if t is →-reachable from s with k steps. A term t terminates with
respect to → if there exists no infinite →-sequence starting from t.

Example 2.2 Let R1 = {g(x) → h(x), h(d) → g(c), c → d} and µ1(g) = µ1(h) =
∅ [10]. A µ1-reduction sequence starting from g(d) is g(d)−→µ1 R1

h(d)−→µ1 R1
g(c). We

can not reduce g(c) to g(d) because c is not µ1-replacing subterm of g(c).

Proposition 2.3 For a TRS R and F-map µ, if there is a reduction s−→µ R
t, then

Cµ[s]−→µ R
Cµ[t] for any µ-replacing context Cµ.

For a TRS R (and F-map µ), we say that R terminates (resp. innermost ter-
minates, µ-terminates) if every term terminates with respect to →R (resp. −→

in R
,

−→µ R
).

For a TRS R, a function symbol f ∈ F is defined if f = root(l) for some rule
l → r ∈ R. The set of all defined symbols of R is denoted by DR = {root(l) | l →
r ∈ R}. A term t has a defined root symbol if root(t) ∈ DR.

Let R be a TRS over a signature F . The signature F ] denotes the union of
F and D]

R = {f ] | f ∈ DR} where F ∩ D]
R = ∅ and f ] has the same arity as f .

We call these fresh symbols dependency pair symbols. We define a notation t] by
t] = f ](t1, . . . , tn) if t = f(t1, . . . , tn) and f ∈ DR, t] = x if t = x and x ∈ V. If
l → r ∈ R and u is a subterm of r with a defined root symbol and u 6�l, then the
rewrite rule l] → u] is called a dependency pair of R. The set of all dependency
pairs of R is denoted by DP(R).

Definition 2.4 [Semi-Constructor TRS] A term t ∈ T (F ,V) is a semi-constructor
term if every term s such that s � t and root(s) ∈ DR is ground. A TRS R is a
semi-constructor system if r is a semi-constructor term for every rule l → r ∈ R.

Example 2.5 The TRS R2 = {a → g(f(a)), f(g(x)) → h(f(a), x)} is a semi-
constructor TRS.

A TRS R is called right-ground if for every l → r ∈ R, r is ground.

Proposition 2.6 The following statements hold:

(i) Right-ground TRSs are semi-constructor systems.

(ii) For a semi-constructor TRS R, all rules in DP(R) are right-ground.

3 Decidability of Innermost Termination for Semi-
Constructor TRSs

Decidability of termination for semi-constructor TRSs is proved based on the ob-
servation that there exists an infinite reduction sequence having a loop if it is not
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terminating [9]. In this section, we prove the decidability of innermost termination
in similar way.

Definition 3.1 [loop] A reduction sequence loops if it contains t →+ C[t] for some
context C, and head-loops if containing t →+ t.

Proposition 3.2 If there exists an innermost sequence that loops, then there exists
an infinite innermost sequence.

Definition 3.3 [Innermost DP-chain] For a TRS R, a sequence of the elements
of DP(R) s]

1 → t]1, s
]
2 → t]2, . . . is an innermost dependency chain if there exist

substitutions τ1, τ2, . . . such that s]
iτi is in normal forms and t]iτi−→in

∗
R

s]
i+1τi+1 holds

for every i.

Theorem 3.4 ([2]) For a TRS R, R does not innermost terminate if and only if
there exists an infinite innermost dependency chain.

Let T
−→
in R∞ denote the set of all �-minimal non-terminating terms for −→

in R
,

here “�-minimal” is used in the sense that all its proper subterms terminate.

Definition 3.5 [C-min] For a TRS R, let C ⊆ DP(R). An infinite reduction se-

quence in R ∪ C in the form t]1−→in R∪C t]2−→in R∪C t]3−→in R∪C · · · with ti ∈ T
−→
in R∞ for

all i ≥ 1 is called a C-min innermost reduction sequence. We use Cin
min(t]) to denote

the set of all C-min innermost reduction sequence starting from t].

Proposition 3.6 ([2]) Given a TRS R, the following statements hold:

(i) If there exists an infinite innermost dependency chain, then Cin
min(t]) 6= ∅ for

some C ⊆ DP(R) and t ∈ T
−→
in R∞ .

(ii) For any sequence in Cin
min(t]), reduction by rules of R takes place below the root

while reduction by rules of C takes place at the root.

(iii) For any sequence in Cin
min(t]), there is at least one rule in C which is applied

infinitely often.

Lemma 3.7 ([2]) For two terms s and s′, s]−→
in

∗
R∪C s′] implies s−→

in
∗
R

C[s′] for
some context C.

Proof. We use induction on the number n of reduction steps in s]−→
in

n
R∪C s′].

In the case that n = 0, it holds with C = �. Let n ≥ 1. Then we have
s]−→

in
n−1
R∪C s′′]−→

in R∪C s′] for some s′′]. By the induction hypothesis, s−→
in

∗
R

C[s′′].
• Consider the case that s′′]−→

in R
s′]. Since s′′−→

in R
s′, we have C[s′′]−→

in R
C[s′] by

Proposition 2.1. Hence s−→
in

∗
R

C[s′].
• Consider the case that s′′]−→

in C s′]. Since s′′ is a normal form with respect to →R,
we have s′′−→

in R
C ′[s′] by the definition of dependency pairs. C[s′′]−→

in R
C[C ′[s′]],

by Proposition 2.1. Hence s−→
in

∗
R

C[C ′[s′]]. 2

Lemma 3.8 For a semi-constructor TRS R, the following statements are equiva-
lent:

(i) R does not innermost terminate.
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(ii) There exists l] → u] ∈ DP(R) such that sq head-loops for some C ⊆ DP(R)
and sq ∈ Cin

min(u]).

Proof. ((ii) ⇒ (i)) : It is obvious from Lemma 3.7, and Proposition 3.2. ((i) ⇒ (ii))
: By Theorem 3.4 there exists an infinite innermost dependency chain. By Propo-
sition 3.6(i), there exists a sequence sq ∈ Cin

min(t]). By Proposition 3.6(ii),(iii),
there exists some rule l] → u] ∈ C which is applied at root position in sq in-
finitely often. By Proposition 2.6(ii), u] is ground. Thus sq contains a subsequence
u]−→

in
∗
R∪DP (R)

· →{l]→u]} u], which head-loops. 2

Theorem 3.9 Innermost termination of semi-constructor TRSs is decidable.

Proof. The decision procedure for the innermost termination of a semi-constructor
TRS R is as follows: consider all terms u1, u2, . . . , un corresponding to the right-
hand sides of DP(R) = {l]i → u]

i | 1 ≤ i ≤ n}, and simultaneously generate
all innermost reduction sequences with respect to R starting from u1, u2, . . . , un.
It halts if it enumerates all reachable terms exhaustively or it detects a looping
reduction sequence ui−→in

+
R

C[ui] for some i.
Suppose R does not innermost-terminate. By Lemma 3.8, 3.7, we have a looping

reduction sequence ui−→in
+
R

C[ui] for some i and C, which we eventually detect. If
R innermost terminates, then the execution of the reduction sequence generation
eventually stops since it is finitely branching. Moreover it does not detect a looping
sequence, otherwise it contradicts to Proposition 3.2. Thus the procedure decides
innermost termination of R in finitely many steps. 2

4 Decidability of Context-Sensitive Termination for
Semi-Constructor TRSs

The proof of decidability for innermost termination is straightforward as above.
However, the one for context-sensitive termination is not so straightforward because
of the existence of dependency pair with a variable in the right-hand side.

Definition 4.1 [µ-Loop] Let → be a relation on terms and µ be an F-map. A
reduction sequence µ-loops if it contains t′ →+ Cµ[t′] for some context Cµ.

Example 4.2 Let µ2(f) = µ2(h) = {1} and µ2(g) = ∅. For R2 (in Example 2.5),
the µ2-reduction sequence f(a)−→µ2 R2

f(g(f(a)))−→µ2 R2
h(f(a), f(a)) −→µ2 R2

· · · is
µ2-looping.

Proposition 4.3 If there exists a µ-looping µ-reduction sequence, then there exists
an infinite µ-reduction sequence.

Definition 4.4 [Context-Sensitive Dependency Pairs [1]] Let R be a TRS and µ

be an F-map. We define DP(R,µ) = DPF (R,µ) ∪ DPV(R,µ) to be the set of
context-sensitive dependency pairs (CS-DPs) where:

DPF (R,µ) = {l] → u] | l → r ∈ R, u �µ r, root(u) ∈ DR, u 6�µl}
DPV(R,µ) = {l] → x | l → r ∈ R, x ∈ Varµ(r) \Varµ(l)}
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Example 4.5 Consider TRS R2 (in Example 2.5) and F-map µ2 (in Example 4.2).
DPF (R2, µ2) = {f ](g(x)) → f ](a)} and DPV(R2, µ2) = {f ](g(x)) → x}.

Definition 4.6 [Context-Sensitive Semi-Constructor TRS] For an F-map µ, a TRS
R is a µ-semi-constructor TRS if all rules in DPF (R,µ) are right-ground.

For a given TRS R and an F-map µ, we define µ] by µ](f) = µ(f) for f ∈ F ,
and µ](f ]) = µ(f) for f ∈ DR. We write s �

]
µ t] for s �µ t

Definition 4.7 [Context-Sensitive dependency chain] For a TRS R and F-map µ,
a sequence of the elements of DP(R,µ) s]

1 → t]1, s]
2 → t]2, . . . is a context-sensitive

dependency chain if there exist substitutions τ1, τ2, . . . satisfying both:

• t]iτi−→
µ]

∗
R

s]
i+1τi+1, if t]i 6∈ V

• xτi �
]
µ u]

i −→µ]
∗
R

s]
i+1τi+1 for some term ui, if t]i = x.

For a given TRS and an F-map µ, let T
−→µ R∞ denote the set of all �µ-minimal

non-terminating terms for −→µ R
,

Example 4.8 Consider TRS R2 (in Example 2.5) and F-map µ2 (in Example 4.2).

f(a), f(g(f(a))) ∈ T
−→µ2 R2∞ and f(f(a)), h(f(a), f(a)) 6∈ T

−→µ2 R2∞ .

Theorem 4.9 ([1]) For a TRS R and an F-map µ, there exists an infinite context-
sensitive dependency chain if and only if R does not µ-terminate.

Let R be a TRS, µ be an F-map and C ⊆ DP(R, µ). We define ↪→
µ R,C as

(−→
µ] CF

∪ (−→
µ] CV

·�]
µ)∪ −→

µ]
R

) where CF = C ∩DPF (R,µ) and CV = C ∩DPV(R, µ).

Definition 4.10 [µ-C-min] Let R be a TRS, µ be an F-map, An infinite sequence
of terms in the form t]1 ↪→

µ R,C t]2 ↪→
µ R,C t]3 ↪→

µ R,C · · · is called a C-min µ-sequence if

ti ∈ T
−→µ R∞ for i ≥ 1.

We use Cµ
min(t]) to denote the set of all C-min µ-sequences starting from t].

Example 4.11 The sequence f ](a) ↪→
µ2

R2,C f ](g(f(a))) ↪→
µ2

R2,C f ](a) ↪→
µ2

R2,C · · · is

C-min µ-sequence.

Proposition 4.12 ([1]) Given a TRS R and an F-map µ, the following statements
hold:

(i) If there exists an infinite context-sensitive dependency chain, then Cµ
min(t]) 6= ∅

for some C ⊆ DP(R,µ) and t ∈ T
−→µ R∞ .

(ii) For any sequence in Cµ
min(t]), a reduction with −→

µ]
R

takes place below the root

while reductions with −→
µ] CF

and −→
µ] CV

take place at the root.

(iii) For any sequence in Cµ
min(t]), there is at least one rule in C which is applied

infinitely often.

Lemma 4.13 For two terms s and t, s] ↪→
µ

∗
R,C t] implies s−→µ ∗

R
Cµ[t] for some

context Cµ.
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Proof. We use induction on length n of the sequence. In the case that n = 0, it
holds trivially. Let n ≥ 1. Then we have s] ↪→

µ

∗
R,C u] ↪→

µ R,C t] for some u.

• In the case that u]−→
µ] CF

t], we have u−→µ R
C ′

µ[t] by the definition of dependency

pairs.
• In the case that u]−→

µ] CV
v �

]
µ t], we have u−→µ R

C ′′
µ[v] by the definition of depen-

dency pairs and v = C ′′′
µ [t]. Thus u−→µ R

C ′′
µ[C ′′′

µ [t]] = C ′
µ[t].

• In the case that u]−→
µ]

R
t], we have u−→µ R

C ′
µ[t] for C ′

µ[ ] = �.

Therefore s−→µ ∗
R

Cµ[u]−→µ R
Cµ[C ′

µ[t]] by the induction hypothesis and Proposi-
tion 2.3. 2

For a TRS R and F-map µ, we say R is free from infinite variable dependency
chain (FFIVDC) if and only if there exists no infinite context-sensitive dependency
chain consists of DPV(R,µ). If R is FFIVDC, then Cµ

min(t]) = ∅ for any C ⊆
DPF (R, µ) and a term t.

Lemma 4.14 Let µ be an F-map. If µ-semi-constructor TRS R is FFIVDC, then
the following statements are equivalent:

(i) R does not µ-terminate.

(ii) There exists l] → u] ∈ DPF (R,µ) such that sq head-loops for some sq ∈
Cµ

min(u]).

Proof. ((ii) ⇒ (i)) : It is obvious from Lemma 4.13, and Proposition 4.3. ((i)
⇒ (ii)) : By Theorem 4.9 there exists an infinite context-sensitive dependency
chain. By Proposition 4.12(i), there exists a sequence sq ∈ Cµ

min(t]). By Proposi-
tion 4.12(ii),(iii) and the fact that R is FFIVDC, there is some rule in l] → u] ∈ CF
which is applied at root reduction in sq infinitely often.
By definition 4.6, u] is ground. Thus sq contains a subsequence u] ↪→

µ

+
R,C u], which

head-loops and is in Cµ
min(u]). 2

Lemma 4.15 Let µ be an F-map. If µ-semi-constructor TRS R is FFIVDC, then
µ-termination of R is decidable.

Proof. The decision procedure for µ-termination of a µ-semi-constructor TRS R

is as follows: consider all terms u1, u2, . . . , un corresponding to the right-hand sides
of DPF (R,µ) = {l]i → u]

i | 1 ≤ i ≤ n}, and simultaneously generate all µ-reduction
sequences with respect to R starting from u1, u2, . . . , un. It halts if it enumer-
ates all reachable terms exhaustively or it detects a µ-looping reduction sequence
ui−→µ +

R
Cµ[ui] for some i.

Suppose R does not µ-terminate. By Lemma 4.14, 4.13, we have a µ-looping
reduction sequence ui−→µ +

R
Cµ[ui] for some i and Cµ, which we eventually detect.

If R µ-terminates, then the execution of the reduction sequence generation even-
tually stops since it is finitely branching. Moreover it does not detect a µ-looping
sequence, otherwise it contradicts to Proposition 4.3. Thus the procedure decides
µ-termination of R in finitely many steps. 2

We have to check FFIVDC property in order to use Lemma 4.15. The following
Proposition provides its sufficient condition. The set DP1

V(R,µ) is a subset of

22



Uchiyama, Sakai and Sakabe

DPV(R,µ) defined as follows

DP1
V(R,µ) = {f ](u1, . . . , uk) → x ∈ DPV(R, µ) | ∃i, 1 ≤ i ≤ k, i 6∈ µ(f), x ∈ V ar(ui)}

Proposition 4.16 ([1]) Let R be a TRS, µ be an F-map and C = DP1
V(R,µ).

Cµ
min(t]) = ∅ for any term t.

Since DP1
V(R,µ) = DPV(R,µ) implies that R is FFIVDC by Proposition 4.16,

the following theorem directly follows from Lemma 4.15.

Theorem 4.17 Let µ be an F-map and R be a µ-semi-constructor TRS. µ-
termination of R is decidable if DPV(R,µ) = DP1

V(R,µ).

In the following, we show that µ-termination of semi-constructor TRSs (not
µ-semi-constructor) is decidable.

Lemma 4.18 Consider a reduction s] = Cµ] [lθ]p−→
µ]

R
t] = Cµ] [rθ]p = C ′[u]q where

s, u ∈ T
−→µ R∞ and q ∈ Pos(t) \ Posµ(t). Then one of the following statements hold

(i) s � u

(ii) vθ = u and r = C ′′[v]q′ for some θ, v 6∈ V, C ′′, and q′ ∈ Pos(r) \ Posµ(r)

Proof. Since q ∈ Pos(t) \ Posµ(t), p is not below or equal to q. In the case that p

and q are in parallel positions, s � u trivially holds. In the case that p is above q, it
is obvious that s � u hold or, vθ = u and r = C ′′[v]q′ for some θ, v 6∈ V, C ′′. Here
the fact that q′ ∈ Pos(r) \ Posµ(r) follows from p ∈ Posµ(t) and q 6∈ Posµ(t). 2

Lemma 4.19 Let R be a semi-constructor TRS, µ be an F-map. For a C-min
µ-sequence s]

1−→µ]
∗
R

t]1−→µ] CV
u1 �

]
µ s]

2 · · · with no reduction by rules in CF , one of

following statements hold for each i:

(i) si � si+1

(ii) There exists l] → s]
i+1 ∈ DP(R) for some l

Proof. We have t]i = C[si+1]q for some q ∈ Pos(ti) \ Posµ(ti). We show (i) or the
following (ii’) by induction on the number n of steps of s]

i −→µ]
n

R
t]i = C[si+1].

(ii’) There exist a reduction by l → r in s]
i −→µ]

∗
R

t]i and l] → s]
i+1 ∈ DP(R)

• In the case that n = 0, trivially si = ti � si+1.
• In the case that n > 0, let s]

i −→µ]
R

s′]−→
µ]

n−1

R
t]i = C[si+1]q. By the induction

hypothesis, the condition (ii’) or s′ � si+1 follows. In the former case, it is trivial.
In the latter case, by Lemma 4.18, we have si � si+1, or, we have vθ = si+1 and r =
C ′[v]q′ for some l → r ∈ R, θ, v 6∈ V, C ′ and q′ ∈ Pos(r) \ Posµ(r) by Lemma 4.18.
Hence vθ = v due to root(si+1) ∈ DR and Proposition 2.6(ii). Therefore (ii’)
follows. 2

One may think that the Lemma 4.19 would hold even if DP(R) were replaced
with DP(R,µ). However, it does not hold from the following counter example.
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Example 4.20 Let R3 = {f(g(x)) → x, g(b) → g(f(g(b)))}, µ3(f) = {1} and
µ3(g) = ∅. There exists a C-min µ3-sequence f ](g(b))−→

µ]
3 R3

f ](g(f(g(b)))−→
µ]

3 CV
f(g(b)) �

]
µ3 f ](g(b)) where CV = DPV(R3, µ3).

A dependency pair whose right-hand side is f ](g(b)) is in DP(R) but not in
DP(R,µ).

Lemma 4.21 For a semi-constructor TRS R and an F-map µ, the following state-
ments are equivalent:

(i) R does not µ-terminate.

(ii) There exists l] → u] ∈ DP(R) such that sq head-loops for some sq ∈ Cµ
min(u]).

Proof. ((ii) ⇒ (i)) : It is obvious from Lemma 4.13, and Prop 4.3. ((i)⇒ (ii))
: By Theorem 4.9 there exists a context-sensitive dependency chain. By Propo-
sition 4.12(i), there exists a sequence sq ∈ Cµ

min(t]). By Proposition 4.12(ii),(iii),
there exists a rule in C applied at root position in sq infinitely often.
• Consider the case that there exists a rule l] → r] ∈ CF with infinite use in sq.
Since u is ground by Proposition 4.12(ii) and CF ⊆ DP (R), sq has a subsequence
u] ↪→

µ

+
R,C u].

• Otherwise, sq has a infinite subsequence without use of rules in CF . The subse-
quence is in Cµ

min(s]) for some s]. Then the condition (ii) of Lemma 4.19 holds for
infinitely many i’s, otherwise we have an infinite sequence sk � sk+1 � · · · for some
k, which is a contradiction. Hence there exists a l] → u] ∈ DP(R) such that u]

occurs more than twice in sq. Thus the sequence u] ↪→
µ

+
R,C u] appears in sq. 2

Theorem 4.22 µ-termination of semi-constructor TRSs is decidable.

Proof. The decision procedure for µ-termination of a semi-constructor TRS R is
as follows: consider all terms u1, u2, . . . , un corresponding to the right-hand sides
of DP(R) = {l]i → u]

i | 1 ≤ i ≤ n}, and simultaneously generate all µ-reduction
sequences with respect to R starting from u1, u2, . . . , un. It halts if it enumer-
ates all reachable terms exhaustively or it detects a µ-looping reduction sequence
ui−→µ +

R
Cµ[ui] for some i.

Suppose R does not µ-terminate. By Lemma 4.21 and 4.13, we have a µ-looping
reduction sequence ui−→µ +

R
Cµ[ui] for some i and Cµ, which we eventually detect.

If R µ-terminates, then the execution of the reduction sequence generation even-
tually stops since it is finitely branching. Moreover it does not detect a µ-looping
sequence, otherwise it contradicts to Proposition 4.3. Thus the procedure decides
µ-termination of R in finitely many steps. 2

5 Some Extension and Example

5.1 Innermost

In this subsection, we extend the class for which innermost termination is decidable
by using the dependency graph.
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Lemma 5.1 Let R be a TRS whose innermost termination is equivalent to the
non-existence of an innermost dependency chain that contains infinite use of right-
ground dependency pairs. Then innermost termination of R is decidable.

Proof. We apply the procedure which is used in proof of Lemma 3.9 starting
with terms u1, u2, . . . , un, where u]

i’s are all ground right-hand sides of dependency
pairs. Suppose R is innermost non-terminating, we have an innermost dependency
chain with infinite use of a right-ground dependency pair. Similarly to the semi-
constructor case, we have a looping sequence ui−→in

+
R

C[ui], which can be detected
by the procedure. 2

Definition 5.2 [Innermost DP-Graph [2]] The innermost dependency graph of a
TRS R is a directed graph whose nodes are the dependency pairs and there is an
arc from s] → t] to u] → v] if there exist normal substitutions σ and τ such that
t]σ−→

in
∗
R

u]τ and u]τ is in normal forms with respect to R.

An approximated dependency graph is a graph that contains the innermost
dependency graph as subgraph. Computable such graphs are proposed in [2], for
example.

Theorem 5.3 Let R be a TRS and G be an approximated dependency graph of R.
If at least one node in the cycle is right-ground for every cycle of G, then innermost
termination of R is decidable.

Proof. From Lemma 5.1. 2

Example 5.4 Let R3 = {f(s(x)) → g(x), g(s(x)) → f(s(0))}. Then DP(R3) =
{f ](s(x)) → g](x), g](s(x)) → f ](s(0))}. The innermost dependency graph of
R3 has one cycle, which contains a right ground node [Fig. 1]. The innermost
termination of R3 is decidable by Theorem 5.3. Actually we know R3 is innermost
terminating from the procedure in the proof of Theorem 3.9 since all innermost
reduction sequences from f(s(0)) terminate.

Fig. 1. The innermost DP-Graph of R3

Example 5.5 Let R4 = {a → b, f(a, x) → x, f(x, b) → g(x, x), g(b, x) →
h(f(a, a), x)}. Then DP(R4) = {f ](x, b) → g](x, x), g](b, x) → f ](a, a), g](b, x) →
a]}. The innermost dependency graph of R4 has one cycle, which contains
a right ground node [Fig. 2]. The innermost termination of R4 is decidable
by Theorem 5.3. Actually we know R4 is not innermost terminating from
the procedure in the proof of Theorem 3.9 by detecting the looping sequence
f(a, a)−→

in R4
f(b, b)−→

in R4
g(b, b)−→

in R4
h(f(a, a), b).

5.2 Context-Sensitive

We extend the class for which µ-termination is decidable by using the dependency
graph. The class extended in this subsection is the class that satisfy the condition
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Fig. 2. The innermost DP-Graph of R4

of Theorem 4.17.

Lemma 5.6 Let R be a TRS and µ be an F-map. If µ-termination of R is equiv-
alent to the non-existence of a context-sensitive dependency chain that contains
infinite use of right-ground rule in DPF (R,µ). Then µ-termination of R is decid-
able.

Proof. We apply the procedure which used on proof of Lemma 4.22 starting
with terms u1, u2, . . . , un, where u]

i’s are all ground right-hand sides of rules in
DPF (R, µ). Suppose R is non-µ-termination, we have an context-sensitive depen-
dency chain with infinite use of right-ground rule in DPF (R,µ). Similarly to the
µ-semi-constructor case, we have a looping sequence ui−→µ +

R
Cµ[ui], which can be

detected by the procedure. 2

Definition 5.7 [Context-Sensitive DP-Graph [1]] The Context-Sensitive depen-
dency graph of a TRS R and an F-map µ is directed graph whose nodes are CS-
dependency pairs:

(i) There is an arc from s → t ∈ DPF (R,µ) to u → v ∈ DP(R,µ) if there exist
substitutions σ and τ such that tσ −→

µ]
∗
R

uτ .

(ii) There is an arc from s → t ∈ DPV(R,µ) to each dependency pair u → v ∈
DP(R,µ).

Similarly to the innermost case, a computable approximated dependency graph
is proposed for context-sensitive DP-graph[1].

Theorem 5.8 Let R be a TRS, µ be an F-map and G be an approximated DP-
graph of R. µ-termination of R is decidable if one of followings hold for every cycle
in G.

(i) The cycle contains at least one node that is right-ground.

(ii) All nodes of the cycle are elements in DP1
V(R, µ).

Proof. From Lemma 5.6 and Theorem 4.16. 2

Example 5.9 Let R5 = {h(x) → g(x, x), g(a, x) → f(b, x), f(x, x) → h(a), a →
b}, µ5(f) = µ5(g) = µ5(h) = {1} and µ5(a) = µ5(b) = ∅ [7]. Then DP(R5, µ5) =
{h](x) → g](x, x), g](a, x) → f ](b, x), f ](x, x) → h](a), f ](x, x) → a]}. The
context-sensitive dependency graph of R5 and µ5 has one cycle, which contains a
right ground node [Fig.3]. The µ5-termination of R5 is decidable by Theorem 5.8.
Actually we know R5 is µ5-terminating from the procedure in the proof of Theorem
4.15 since all µ5-reduction sequences from h(a) terminates.

Example 5.10 Let µ6(f) = {2}, µ6(g) = µ6(h) = {1} and µ6(a) = µ6(b) = ∅.
Consider µ6-termination of R5. The context-sensitive dependency graph of R5
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Fig. 3. The innermost DP-Graph of R5 and µ5

and µ6 is same as one of R5 and µ5 [Fig.3]. The µ6-termination of R5 is decid-
able by Theorem 5.8. By the decision procedure, we can detect the µ6-looping
sequence h(a)−→µ6 R5

g(a, a)−→µ6 R5
f(b, a)−→µ6 R5

f(b, b)−→µ6 R5
h(a). Thus R5 is non-

µ5-terminating.

The class of TRS that satisfy the condition of Theorem 5.8 is a superclass of
the class of TRS that satisfy the condition of Theorem 4.17. However, the semi-
constuctor class and none of these classes are included from each other.
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Abstract

Lazy rewriting is a proper restriction of term rewriting that dynamically restricts the reduction of certain
arguments of functions in order to obtain termination. In contrast to context-sensitive rewriting reductions
at such argument positions are not completely forbidden but delayed. Based on the observation that the
only existing (non-trivial) approach to prove termination of such lazy rewrite systems is flawed, we develop
a modified approach for transforming lazy rewrite systems into context-sensitive ones that is sound and
complete with respect to termination.

1 Introduction

In functional programming languages, evaluations are often carried out in a lazy

fashion. This means that in the evaluation of an expression, the result of certain

subexpressions is not computed until it is known that the particular result is actually

needed. A very similar idea is used in lazy rewriting ([FKW00]) where the reduction

of certain subterms is delayed as long as possible.

Initially, lazy rewriting was introduced by [FKW00] in a graph rewriting setting

(although the basic underlying idea is much older, cf. e.g. [FW76], [Str89], [Pv93]).

However, for the termination analysis of lazy rewrite systems it is favorable to

consider term rewriting instead of graph rewriting. Therefore, we will use the

notion of lazy rewriting introduced in [Luc02b].

Restrictions of term rewriting have been studied over the last decades and

have been used both for practical implementations of specification languages (cf.

e.g. strategy annotations in Maude [CDE+03]) and for theoretical results (cf. e.g.

[Luc98,Luc06], [GL06]). Some of the most sophisticated approaches like on-demand

rewriting ([Luc01]) and rewriting with on-demand strategy annotations ([AEGL03])

incorporate lazy evaluation features. Thus, a better understanding of lazy rewrit-

ing may contribute to an improved understanding and analysis of these more recent

approaches.

In [Luc02b] a transformation from lazy rewrite systems into context-sensitive

ones was proposed, which was supposed to preserve non-termination and conjec-

tured to be complete w.r.t. termination. Unfortunately, a counterexample (see Ex-

ample 3.3 below) proves that this transformation is unsound w.r.t. termination. In

this paper we repair the transformation and prove both soundness and completeness

of the new transformation w.r.t. termination.

In Section 2 of this paper we will give basic definitions and introduce basic nota-

tions of lazy rewriting. In Section 3 we introduce the transformation of [Luc02b] and

give a counterexample to its soundness w.r.t. termination. We propose a modified



version of the transformation which is proved to be sound and complete w.r.t. ter-

mination. Section 4 contains a discussion of the presented results and concludes. 1

2 Preliminaries

We assume familiarity with the basic concepts and notations in term rewriting as

well as context-sensitive term rewriting as provided for instance in [BN98,Luc98].

As in [FKW00] and [Luc02b] we are concerned with left-linear lazy rewrite sys-

tems in this work.

General assumption: Throughout the paper we assume that all lazy rewrite

systems are left-linear 2 and finite.

Lazy rewriting operates on labelled terms. Each function and variable symbol

of a term has either an eager label e or a lazy label l which we will write as

superscripts. So given a signature Σ = {f1, ..., fn}, we consider a new signature

Σ′ = {f e1 , f l1, ..., f en, f ln}. We denote by V ′ the set of labelled variables, so T (Σ′, V ′)
is the set of labelled terms of a labelled signature Σ′. Following [Luc02b] we use a

replacement map µ to specify for each function f ∈ Σ which arguments should be

evaluated eagerly. Given a replacement map µ we define the canonical labelling of

terms as a mapping labelµ : T (Σ, V )→ T (Σ′, V ′), where Σ′ is the labelled signature

and V ′ are the labelled variables [Luc02b]:

labelµ(t) = labeleµ(t)

labelαµ(x) = xα(α ∈ {e, l})
labelαµ(f(t1, ..., tn)) = fα(labelα1

µ (t1), ..., labelαnµ (tn))

where αi = e if i ∈ µ(f), l otherwise, and α ∈ {e, l}
Given a labelled term t, the unlabelled term erase(t) is constructed from t by

omitting all labels. A position p of a term t is said to be eager (resp. lazy), if

the symbol at the root of the subterm starting at position p of t has an eager

(resp. lazy) label. Note that the lazy positions of a term are not the same as the

non-replacing positions in context-sensitive rewriting. The reason is that in lazy

rewriting eager positions may occur below lazy ones whereas in context-sensitive

rewriting all positions which are below a non-replacing position are non-replacing.

However, rewrite steps may only be performed at so-called active positions. A

position p is called active if all positions on the path from the root to p are eager.

Definition 2.1 ([Luc02b], [FKW00]) The active positions of a labelled term t

(denoted Act(t)) are recursively defined as follows.

• the root position ε of t is active

• if p is an active position and position p.i is eager, then position p.i is active.

1 Due to lack of space, the proofs of some auxiliary results (Propositions 3.7, 3.8 and 3.9 and Lemmata
3.13, 3.14, 3.19, 3.20 and 3.21 have been omitted here. They can be found in the full version of the paper
at http://www.logic.at/people/schernhammer/papers/wrs07-long.pdf.
2 Nevertheless, for clarity we will mention this assumption in the main results.
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Note that given an unlabelled term t and a replacement map µ, the active posi-

tions of labelµ(t) are exactly the replacing positions w.r.t. context-sensitive rewrit-

ing.

Definition 2.2 ([Luc02b], [FKW00]) Let l ∈ T (Σ, V ) be linear, t ∈ T (Σ′, V ′)
be a labelled term and let p be an active position of t. Then l matches t|p modulo

laziness if either

• l ∈ V or

• If l = f(l1, ..., ln) and t|p = f e(tα1 , ..., t
α
n) (α ∈ {e, l}), then for all eager subterms

tei , li matches modulo laziness tei .

If tli at positions p.i is a lazy subterm and li 6∈ V , then position p.i is called essential.

When writing te (resp. tl) we mean that the term t has an eager (resp. lazy) root

label. Informally, a matching modulo laziness is a partial matching ignoring (possi-

ble) clashes at lazy positions. Positions where such clashes occur may be activated

(i.e., their label may be changed from lazy to eager).

Definition 2.3 ([Luc02b]) Let R = (Σ, R) be a (left-linear) TRS. Let t be a la-

belled term and let l be the left-hand side of a rule of R. If l matches modulo laziness

t|p, and this matching gives rise to an essential position p.i (t|p.i = f l(t1, ..., tn)),

then t
A→ t[f e(t1, ..., tn)]p.i. The relation

A→ is called activation relation.

Definition 2.4 ([Luc02b]) Let l be the (linear) left-hand side of a rewrite rule

and let t be a labelled term. If l matches erase(t), then the mapping σl,t : V ar(l)→
T (Σ′, V ′) is defined as follows. For all x ∈ V , with l|q = x : σl,t(x) = t|q.

Informally, σl,t is the matcher when matching l against t, where one adds the

appropriate labels of t.

This substitution is modified to operate on labelled terms in the following way,

yielding the mapping σ : V ′ → T (Σ′, V ′) [Luc02b]:

σ(xe) =




ye

f e(t1, ..., tn)

if σl,u(x) = yα ∈ V ′

if σl,u(x) = fα(t1, ..., tn)

σ(xl) =




yl

f l(t1, ..., tn)

if σl,u(x) = yα ∈ V ′

if σl,u(x) = fα(t1, ..., tn)

σ is homeomorphically extended to a mapping T (Σ′, V ′)→ T (Σ′, V ′) as usual.

Definition 2.5 ([Luc02b]) Let R = (Σ, R) be a (left-linear) TRS with replace-

ment map µ. The active rewrite relation
R→µ: T (Σ′, V ′) × T (Σ′, V ′) is defined as

follows: Let t be a labelled term such that the left-hand side of a rewrite rule l → r

matches erase(t|p) with σl,t|p and let p ∈ Act(t). Then t
R→µ t[σ(labelµ(r))]p.

Informally, the active rewrite relation
R→µ performs rewrite steps according to

rewrite rules as usual at active positions, where labels are considered. The lazy

rewrite relation
LR→µ is the union of the activation relation and the active rewrite

relation.
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Definition 2.6 ([Luc02b]) Let R be a (left-linear) TRS and let µ be a replacement

map for R. The lazy rewrite relation
LR→µ induced by (R, µ) is the union of the two

relations
A→ and

R→µ (
LR→µ=

A→ ∪ R→µ).

Definition 2.7 Let R be a TRS with a replacement map µ. Then R is LR(µ)-

terminating if there is no infinite
LR→µ-sequence starting from a term t, whose la-

belling is canonical or more liberal (i.e., whenever labelµ(erase(t))|p is eager, then

t|p is eager as well).

Informally, we call a labelled term t more liberal than its canonically labelled ver-

sion labelµ(erase(t)) if it has strictly more eager labels. The reason for considering

terms with canonical or more liberal labelling in the definition of LR(µ)-termination,

is that only such terms appear in lazy reduction sequences starting from canonically

labelled terms, in which we are actually interested.

Note that LR(µ)-termination and well-foundedness of
LR→µ do not coincide in general.

Example 2.8 Consider the TRS g(f(a), c) → a, h(x, f(b)) → g(x, h(x, x)) with a

replacement map µ(f) = µ(g) = {1} and µ(h) = {1, 2}. This system is LR(µ)-

terminating. This can be shown with the transformation of Definition 3.6 and The-

orem 3.22. However,
LR→µ is not well-founded:

ge(f e(bl), hl(f e(bl), f e(bl)))
LR→µ g

e(f e(bl), he(f e(bl), f e(bl)))

LR→µ g
e(f e(bl), ge(f e(bl), hl(f e(bl), f e(bl))))

LR→µ . . . .

3 Transforming Lazy Rewrite Systems

We start with the definition of the transformation of [Luc02b], because it provides

the basic ideas for our new one. The main idea of the transformation is to ex-

plicitly mimic activation steps of lazy rewriting through special activation rules in

the transformed system which basically exchange function symbols to make them

more eager (this goes back to [Ngu01]). Activations in lazy rewriting are possible at

positions which correspond to a non-variable position of the left-hand side of some

rule in a partial matching. This is why in the transformation we are concerned with

non-variable lazy positions of left-hand sides of rules.

The transformation is iterative. In each iteration new rules are created until

a fixpoint is reached. The following definition identifies for a rule l → r and a

position p the positions p.i which are lazy in labelµ(l). These positions are dealt

with in parallel in one step of the transformation.

Definition 3.1 ([Luc02b]) Let l→ r be a rewrite rule and p a non-variable posi-

tion of l, then

I(l, p) = {i ∈ {1, ..., ar(root(l|p))} | i 6∈ µ(root(l|p)) ∧ p.i ∈ PosΣ(l)}
Definition 3.2 ([Luc02b]) Let R = (Σ, R) be a TRS with replacement map µ

and let I(l, p) = {i1, . . . , in} 6= ∅ for some rule l → r ∈ R and p ∈ PosΣ(l) where

root(l|p) = f . The transformed system R� = (Σ�, R�) and µ� are defined as follows:
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• Σ� = Σ ∪ {fj | 1 ≤ j ≤ n}
• µ�(fj) = µ(f) ∪ {ij} for all 1 ≤ j ≤ n and µ�(g) = µ(g) for all g ∈ Σ

• R′ = R− {l → r} ∪ {l′j → r | 1 ≤ j ≤ n} ∪ {l[x]p.ij → l′j [x]p.ij | 1 ≤ j ≤ n}
where l′j = l[fj(l|p.1, ..., l|p.m)]p if ar(f) = m, x is a fresh variable and fj are new

function symbols of arity ar(fj) = ar(f).

The transformation of Definition 3.2 is iterated until arriving at a system R\ =

(Σ\, R\) and µ\ such that I(l, p) = ∅ for every rule l → r ∈ R\ and every position

p ∈ PosΣ(l).

In [Luc02b] it remains unspecified how the pair l, p is selected in one step of

the transformation. However, the order in which those pairs are considered can be

essential.

Example 3.3 Consider the TRS

f(g(a), a) → a b → f(g(c), b)

with a replacement map µ(f) = {1} and µ(g) = ∅. This system is not LR(µ)-

terminating:

be
LR→µ f

e(ge(cl), bl)
LR→µ f

e(ge(cl), be)
LR→µ f

e(ge(cl), f e(ge(cl), bl))
LR→µ . . .

However, if we start the transformation with the first rule and position p = ε, and

consider position 1 of the first rule in the second step of the transformation, then

we arrive at the context-sensitive system

f2(g1(a), a) → a f(g′1(a), x) → f2(g(a), x)

f2(g(x), a) → f2(g1(x), a) f(g(x), y) → f(g′1(x), y)

b → f(g(c), b)

with µ(f) = µ(g1) = µ(g′1) = {1} and µ(f2) = {1, 2}. This system is µ-terminating

(proved with AProVE [GTSK06]). The lazy reduction sequence starting from b

cannot be mimicked anymore, because due to the two transformation steps first the

argument of g has to be activated which prevents the activation of the b in the second

argument of f .

In Lucas’ transformation, positions that are dealt with last during the trans-

formation must be activated first in rewrite sequences of the transformed system.

This can be seen in Example 3.3 where I(f(g(a), a), ε) is considered in the first step

of the transformation, but position 2 must be activated after position 1.1 (whose

activation is enabled by a later transformation step considering I(f(g(a), x), 1)).

Thus, the order in which lazy positions of rules are dealt with during the trans-

formation is the reversed order in which they may be activated in the resulting

transformed system. Hence, as we want to be able to activate more outer posi-

tions before more inner ones, we consider more inner lazy positions first in our new

transformation.

Despite considering more inner positions first in the transformation, we do not
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want to prioritize any lazy positions. Thus, we define I(l) which identifies the

innermost lazy positions in a term with respect to a given replacement map µ.

Definition 3.4

I(l) = {p ∈ PosΣ(l) | p is lazy in labelµ(l) ∧
∧ (@q ∈ PosΣ(l) : q lazy in labelµ(l) ∧ q > p)}

Since all new function symbols, which are introduced by the transformation, are

substituted for function symbols of the original signature, we define the mapping

orig from the signature of the transformed system into the original signature which

identifies for each new function symbol the original one for which it was substituted.

Definition 3.5 Let R = (Σ, R) be a TRS with replacement map µ. If in one

step of the transformation f ∈ Σ is replaced by a new function symbol f ′, then

orig(f ′) = f . Furthermore, if f ′ is substituted for a function symbol g 6∈ Σ, then

orig(f ′) = orig(g). For function symbols h ∈ Σ, we set orig(h) = h and for

variables we have orig(x) = x.

The actual transformation proceeds in 3 stages. First, a set of initial activation

rules is created. These rules allow the activation of one innermost position of a

left-hand side of the original rules of the lazy TRS. As already indicated, by a rule

activating position p.i we mean a rule l→ r where l and r differ only in the function

symbol at position p and p.i is replacing in r but non-replacing in l.

In the second stage one rule l → r (activating a position p) created in stage 1

(or stage 2) is replaced by a set of rules, such that each lazy innermost position q of

l may be activated by rules where p is non-replacing in both sides, and another set

of rules which activate p where q is replacing in both sides (thus such a positions q

must be activated before p). This construction is repeated until the rules obtained

do not have any lazy (non-variable) positions. We would like to point out that as

we consider innermost positions of terms in stage one and one step of stage two

in our transformation, the outermost lazy positions of the initial rules of the lazy

system are dealt with last. So these are the positions which may be activated first

in reduction sequences of the transformed system.

In the third phase of the transformation for each rule of the original lazy system

one active rewrite rule is created which uses the new extended signature.

Definition 3.6 Let R = (Σ, R) be a TRS with replacement map µ. The trans-

formed system R̃ = (Σ̃, R̃) with µ̃ is constructed in the following three stages.

1 Generation of Initial Activation Rules. The transformed signature Σ ⊇ Σ

and the set A(l) for every rule l→ r ∈ R are defined as the least sets satisfying

l[x]p.i → l′[x]p.i ∈ A(l) if p.i ∈ I(l) and l′ = l[fi(l|p.1, ..., l|p.n)]p (1)

∧ fi ∈ Σ̃

∧ orig(g) = orig(h) ∧ µ̃(g) = µ̃(h)⇒ g = h for all g, h ∈ Σ̃

where µ̃ is defined by µ̃(f) = µ(f) for all f ∈ Σ and µ̃(fi) = µ(orig(fi)) ∪ {i}
if fi was introduced in (1). Then we have R̃ :=

⋃
l→r∈RA(l).
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2 Saturation of Activation Rules.

2.a Processing one Activation Rule. Let R̃ = A(l1) ∪ ... ∪ A(ln) and let

l → r ∈ A(li) for some i ∈ {1, ..., n} such that I(l) is not empty. Then we

modify the set A(li) in the following way

A(li) = A(li)− {l→ r} ∪ {l[x]p.i → l′[x]p.i} ∪ {l′ → r′}
for all p.i ∈ I(l) where l′ = l[fi(l|p.1, ..., l|p.n)]p and r′ = r[f ′i(r|p.1, ..., r|p.n)]p.

If there is no g ∈ Σ̃ with orig(g) = orig(fi) and µ̃(g) = µ̃(root(l|p)) ∪ {i},
then Σ̃ = Σ̃ ∪ {fi} and µ̃(f) = µ̃(root(l|p)) ∪ {i}, otherwise fi = g.

Analogously, if there is no g ∈ Σ̃ with orig(g) = orig(f ′i) and µ̃(g) =

µ̃(root(r|p)) ∪ {i}, then Σ̃ = Σ̃ ∪ {f ′i} and µ̃(f ′i) = µ̃(root(r|p)) ∪ {i}, oth-

erwise f ′i = g.

R̃ :=
⋃

l→r∈R
A(l)

2.b Iteration. Step 2.a is iterated until for all rules l → r of R̃ we have that

I(l) = ∅.
3 Generation of Active Rewrite Rules. For each rule l → r ∈ R we add

one active rewrite rule to R̃ as follows. For every position p ∈ PosΣ(l), we

consider the set

Symb(p, l) = {root(r′|p) | l′ → r′ ∈ A(l) ∧ p ∈ PosΣ(r′)}.
The function symbol which is least restrictive in this set (i.e. the maximal

element of µ̃(f) w.r.t. the subset relation of all f ∈ Symb(p, l)) is unique (cf.

Proposition 3.9). We write maxSymb(p, l). Then, we set

R̃ := R̃ ∪
⋃

l→r∈R
l′′ → r

where l′′ is given by Pos(l) = Pos(l′′), root(l′′|p) = maxSymb(p, l) for all

p ∈ PosΣ(l) and root(l′′|p) = root(l|p) for all p ∈ PosV (l). The signature of

the transformed system is not altered in this stage.

We have the following important properties of the transformation.

Proposition 3.7 Let R be a TRS with replacement map µ and let R̃ = (Σ̃, R̃) be

the transformed system with replacement map µ̃. For f, g ∈ Σ̃

orig(f) = orig(g) ∧ µ̃(f) = µ̃(g)⇒ f = g

Proposition 3.8 The transformation of Definition 3.6 terminates and yields a fi-

nite transformed system for every TRS R and every replacement map µ.

Proposition 3.9 Let R be a TRS with replacement map µ. Let R̃ and µ̃ be the

TRS (resp. replacement map) obtained after stages 1 and 2 of the transformation of

Definition 3.6. Then the symbol maxSymb(p, l) is unique for every rule l→ r ∈ R
and every p ∈ PosΣ(l).

Example 3.10 Consider the TRS from Example 3.3

f(g(a), a) → a b → f(g(c), b)
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with a replacement map µ, s.t. µ(f) = {1} and µ(g) = ∅. In the first stage of

the transformation we have I(l1) = {1.1, 2} and the following two initial activation

rules are added.

f(g(x), a) → f(g1(x), a) f(g(a), x) → f2(g(a), x)

with µ̃(g1) = {1} and µ̃(f2) = {1, 2}. In step 2.a, the first of these rules is replaced

by

f(g(x), y) → f2(g(x), y) f2(g(x), a) → f2(g1(x), a)

and in the second iteration the second rule is replaced by

f(g(x), y) → f(g1(x), y) f(g1(a), x) → f2(g1(a), x).

Finally, the following active rewrite rules are added:

f2(g1(a), a) → a b → f(g(c), b).

Hence, the system R̃ is

f(g(x), y) → f2(g(x), y) f2(g(x), a) → f2(g1(x), a)

f(g(x), y) → f(g1(x), y) f(g1(a), x) → f2(g1(a), x)

f2(g1(a), a) → a b → f(g(c), b)

with µ̃(f) = µ̃(g1) = {1}, µ̃(f2) = {1, 2} and µ̃(g) = ∅. R̃ is not µ̃-terminating:

b→eµ f(g(c), b)→eµ f2(g(c), b)→eµ f2(g(c), f(g(c), b))→eµ . . .

The rest of the paper is concerned with the proof of soundness and completeness

of the transformation of Definition 3.6 w.r.t. termination. First, we will deal with

the simpler case of completeness.

Theorem 3.11 Let R = (Σ, R) be a left-linear TRS with replacement map µ; and

let R̃ = (Σ̃, R̃), µ̃ be the transformed system (resp. replacement map) according to

Definition 3.6. If R is LR(µ)-terminating, then R̃ is µ̃-terminating.

Proof. We will prove the result indirectly by showing that every infinite R̃eµ-

derivation implies the existence of an infinite lazy R-derivation. Assume there

is an infinite R̃eµ-sequence starting from a term t. Then we construct an infinite

lazy reduction sequence starting from the labelled term t′ defined by

Pos(t) = Pos(t′) ∧ ∀p ∈ Pos(t) : (orig(root(t|p)) = root(erase(t′|p)) ∧ t′|p is eager

iff labeleµ(t)|p is eager).

In this case we write t′ ≈ t. Note that t′ is labelled canonically or more liberally as

µ(orig(f)) ⊆ µ(f) for all f ∈ Σ̃. Now consider a µ̃-step t→eµ s and a labelled term

t′ with t′ ≈ t. We will prove that there is a labelled term s′, such that t′
LR→µ s

′ and

s′ ≈ s. We make a case distinction on the type of µ̃-step.

(i) First assume the step is an activation step. Then there is an activation rule

l′ → l′′ in R̃ which can be applied to t. This activation rule stems from a rule
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l → r ∈ R, and we have that orig(root(l′|p)) = root(l|p) for all non-variable

positions p of l′. Furthermore, all variable positions of l′ which are non-variable

in l are lazy in labeleµ(l′) and thus in t′. Hence, l matches modulo laziness t′

and the same position as in t can be activated yielding s′ with s′ ≈ s (note

that the active positions of t′ are exactly the replacing positions of t).

(ii) If the step t →eµ s is an active rewrite step, a rule l′ → r matches (a sub-

term of) t. This rule is the transformed version of a rule l → r ∈ R with

orig(root(l′|p)) = root(l|p) for all p ∈ Pos(l) = Pos(l′). Thus, l matches

erase(t′) and the rule can be applied to t′ yielding s′ with s′ ≈ s. The reason

is that orig(root(s′|p)) = root(s|p) for all position of s (note that the right

hand-sides of the rules applied to t and t′ are identical). Regarding the labels

of s′ assume that the rewrite steps were performed at a position q (in t and

t′). For all positions o ∈ Pos(t) with o||q ∨ o < q we have s′|o is eager if and

only if labeleµ(s)|o is eager because this has already been the case in t′ and t.

Furthermore, positions q.o where o ∈ Pos(r) are eager in s′ if and only if they

are eager in labeleµ(s) because of the canonical labelling of r inside s′. Finally,

positions p.o where o 6∈ Pos(r) are eager in s′ if and only if they are eager in

labeleµ(s), because a proper superterm of each term s′|p.o occurred already in

t′ and thus, if an eager position of s′ had not been eager in labeleµ(s) (or vice

versa), then this would be a contradiction to t′ ≈ t. 2

The soundness proof is similar to the completeness proof in the sense that given an

infinite lazy reduction sequence, we are going to construct a corresponding infinite

reduction sequence in the transformed system. So assume there is an infinite lazy

reduction sequence in a TRS R with replacement map µ. The first observation

is that every lazy reduction sequence naturally corresponds to a context-free →R
sequence, which performs the active rewrite steps of the lazy reduction sequence.

We will construct a →eµ-reduction sequence in the transformed system R̃, that

corresponds to a context-free→R-sequence. Terms in the context-free→R-sequence

and terms in the corresponding µ̃-sequence are in a special relationship.

Definition 3.12 Let R = (Σ, R) be a TRS, µ a replacement map and let s, t ∈
T (Σ, V ) be two terms. Abusing notation we write s→∗µc t if and only if

(i) for all positions p ∈ Posµ(t) we have root(t|p) = root(s|p), and

(ii) for all minimal positions q ∈ Pos(t)\Posµ(t) we have s|q →∗µ s′ and s′ →∗µc t|q.
The idea behind →∗µc is that context-free reduction steps which occur at positions

that are in the replacing part of the simulating term should be simulated, thus the

replacing parts of two terms s and t with s →∗µc t must be entirely equal. On the

other hand, context-free steps that occur at positions which are forbidden in the

simulating term are ignored. Yet, if the forbidden subterm in which they occur

eventually gets activated, then these steps may still be simulated.

As minimal non-replacing positions in a term are always strictly below the root,

the recursive description of →∗µc in Definition 3.12 is well-defined.

We have s = t⇒ s→∗µc t. Figure 1 illustrates the correspondence between a lazy
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Fig. 1. Relation between the various rewrite sequences occurring in the soundness proof.

reduction sequence, the corresponding context-free one, and the→eµ-sequence. Note

that if the lazy reduction sequence is infinite, then there are infinitely many non-

empty steps in the context-free reduction sequence, as every labelled term admits

only finitely many activation steps.

In the first part of the soundness proof we show the existence of a →eµ-sequence

of the shape as in Figure 1.

The next lemma provides a criterion for the existence of an activation rule in

the transformed system, that is able to activate a certain position in a term t over

the new signature.

Lemma 3.13 Let (R = (Σ, R), µ) be a TRS with replacement map and let (R̃ =

(Σ̃, R̃), µ̃) be the system obtained by the transformation of Definition 3.6. Let t ∈
T (Σ̃, V ) be a term and α : l → r ∈ R a rewrite rule of the original TRS, such that

the following preconditions hold.

(i) For all replacing positions p in t with p ∈ PosΣ(l) : orig(root(t|p)) = root(l|p).
(ii) For all positions p.i that are variable positions in l we have that t|q ∈ T (Σ, V )

for some q ≤ p.

Then, every position q, which is minimal non-replacing in t and non-variable in

l, can be activated (i.e. we have t →eµ t′ such that q is µ̃-replacing in t′ and

orig(root(t|p)) = orig(root(t′|p)) for all p ∈ Pos(t)).

The next lemma establishes the relationship between a context-free reduction

sequence and a corresponding →eµ reduction of Figure 1.

Lemma 3.14 Let (R = (Σ, R), µ) be a TRS with replacement map and let (R̃ =

(Σ̃, R̃), µ̃) be the system obtained by the transformation of Definition 3.6. Let s and

t be terms from T (Σ, V ), such that s →∗eµc t. If t
p→ t∗ (with a rule l → r) and

p ∈ Poseµ(s), then s →+
eµ s∗ and s∗ →∗eµc t∗. Otherwise, if t

p→ t∗ and p 6∈ Poseµ(s),

then s→∗eµ s∗ and s∗ →∗eµc t∗.
Unfortunately, the last lemma and the correspondence of lazy, context-free and

→eµ-reduction sequences of Figure 1 is not sufficient to prove the existence of an infi-

nite →eµ-sequence in the presence of an infinite lazy reduction sequence, since there

may be only finitely many non-empty →eµ-reductions in the simulating sequence.

Example 3.15 Consider the TRS R
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a → f(a) f(b) → b

with a replacement map µ(f) = ∅. The transformed system R̃ is

a → f(a) f(x) → f1(x) f1(b) → b

with µ̃(f) = ∅, µ̃(f1) = {1}. We have the following lazy reduction sequence

ae
LR→µ f

e(al)
LR→µ f

e(ae)
LR→µ . . .

which corresponds to the context-free sequence

a→ f(a)→ f(f(a))→ . . . .

Consider a corresponding sequence in the system R̃,

a→eµ f(a).

Then we could activate a in f(a) according to rule 2 of the transformed system.

However, it is a priori not clear whether such a step should be performed when

trying to simulate an infinite reduction sequence. The following example illustrates

the potential problems.

Example 3.16 Consider the non-terminating TRS R

f(g(x)) → f(g(x)) g(a) → g(b) a → c

with a replacement map µ(f) = {1} and µ(g) = ∅. The transformed system R̃ is

f(g(x)) → f(g(x)) g(x) → g1(x)

g1(a) → g(b) a → c

with µ̃(f) = µ̃(g1) = {1} and µ̃(g) = ∅. Consider the following context-free reduction

sequence.

f(g(a))→ f(g(c))→ f(g(c))→ . . .

If we activate position 1.1 in f(g(a)) in the simulating →eµ-sequence, we cannot

further simulate the sequence, i.e. we get

f(g(a))→eµ f(g1(a))→eµ f(g1(c)),

but the term f(g1(c)) is a →eµ-normal form.

The crucial difference why the activation of a subterm is essential in Example

3.15 and unnecessary in Example 3.16 is that in the former example the activated

subterm itself initiates an infinite lazy reduction sequence. This observation will be

used in the second part of the soundness proof (cf. Theorem 3.22).

With the following definition we intend to identify labelled terms in an infinite

lazy reduction sequence with non-terminating subterms that have possibly been

activated. For such terms t, the predicate mininf(t) does not hold.

Definition 3.17 Let Σ be a signature and µ be a replacement map for Σ. A la-

belled term t is said to be minimal non-terminating if it admits an infinite lazy
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reduction sequence and for each eager labelled proper subterm t|p of t, either t|p
does not initiate an infinite lazy rewrite sequence, or position p is eager in the term

labelµ(erase(t)). We write mininf(t) if t has this property.

Definition 3.18 Let R = (Σ, R) be a TRS with replacement map µ. Let t be a

labelled term t and t
LR→µ s be an activation step. This activation step is called

inf-activating (thus it is an inf-activation step) if and only if mininf(t) but not

mininf(s).

It is easy to see that whenever mininf(t) holds for a labelled term t, there is

no active position p ∈ Act(t) which is non-active in labelµ(erase(t)), such that t|p
initiates an infinite lazy reduction sequence.

In the second part of the soundness proof we will show that each infinite lazy

reduction sequence contains either an inf-activation step or an active rewrite step

s
LR→µ t at position p, such that position p is µ-replacing in erase(s). Furthermore,

such steps result in non-empty simulations by the →eµ-sequence.

Lemma 3.19 Let R = (Σ, R) be a TRS with replacement map µ. Let t be a labelled

term satisfying mininf(t). Then we have:

(i) If t
LR→µ s with an inf-activation step at position q1 activating position q2 and

q1 < p ≤ q2 is the maximal (w.r.t. ≤) eager position in s which does initiate

an infinite reduction sequence s.t. t|p does not, then we have mininf(s|p).
(ii) If t

LR→µ s with any other step than in (i) (i.e. activation steps which are not

inf-activating, or active rewrite steps), then mininf(s).

Lemma 3.20 Let R = (Σ, R) be a TRS with a replacement map µ. Let t ∈ T (Σ, V )

be an unlabelled term. If t initiates an infinite context-free reduction sequence with

infinitely many root reduction steps, then a labelled term t′ initiates an infinite lazy

reduction sequence if erase(t′) = t and t′ has an eager root label.

The next lemma characterizes infinite lazy reduction sequences starting from

minimal non-terminating labelled terms. It states that in such an infinite lazy

reduction sequence after finitely many steps there is either an active rewrite step

si
LR→µ si+1 at some position p which is active in labelµ(erase(si)) or there is an

inf-activation step. We already proved in Lemma 3.14 that active rewrite steps at

such positions can be simulated by a non-empty sequence in the transformed system

(remember that the active rewrite steps of a lazy reduction sequence correspond to

a context-free derivation). In Theorem 3.22 we will prove that the same is true for

inf-activation steps.

Lemma 3.21 Let R = (Σ, R) be a TRS with a replacement map µ. Let t0 be a

labelled term with the property mininf(t0). Let P : t0
LR→µ t1

LR→µ . . .
LR→µ tn

LR→µ . . .

be an infinite lazy reduction sequence starting from t0. Then, either there is an

active rewrite step ti
LR→µ ti+1 at position p, where p is active in labelµ(erase(ti)),

or there is an inf-activation step in P .

Theorem 3.22 Let (R = (Σ, R), µ) be a left-linear TRS with replacement map and
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let (R̃ = (Σ̃, R̃), µ̃) the system obtained by the transformation of Definition 3.6. If

R̃ is µ̃-terminating, then R is LR(µ)-terminating.

Proof. We will show that the existence of an infinite lazy reduction sequence P :

t0
LR→µ t1

LR→µ . . . (where t0 is canonically or more liberally labelled) implies the

existence of an infinite reduction sequence in the transformed system. The following

invariant will be maintained for every labelled term ti on an infinite reduction

sequence P . Let s0 →eµ s1 →eµ . . . be the simulating reduction sequence we are

going to construct:

There is a sj such that

sj|o →∗eµc erase(ti|o) ∧mininf(ti|o)
and position o is µ̃-replacing in sj and active in ti. Furthermore, ti|o is at least

as eager as its canonically labelled version (i.e. whenever labelµ(erase(ti|o)) has an

eager label at some position q, then the label of ti|o is eager at that position, too).

Note that the latter condition is trivially fullfilled by all terms ti in P , and thus by

all subterms as no “deactivations” are possible in lazy rewriting and active rewrite

steps only introduce canonically labelled terms.

We show that a finite subsequence of P implies the existence of a non-empty

reduction sequence in the transformed system which preserves the invariant. As

each term ti|o itself initiates an infinite lazy reduction sequence this suffices to show

that there is an infinite reduction sequence in the transformed system.

In order to apply Lemma 3.21 we assume mininf(t0). This minimality con-

straint can be satisfied, as w.l.o.g. we can find a t0 such that each proper subterm

of t0 with an eager label does not initiate an infinite lazy reduction sequence.

The infinite reduction sequence we are going to construct in the transformed

system starts with the term s0 = erase(t0). We have s0 →∗eµc erase(t0).

Lemma 3.21 states that in the lazy reduction sequence starting from t0 there

is either an active rewrite step ti
LR→µ ti+1 at position p such that p is active in

labelµ(erase(ti)), or there is an inf-activation step. Let tj
LR→µ tj+1 be the first step,

which is of one of the two kinds.

The goal is to show that the reduction sequence t0
LR→∗µ tj+1 can be simulated

by a sequence s0 →+
eµ si such that si|o →∗eµc erase(tj+1|o) and mininf(tj+1|o) holds

for some position o which is active in tj+1 and replacing in si. We make a case

distinction on whether the step tj
LR→µ tj+1 is an active rewrite step or an inf-

activation step.

(i) Assume the step tj
LR→µ tj+1 is an active rewrite step at position p such that p is

active in labelµ(erase(tj)). We have (according to Lemma 3.14) s0 →∗eµ si and

si →∗eµc erase(tj). If position p is active in labelµ(erase(tj)) then p is replacing

in si (note that si ∈ T (Σ, V )). Thus, with Lemma 3.14 we have s0 →∗eµ si →+
eµ

si+1 and si+1 →∗eµc erase(tj+1). Furthermore, we have mininf(tj+1) according

to Lemma 3.19.

(ii) Assume the step tj
LR→µ tj+1 is an inf-activation step. Again by Lemma 3.14
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we have s0 →∗eµ si and si →∗eµc erase(tj) (si ∈ T (Σ, V )). The matching modulo

laziness of a rule with tj was established at a position qinf which is active

in labelµ(erase(tj)). The reason is that otherwise in tj there were a non-

terminating active subterm which is non-active in labelµ(erase(tj)). Thus,

mininf(tj) would not hold, which contradicts Lemma 3.19.

The fact that the activation step from tj to tj+1 is inf-activating implies that

there is a unique maximal active subterm tj+1|p of tj+1 which is non-active in

labelµ(erase(tj+1)) and initiates an infinite lazy reduction sequence. For this

position p we have p ≤ q where q is the position that is activated in the inf-

activation step: If we had p > q or p||q, then tj|p = tj+1|p. Furthermore, as

labelµ(erase(tj)) = labelµ(erase(tj+1)), this would contradict mininf(tj).

Note that, since the position qinf where the matching modulo laziness was

established in tj is active in labelµ(erase(tj)), we have that qinf < p ≤ q.
In the simulating sequence we will activate position p in the term si. We

note that p is non-replacing in si (as it is non-active in labelµ(erase(tj))), but

it is not necessarily minimal non-replacing. Thus, in order to activate position

p in si, we possibly need to activate positions o < p in si first.

Let o < p be the minimal non-replacing position in si. According to Lemma

3.13 we can activate o in si yielding s′i. Note that as tj is at least as eager

as labelµ(erase(tj)), we have orig(root(si|qinf .q′)) = root(erase(tj |qinf .q′)) for

every replacing position qinf .q
′ of si and root(erase(tj|qinf .q′)) = l|q′ for some

rule l → r. Then, as si →∗eµc erase(tj), we have s′i
≥o→
∗
eµ s
′′
i such that s′′i |o →∗eµc

erase(tj |o) according to Definition 3.12. Position o is replacing in s′′i . If there is

still a non-replacing position o′ < p in s′′i , it is again activated and s′′i is reduced

to a term s′′′i such that s′′′i |o′ →∗eµc erase(tj|o′). This construction is repeated

until position p is replacing in a term s∗i and we have s∗i |p →∗eµc erase(tj|p).
Note that s∗i |p is a term over the original signature Σ, so it does not contain

any function symbols introduced by the transformation. Clearly, we have that

s∗i |p →∗eµc erase(tj+1|p), since erase(tj) = erase(tj+1). Finally, according to

Lemma 3.19 we have mininf(tj+1|p).
Now given an infinite lazy reduction sequence P starting from a labelled term

t0 and a term s0 with s0 →∗eµc erase(t0), we have shown that a finite subse-

quence t0
LR→+

µ ti of a special shape implies the existence of a nonempty sequence

s0 →+
eµ sj such that sj|p →∗eµc erase(ti|p), where p is active in ti and replacing in

sj, mininf(ti|p) holds and ti|p initiates an infinite lazy reduction sequence. Thus,

again the infinite lazy sequence starting at ti|p has a finite subsequence, that can

be simulated by a non-empty reduction sequence in the transformed system. By

repeating this construction, we get an infinite reduction sequence in the transformed

system starting at s0. 2

4 Discussion

In the proof of Theorem 3.22 we saw that the CSRS obtained by our transformation

cannot simulate lazy reduction sequences in a one-to-one fashion. When simulating
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infinite lazy reduction sequences, after every inf-activation step in the lazy reduction

an entirely new infinite lazy sequence was considered, namely the one initiated by the

activated subterm. Thus, the question arises whether we can define a transformation

from lazy rewrite systems into context-sensitive ones, such that the transformed

system is able to fully simulate the lazy reduction system. We conjecture that this

is indeed possible ([Sch07]).

Regarding the size of the transformed system, we have that the number of rules

created by our transformation is in general exponentially higher than the number of

lazy non-variable subterms in left-hand sides of rules of the lazy system. This leads

to the question whether our transformation is practical in proofs of termination of

real world lazy TRSs. Currently, it is unclear if termination of the resulting systems

can easily be inferred by automated termination tools. However, this would be most

desirable in practice. Experiments to answer this question have yet to be performed.
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Abstract

Length-two string rewriting systems are length preserving string rewriting systems that consist of length-
two rules. This paper shows that confluence, termination, left-most termination and right-most termination
are undecidable properties for length-two string rewriting systems. This results mean that these properties
are undecidable for the class of linear term rewriting systems in which depth-two variables are allowed in
both-hand sides of rules.

1 Introduction

Confluence and termination are both generally undecidable for term rewriting sys-

tems (TRSs) and for string rewriting systems. Hence several decidable classes have

been studied. Confluence is a decidable property for terminating TRSs [11], ground

TRSs [14], linear shallow TRSs [6] and shallow right-linear TRSs [7]. Termination is

a decidable property for ground TRSs [9], right ground TRSs [3], TRSs that consist

of right-ground rules, collapsing rules and shallow right-linear rules [8], and related

class of shallow left-linear TRSs [16].

There are also results on undecidable classes. Confluence is an undecidable

property for semi-constructor TRSs [12] and flat TRSs [10,13]. Caron showed that

termination is an undecidable property for length preserving string rewriting sys-

tems [2].

String rewriting systems (SRSs) are said to be length preserving if the left-

hand side and the right-hand side of each rule have the same length. Especially

1 Email: sakai@is.nagoya-u.ac.jp
2 Email: wangyi@graco.c.u-tokyo.ac.jp

mailto:sakai@is.nagoya-u.ac.jp
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they are length-two systems if all of the lengths are two. In this paper, we show

confluence, termination, left-most termination and right-most termination are unde-

cidable properties for length-two SRSs. Firstly we show those for length preserving

SRSs by reducing the Post’s correspondence problem, which is known to be unde-

cidable, to termination problem and to confluence problem for length preserving

SRSs. Then we give a transformation of length preserving SRSs to length-two SRSs

that preserves both confluence and termination properties.

The class of length-two SRSs is a subclass of linear term rewriting systems

in which depth-two variables are allowed in both-hand sides of rules. Thus the

undecidability for these class of term rewriting systems also obtained. In that sence,

the undecidability results in this paper shed new light on the borderline between

decidability and undecidability for TRSs.

2 Preliminaries

Let Σ be an alphabet. A string rewrite rule is a pair of strings l, r ∈ Σ∗, denoted by

l → r. A finite set of string rewrite rules is called a string rewriting system (SRS).

A string is called a redex if it is the left-hand side of a rule. An SRS R induces a

rewrite step relation →
R

defined as s→
R
t if there exist u, v ∈ Σ∗ and a rule l → r in

R such that s = ulv and t = urv. Especially it is left-most (resp. right-most) if l is

the left-most (resp. right-most) redex in s. We use
+→
R

for the transitive closure of

→
R

and
∗→
R

for the reflexive-transitive closure of→
R

. We use↔
R

for←
R
∪→
R

. We write

k→
R

for the relation with k rewrite steps. A (possibly infinite) sequence s0→R s1→R · · ·
is called a reduction sequence.

We say that string s is terminating if every reduction sequence starting from s

is finite. We say that strings s1 and s2 are joinable if s1
∗→
R
s
∗←
R
s2 for some s, denoted

by s1 ↓R s2. A string s is confluent if s1 ↓R s2 for any s1
∗←
R
s
∗→
R
s2. An SRS R is

confluent (terminating) if all strings are confluent (terminating).

In this paper, the notation |u| represents the length of string u. The notation

a · · · a︸ ︷︷ ︸
m

denotes the string that consists of m symbols of a. We refer {r → l | l→ r ∈

R} by R−1.

Now we recall Post’s correspondence problem (PCP), which is known to be

undecidable.

Definition 2.1 An instance of PCP is a finite set P ⊆ A∗ ×A∗ of finite pairs of

non-empty strings over an alphabet A with at least two symbols. A solution of P is

a string w such that

w = u1 · · · uk = v1 · · · vk
for some (ui, vi) ∈ P . The Post’s correspondence problem (PCP) is a problem to

decide whether such a solution exists or not.

Example 2.2 The set P = {(ab, a), (a, ba)} is an instance of PCP over {a, b}. It

has a solution aba = u1u2 = v1v2 with (u1, v1) = (ab, a), (u2, v2) = (a, ba).
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Theorem 2.3 ([15]) PCP is undecidable.

3 Length preserving SRSs and undecidability of their
termination

Definition 3.1 An SRS R is said to be length preserving if |l| = |r| for every rule

l→r in R.

Since there is a finite number of rules, the number of different symbols appearing

in the rules is finite, and fixed for them. Hence the number of strings with a given

length is also finite. Thus the decidability of the following problems for length

preserving SRSs trivially follows.

(i) Reachability problem: problem to decide s
∗→
R
t for given strings s and t and a

SRS R.

(ii) String-confluence problem: problem to decide confluence of s for a given string

s and a SRS R.

(iii) String-termination problem: problem to decide termination of s for a given

string s and a SRS R.

In this section we argue about the undecidability of termination, right-most

termination and left-most termination for length preserving SRSs. As stated in the

introduction, Caron showed the undecidability in [2]. Moreover the proof works also

for right-most termination and left-most termination because there is only one redex

in each string that corresponds to a correct automata configuration. Nevertheless

we give an alternative proof from the following reasons:

• Caron’s proof composed of two stages; the first state gives an algorithm that

reduce PCP into the unform halting problem for linear-bounded automata and

the second stage gives an algorithm reducing the uniform halting problem into

the termination problem for length preserving SRSs. On the other hand, we give

a proof by reducing the Post’s correspondence problem into termination problem

of SRSs directly.

• The SRS TP given in this section is rather straightforward and easy to understand.

This helps the understanding of SRS CP given in the next section, which is more

difficult although it is just a variant of TP .

As a preparation for giving the transformation, we introduce a kind of null

symbol− and an equal length representation of each pair in instances of PCP. Let

P = {(u1, v1), . . . , (un, vn)} be an instance of PCP over A.

P = {(u, v−· · ·−︸ ︷︷ ︸
|m|

) | (u, v) ∈ P and |u| − |v| = m ≥ 0}

∪ {(u−· · ·−︸ ︷︷ ︸
|m|

, v) | (u, v) ∈ P and |u| − |v| = m < 0}

We write A for A∪{−}. We define an equivalence relation ∼⊆ (A)∗×(A)∗ as identity

relation with ignoring all null symbols−, that is u ∼ v if and only if û = v̂ where û
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and v̂ denote the strings obtained from u and v by removing all−s respectively.

Example 3.2 For an instance P = {(ab, a), (a, ba)} of PCP, we have P =

{(ab, a−), (a−, ba)}. The solution corresponds to u1u2 = ab a− ∼ a− ba = v1v2

for (u1, v1), (u2, v2) ∈ P .

We use symbols like 0
a
b
a′
b′

, where 0 is called the tag of the symbol and a is called

the first subscript of the symbol, b the second, a′ the third and b′ the fourth. We

code the solution of the previous example into 0̃
a
a
a
a
0
b
−
b
−
0̃
a
b
a
b
0
−
a
−
a
.

For an easy handling of strings that consist of such symbols, we introduce a

notation defined as

(X1 · · ·Xk)
a1···ak
b1···bk
a′
1
···a′

k
b′
1
···b′

k

= X1

a1
b1
a′
1
b′1

· · ·Xn

ak
bk
a′
k
b′
k

.

For example the above solution is denoted by (0̃0)
ab
a−
ab
a−

(0̃0)
a−
ba
a−
ba

or (0̃00̃0)
aba−
a−ba
aba−
a−ba

. Note that

the lengths of the strings in those subscripts are the same whenever we use this

notation.

The first and the second subscripts keep a candidate of solutions of P in equal

length representation and will never be changed by reductions. The third and the

fourth subscripts are used as working area for checking whether the candidate is a

solution or not.

We relate a solution of the given instance of PCP with a loop in an infinite

reduction sequence:

Ξ0(0̂0 · · · 0)
u1
v1
u1
v1

· · · (0̂0 · · · 0)
uk
vk
uk
vk

Ψ0
∗→
TP

Ξ2(2̂2 · · · 2)
u1
v1
w1
w1

· · · (2̂2 · · · 2)
uk
vk
wk
wk

Ψ2

∗→
TP

Ξ0(0̂0 · · · 0)
u1
v1
u1
v1

· · · (0̂0 · · · 0)
uk
vk
uk
vk

Ψ0.

(i) The former part checks whether u1 · · · uk ∼ v1 · · · vk by using the third and the

fourth subscripts as working area.

(ii) The latter part checks whether (u1, v1), . . . , (un, vn) ∈ P and initializes the

working area.

Definition 3.3 Let P be an instance of PCP over A. The SRS TP over Σ obtained

from P is defined as follows, where individual rules are shown in Figure 1.

Σ = {Ξi,Ψi | i ∈ {0, 1, 2}} ∪ Σc

Σc =

{
n
x1
x2
x3
x4

, n̂
x1
x2
x3
x4

, n
x1
x2
x3
x4

, n̂
x1
x2
x3
x4

∣∣∣ xi ∈ A, n ∈ {0, 1, 2}
}

TP = α1 ∪ β1 ∪ γ1 ∪ α2 ∪ β2 ∪ γ2 ∪ δ2

Example 3.4 Consider the instance P = {(a, ba), (ab, a)} of PCP. Rules α1, β1

depend on P and the other rules depend only on the alphabet A.

α1 =

{
(1̃2)

a−
b a
x1y1
x2y2

Ψ2 → (0̃0)
a−
ba
a−
ba

Ψ0, (1̃2)
a b
a −
x1y1
x2y2

Ψ2 → (0̃0)
a b
a−
a b
a−

Ψ0

∣∣∣ xi, yi ∈ A
}

β1 =

{
(1̃2)

a−
b a
x1y1
x2y2

2̃
z1
z2
z3
z4

→ (0̃0)
a−
ba
a−
ba

1̃
z1
z2
z3
z4

, (1̃2)
a b
a −
x1y1
x2y2

2̃
z1
z2
z3
z4

→ (0̃0)
a b
a−
a b
a−

1̃
z1
z2
z3
z4

∣∣∣ xi, yi, zi ∈ A
}
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α1 =


(1̃2 · · · 2)

u
v
u′
v′

Ψ2 → (0̃0 · · · 0)
u
v
u
v

Ψ0

˛̨
˛̨ (u, v) ∈ P ,u′, v′ ∈ (A)∗

ff

β1 =


(1̃2 · · · 2)

u
v
u′
v′

2̃
x1
x2
x3
x4

→ (0̃0 · · · 0)
u
v
u
v

(1̃)
x1
x2
x3
x4

˛̨
˛̨ (u, v) ∈ P, u′, v′ ∈ (A)∗, xj ∈ A

ff

γ1 =


Ξ22̃

x1
x2
x3
x4

→ Ξ01̃
x1
x2
x3
x4

˛̨
˛̨ xj ∈ A

ff

α2 =


0
x1
x2
x3
x3

Ψ0 → 2
x1
x2
x3
x3

Ψ2

˛̨
˛̨ xj ∈ A

ff

β2 =


0
x1
x2
x3
x3

2
y1
y2
y3
y3

→ 2
x1
x2
x3
x3

2
y1
y2
y3
y3

, 0̃
x1
x2
x3
x3

2
y1
y2
y3
y3

→ 2̃
x1
x2
x3
x3

2
y1
y2
y3
y3

, 0
x1
x2
x3
x3

2̃
y1
y2
y3
y3

→ 2
x1
x2
x3
x3

2̃
y1
y2
y3
y3

˛̨
˛̨ xj , yj ∈ A

ff

γ2 =


Ξ02̃

x1
x2
x3
x3

→ Ξ22̃
x1
x2
x3
x3

˛̨
˛̨ xj ∈ A

ff

δ2 =


X
x1
x2
−
x4

Y
y1
y2
z
y4
→ X

x1
x2
z
x4
Y
y1
y2
−
y4

, X
x1
x2
x3
−
Y
y1
y2
y3
z
→ X

x1
x2
x3
z
Y
y1
y2
y3
−

˛̨
˛̨ xj , yj ∈ A, z ∈ A,X, Y ∈ {0, 0̃}

ff

Fig. 1. Rules in TP

TP is not terminating since we can construct an infinite reduction sequence. We

start with a string Ξ0(0̃0)
ab
a−
ab
a−

(0̃0)
a−
ba
a−
ba

Ψ0. Rules in δ2 move null symbols in the third or

the fourth subscripts into the tail:

Ξ0(0̃0)
ab
a−
ab
a−

(0̃0)
a−
ba
a−
ba

Ψ0 →
δ2

Ξ0(0̃0)
ab
a−
ab
ab

(0̃0)
a−
ba
a−
−a

Ψ0 →
δ2

Ξ0(0̃0)
ab
a−
ab
ab

(0̃0)
a−
ba
a−
a−

Ψ0.

Rules in α2∪β2∪γ2 check in right-to-left order that the third and the fourth subscripts

are the same:

Ξ0(0̃0)
ab
a−
ab
ab

(0̃0)
a−
ba
a−
a−

Ψ0 →
α2

Ξ0(0̃0)
ab
a−
ab
ab

(0̃2)
a−
ba
a−
a−

Ψ2 →
β2

Ξ0(0̃0)
ab
a−
ab
ab

(2̃2)
a−
ba
a−
a−

Ψ2

→
β2

Ξ0(0̃2)
ab
a−
ab
ab

(2̃2)
a−
ba
a−
a−

Ψ2 →
β2

Ξ0(2̃2)
ab
a−
ab
ab

(2̃2)
a−
ba
a−
a−

Ψ2 →
γ2

Ξ2(2̃2)
ab
a−
ab
ab

(2̃2)
a−
ba
a−
a−

Ψ2.

Rules in γ1∪β1∪α1 check in left-to-right order that the first and the second subscripts

consist of pairs in P and copy the first subscript to the third and the second to the

fourth respectively:

Ξ2(2̃2)
ab
a−
ab
ab

(2̃2)
a−
ba
a−
a−

Ψ2 →
γ1

Ξ0(1̃2)
ab
a−
ab
ab

(2̃2)
a−
ba
a−
a−

Ψ2 →
β1

Ξ0(0̃0)
ab
a−
ab
a−

(1̃2)
a−
ba
a−
a−

Ψ2

→
α1

Ξ0(0̃0)
ab
a−
ab
a−

(0̃0)
a−
ba
a−
ba

Ψ0.

Obviously TP is length preserving. The proof of the following lemma is found in

Section 5.

Lemma 3.5 Let P be an instance of PCP. Then the following properties are equiv-

alent:

(i) P has a solution.

(ii) TP is not right-most terminating.

(iii) TP is not left-most terminating.

(iv) TP is not terminating.

Theorem 3.6 Termination, right-most termination and left-most termination are

undecidable properties for length preserving SRSs.

Proof. We assume that termination (right-most termination, left-most termina-

tion) of length preserving SRSs is decidable. Then it follows from Lemma 3.5 that

PCP is decidable, which contradicts to Theorem 2.3. 2
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α′1 =


(0̃0 · · · 0)

u
v
u
v

Ψ0 → (1̃1 · · · 1)
u
v
u
v

Ψ1

˛̨
˛̨ (u, v) ∈ P

ff

β′1 =


(0̃0 · · · 0)

u
v
u
v

1̃
x1
x2
x1
x2

→ (1̃1 · · · 1)
u
v
u
v

1̃
x1
x2
x1
x2

˛̨
˛̨ (u, v) ∈ P , xi ∈ A

ff

γ′1 =


Ξ01̃

x1
x2
x1
x2

→ Ξ11̃
x1
x2
x1
x2

˛̨
˛̨ xi ∈ A

ff

ε2 =


X
x1
x2
−
x4

Y
y1
y2
z
y4
→ X

x1
x2
z
x4
Y
y1
y2
−
y4

, X
x1
x2
x3
−
Y
y1
y2
y3
z
→ X

x1
x2
x3
z
Y
y1
y2
y3
−

˛̨
˛̨ xj , yj ∈ A, z ∈ A,X, Y ∈ {2, 2̃}

ff

Fig. 2. Rules in CP

4 Undecidability of confluence for length preserving
SRSs

We modify the construction of SRS in the last section. In contrast to the SRS TP ,

which works sequentially, the SRS CP works in parallel, that is, a solution of a given

instance of PCP is related with the following two reduction sequences

Ξ0(0̃0 · · · 0)
u1
v1
u1
v1

· · · (0̃0 · · · 0)
uk
vk
uk
vk

Ψ0
∗→
CP

Ξ2(2̃2 · · · 2)
u1
v1
w1
w1

· · · (2̃2 · · · 2)
uk
vk
wk
wk

Ψ2

Ξ0(0̃0 · · · 0)
u1
v1
u1
v1

· · · (0̃0 · · · 0)
uk
vk
uk
vk

Ψ0
∗→
CP

Ξ1(1̃1 · · · 1)
u1
v1
u1
v1

· · · (1̃1 · · · 1)
uk
vk
uk
vk

Ψ1

that demonstrate its non-confluence.

(i) The former reduction checks whether u1 · · · uk ∼ v1 · · · vk by using the third

and the fourth subscripts as working area.

(ii) The latter reduction checks whether (u1, v1), . . . , (un, vn) ∈ P and checks the

working area is correctly initialized.

In case of P has no solution, CP must be confluent, which makes the design of CP
difficult.

Definition 4.1 Let P be an instance of PCP over A. The SRS CP over Σ obtained

from P is defined as follows:

CP = Θ ∪ Φ,

Θ = Θ1 ∪Θ2,

Θ1 = α′1 ∪ β′1 ∪ (α′1 ∪ β′1)−1,

Θ2 = α2 ∪ β2 ∪ δ2 ∪ ε2 ∪ (α2 ∪ β2 ∪ δ2 ∪ ε2)−1,

Φ = γ′1 ∪ γ2

where rules α2, β2, δ2 and γ2 are shown in Figure 1 and the other rules are shown

in Figure 2.

Remark that the reductions by Θ-rules are symmetric, that is to say, s→
Θ
t if

and only if t→
Θ
s, which plays an important role to make CP confluent if P has no

solution.

Example 4.2 Let P = {(a, ba), (ab, a)} be an instance of PCP. Rules α′1, β′1 de-
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pends on P and the other rules depend only on the alphabet A.

α′1 =

{
(0̃0)

a−
ba
a−
ba

Ψ0 → (1̃1)
a−
ba
a−
ba

Ψ1, (0̃0)
ab
a−
ab
a−

Ψ0 → (1̃1)
ab
a−
ab
a−

Ψ1

}

β′1 =

{
(0̃0)

a−
ba
a−
ba

1̃→ (1̃1)
a−
ba
a−
ba

1̃
x1
x2
x1
x2

, (0̃0)
ab
a−
ab
a−

1̃→ (1̃1)
ab
a−
ab
a−

1̃
x1
x2
x1
x2

∣∣∣ xi ∈ A
}

We can show that CP is not confluent since we have non-joinable branches.

Ξ0(0̃0)
ab
a−
ab
a−

(0̃0)
a−
ba
a−
ba

Ψ0 →
α′1

Ξ0(0̃0)
ab
a−
ab
a−

(1̃1)
a−
ba
a−
ba

Ψ1 →
β′1

Ξ0(1̃1)
ab
a−
ab
a−

(1̃1)
a−
ba
a−
ba

Ψ1

→
γ′1

Ξ1(1̃1)
ab
a−
ab
a−

(1̃1)
a−
ba
a−
ba

Ψ1 ,

Ξ0(0̃0)
ab
a−
ab
a−

(0̃0)
a−
ba
a−
ba

Ψ0
∗→

δ2∪α2∪β2∪γ2

Ξ2(2̃2)
ab
a−
ab
ab

(2̃2)
a−
ba
a−
a−

Ψ2.

Note that the detail of the latter sequence is found in Example 3.4.

Obviously CP is length preserving. The proof of the following main lemma is

found in the next section.

Lemma 4.3 Let P be an instance of PCP. Then, P has a solution if and only if

CP is not confluent.

Theorem 4.4 Confluence of length preserving SRSs is an undecidable property.

Proof. We assume that the problem is decidable. Then it follows from Lemma 4.3

that PCP is decidable, which contradicts to Theorem 2.3. 2

5 Proofs

Every occurrence of the symbols Ξ1, Ξ2 and Ξ3 in rules are right-most positions in

both-hand sides. Moreover, for every rule, Ξi appears in the left-hand side if and

only if Ξj appears in the right-hand side. Hence we can separate any reduction

sequence having a symbol Ξi into two reduction sequences by cutting each string

at the Ξj occurrence. Symbols Ψi also have the similar property. Therefore the

following proposision holds.

Proposition 5.1 Let R be TP or CP obtained from an instance P of PCP. For any

i ∈ {0, 1, 2} and S1, S2, S ∈ Σ∗, the followings hold:

(a) If S1ΞiS2 →R S, then (S = S ′1ΞiS2) ∧ (S1 →R S′1) or (S = S1ΞjS
′
2) ∧

(ΞiS2 →R ΞjS
′
2) for some S ′1, S

′
2 ∈ Σ∗ and j ∈ {0, 1, 2}.

(b) If S1ΞiS2
∗→
R
S, then S = S ′1S

′
2, S1

∗→
R
S′1 and ΞiS2

∗→
R
S′2 for some S ′1 ∈ Σ∗

and non-empty S ′2 ∈ Σ∗.

(c) If S1ΨiS2 →R S, then (S = S ′1ΨjS2) ∧ (S1Ψi →R S′1Ψj) or (S = S1ΨiS
′
2) ∧

(S2 →R S′2) for some S ′1, S
′
2 ∈ Σ∗ and j ∈ {0, 1, 2}.

(d) If S1ΨiS2
∗→
R
S, then S = S ′1S

′
2, S1Ψi

∗→
R
S′1 and S2

∗→
R
S′2 for some S ′2 ∈ Σ∗

and non-empty S ′1 ∈ Σ∗.
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Proof. We prove (a). Let S1ΞiS2 →R S. The only interesting case is that the redex

in the rewrite step contains the displayed symbol Ξi. Then one of γ1-rules, γ2-rules

or γ′1-rules is applied. From the construction of the rules, we have S = S1ΞjS
′
2 and

ΞiS2 →R ΞjS
′
2 for some S ′2 ∈ Σ∗ and j ∈ {0, 1, 2}.

The claim (b) is easily proved by induction on the number k of the rewrite steps

in S1ΞiS2
∗→
R
S. For (c) and (d), the proofs are similar to (a) and (b) respectively.2

We say a string over Σ is normal if it is in one of the following three forms:

(p1) Ξiχ, (p2) χΨj, (p3) ΞiχΨj,

where χ ∈ (Σc)
∗, i, j ∈ {0, 1, 2}.

We prepare a measure for the proof of the next lemma. For a non-empty string

X1 · · ·Xn over Σ, we define ||X1 · · ·Xn|| by the summation of the number of occur-

rences of Ξi symbols in X2 · · ·Xn and the number of occurrences of Ψi symbols in

X1 · · ·Xn−1.

Lemma 5.2 Let R be TP or CP over Σ obtained from an instance P of PCP. Then

R is confluent (resp. terminating, right-most terminating, left-most terminating)

if and only if w is confluent (resp. terminating, right-most terminating, left-most

terminating) for every normal w ∈ Σ∗.

Proof. Firstly we prove the termination part of the lemma. Since ⇒-direction is

trivial, consider ⇐-direction.

Let S1 →R S2 →R · · · be an infinite reduction sequence such that ||S1|| is minimal.

We show a contradiction assuming ||S1|| > 0. We have two cases that S1 = wΞiS
′

and S1 = S′Ψiw for some normal w and some S ′ ∈ Σ∗.

• In the former case that S1 = wΞiS
′, we can construct an infinite reduction se-

quence starting from at least one of w or ΞiS
′ by applying Proposition 5.1(a)

infinitely many times, which contradicts to the minimality of S1.

• In the latter case, we can show a contradiction in similar to the former case by

using Proposition 5.1(c).

Secondly we prove the confluence part of the lemma. Since⇒-direction is trivial,

consider ⇐-direction. We show that every S1 ∈ Σ∗ is confluent by induction on

||S1||. If ||S1|| = 0, then S1 is normal and it is confluent from the assumption. If

||S1|| > 0, then we have two cases that S1 = w1ΞiS
′
1 and S1 = S′1Ψiw1 for some

normal w1 and some S ′1 ∈ Σ∗.

• In the former case, let S2
∗←
R

w1ΞiS
′
1
∗→
R

S3. By Proposition 5.1(b), we have

S2 = w2S
′
2, S3 = w2S

′
3, w2

∗←
R

w1
∗→
R

w3 and S′2
∗←
R

ΞiS
′
1
∗→
R

S′3. Since w1 is

confluent from the assumption, we have w2 ↓R w3. Since ΞiS
′
1 is confluent from

the induction hypothesis, we have S ′2 ↓R S′3. Therefore we have S2 = w2S
′
2 ↓R

w3S
′
3 = S3.

• In the latter case, we can show it by using Proposition 5.1(d) in similar to the

former case.

2
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Note that this lemma is provable more elegantly by using a notion of persistency [17]

in similar way to [4,5]. However we gave the above proof to make the paper self-

contained.

5.1 Termination analysis of TP
In the sequel, we analyze the termination property for TP .

We use a notation n� to represent either n or ñ for n ∈ {0, 1, 2}. We use a

notation ~u for u1 · · · uk.
Lemma 5.3 Let P be an instance of PCP.

(a) If u1 · · · uk ∼ v1 · · · vk for some (ui, vi) ∈ P , then w
+→
TP

w where w =

Ξ0(0̃0 · · · 0)
u1
v1
u1
v1

· · · (0̃0 · · · 0)
uk
vk
uk
vk

Ψ0. Moreover, both of right-most reduction and

left-most reduction are possible.

(b) If Ξ0χΨ0
+→
TP

Ξ0χΨ0 for some χ ∈ (Σc)
∗, then P has a solution.

Proof. (a): We have a reduction sequence Ξ0(0̃0� · · · 0�)
~u
~v
~u
~v

Ψ0
∗→
δ2

Ξ0(0̃0� · · · 0�)
~u
~v
~w
~w

Ψ0

+→
α2∪β2∪γ2

Ξ2(2̃2� · · · 2�)
~u
~v
~w
~w

Ψ2. Here left-most reduction is possible. The right-most

reduction exists by applying rules δ2 as lazily as possible. Since (ui, vi) ∈ P , we

have a reduction sequence Ξ2(2̃2� · · · 2�)
~u
~v
~w
~w

Ψ2
+→

γ1∪β1∪α1

Ξ0(0̃0� · · · 0�)
~u
~v
~w
~w

Ψ0.

(b): Let Ξ0χΨ0
+→
TP

Ξ0χΨ0. From the construction of TP , a string

Ξ2χ
′Ψ2 must appear in this reduction sequence. From the reduction se-

quence Ξ0χΨ0
+→

δ2∪α2∪β2∪γ2

Ξ2χ
′Ψ2, the string χ must be in forms of

(0̃0 · · · 0)
u1
v1
u′

1
v′1

· · · (0̃0 · · · 0)
uk
vk
u′
k
v′
k

and χ′ must be in forms of (2̃2 · · · 2)
u1
v1
w1
w1

· · · (2̃2 · · · 2)
uk
vk
wk
wk

where ~u′ ∼ ~v′. From the reduction sequence Ξ2χ
′Ψ2 = Ξ2(2̃2� · · · 2�)

~u
~v
~w
~w

Ψ2
+→

γ1∪β1∪α1

Ξ0(0̃0� · · · 0�)
~u
~v
~u′
~v′

Ψ0 = Ξ0χΨ0, we have (ui, vi) ∈ P for every i. Since ~u′ and ~v′ are

copied from ~u and ~v respectively in the latter reduction sequence by β1-rules, we

have ~u′ = ~u and ~v′ = ~v. Thus we conclude ~u ∼ ~v, which means that P has a

solution. 2

Proof for Lemma 3.5

((i)⇒(ii)∧(iii)): By Lemma 5.3(a).

((ii)∨(iii)⇒(iv)): Trivial.

((iv)⇒(i)): Let TP is not terminating. From Lemma 5.2, there is a non-terminating

and normal string w. Infinite reduction sequences starting from w must contain a

string starting with Ξ0 and ending with Ψ0 by the construction of TP . Thus the

lemma follows from Lemma 5.3(b). 2
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5.2 Confluence analysis of CP
In the sequel, we analyze the confluence property for CP .

The following propositions on the working area obtained from the construction

of rules.

Proposition 5.4 If (· · ·)
u
v
u′
v′

∗→
CP

(· · ·)
u
v
u′′
v′′

, then u′ ∼ u′′ and v′ ∼ u′′.

Proposition 5.5
∗←
Θ

=
∗↔
Θ

=
∗→
Θ

.

The following lemma shows that strings in a specific form are closed under

reductions by Θ-rules. For example, {(222)
u
v
u1
v1

, (022)
u
v
u2
v2

, (002)
u
v
u3
v3

} is closed under the

reductions.

Lemma 5.6 Let χ = (0� · · · 0�︸ ︷︷ ︸
n

p� p� · · · p�︸ ︷︷ ︸
m

)
u
v
u′
v′

∗→
Θ
χ′ where m,n ≥ 0 and p ∈ {1, 2}.

Then χ′ = (0� · · · 0�︸ ︷︷ ︸
n′

p� p� · · · p�︸ ︷︷ ︸
m′

)
u
v
u′′
v′′

for some m′, n′ ≥ 0.

Proof. For any string in forms of χ for p = 1 (resp. p = 2), the only Θ1-rules (resp.

Θ2-rules) are applicable, which produce a string in forms of χ′. 2

We state some properties on Θ1-rules.

Lemma 5.7 Consider the following strings for i ≤ j:

χ = (0̃0 · · · 0)
u1
v1
u′

1
v′1

· · · (0̃0 · · · 0)
ui−1
vi−1

u′
i−1

v′
i−1

(1̃1 · · · 1)
ui
vi
u′
i
v′
i

(1̃1 · · · 1)
ui+1
vi+1

u′
i+1

v′
i+1

· · · (1̃1 · · · 1)
uk
vk
u′
k
v′
k

,

χ′ = (0̃0 · · · 0)
u1
v1
u′′

1
v′′1

· · · (0̃0 · · · 0)

uj−1
vj−1

u′′
j−1

v′′
j−1

(1̃1 · · · 1)

uj
vj

u′′
j

v′′
j

(1̃1 · · · 1)

uj+1
vj+1

u′′
j+1

v′′
j+1

· · · (1̃1 · · · 1)
uk
vk
u′′
k
v′′
k

.

If χ
∗↔
Θ
χ′ then ul = u′l, vl = v′l and (ul, u

′
l) ∈ P for all i ≤ l < j and u′l = u′′l and

v′l = v′′l for all j ≤ l.

Proof. We have χ
∗↔
Θ
χ′ by Proposition 5.5. The lemma is proved by induction on

the number of the rewrite steps. 2

Next we state some properties on Θ2-rules.

Lemma 5.8 Let χ = (2�2� · · · 2�)
u
v
u′
v′

∗→
Θ

(0� · · · 0�2�)
u
v
u′′
v′′

. Then u′′ ∼ u′ ∼ v′ ∼ v′′.

Proof. We can prove, by induction on n, the claim that χ
n→
Θ

(0� · · · 0�2�)
u1
v1
u′1
v′
1

(2� · · · 2�)
u2
v2
u′

2
v′2

implies u′1 ∼ v′1. From this claim we have u′ ∼ v′. Hence the lemma

follows from Proposition 5.4. 2

Lemma 5.9 If w = Ξ0(0� · · · 0�)
u
v
u′
v′

Ψ0
∗→
CP

Ξ02̃
x1
x2
x3
x3

χΨ2 = w′ for some χ ∈ (Σc)
∗, then

u′ ∼ v′.
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Proof. Prove by induction on the number of rewrite steps in the reduction sequence.

In the case that the first step is a reduction by α′1-rules, we have w →
α′1

Ξ0χ
′Ψ1

∗→
Θ1

Ξ0χ
′′Ψ1 →

(α′1)−1
Ξ0(0� · · · 0�)

u
v
u′′
v′′

Ψ0
∗→
CP

w′. The claim follows since u′ ∼ u′′ and v′ ∼ v′′

by Proposition 5.4 and u′′ ∼ v′′ by the induction hypothesis.

Consider the case that the first step is a reduction by α2-rules. We have w →
α2

Ξ0(0� · · · 0�2)
u
v
u′
v′

∗→
CP

w′. If (α2)−1-rules are applied in the sequence, it is similar to

the above case. Hence assume that (α2)−1-rules are not applied. Then, w′ =

Ξ0(2̃2� · · · 2�)
u
v
u′′
v′′

Ψ2 by Lemma 5.6. Thus u′ ∼ v′ follows from Proposition 5.5 and

Lemma 5.8.

Consider the case that the first step is a reduction by δ2-rules. We have w →
δ2

Ξ0(0� · · · 0�)
u
v
u′′
v′′

Ψ0
∗→
CP

w′. The claim follows since u′ ∼ u′′ and v′ ∼ v′′ from Proposi-

tion 5.4 and u′′ ∼ v′′ from the induction hypothesis. 2

Lemma 5.10 If w = Ξ0(0̃0 · · · 0)
u1
v1
u′1
v′
1

· · · (0̃0 · · · 0)
uk
vk
u′
k
v′
k

Ψ0
∗→
CP

Ξ01̃
x1
x2
x1
x2

χΨ1 = w′ for some

χ ∈ (Σc)
∗, then u1 · · · uk ∼ u′1 · · · u′k, v1 · · · vk ∼ v′1 · · · v′k and (ui, vi) ∈ P for every

i.

Proof. Prove by induction on the number of rewrite steps in the reduction se-

quence. Consider the case that the first step is a reduction by α′1-rules and

(α′1)−1-rules are not applied in the reduction. We have w →
α′1

w′′
∗→
CP

w′, uk = u′k

and vk = v′k, where w′′ = Ξ0(0̃0� · · · 0�)
u1···uk−1
v1···vk−1

u′1···u
′
k−1

v′1···v
′
k−1

(1̃1 · · · 1)
uk
vk
u′
k
v′
k

Ψ1. Hence w′ =

Ξ0(1̃1 · · · 1)
u1
v1
u′′

1
v′′
1

· · · (1̃1 · · · 1)
uk
vk
u′′
k
v′′
k

Ψ2 by Lemma 5.6. By applying Lemma 5.7 with i = 0

and j = k we obtain ul = u′′l and vl = v′′l for all 1 ≤ l < k and u′′k = u′k and v′′k = v′k.
Hence we have ~u = ~u′′ and ~u = ~u′′. Since ~u′ ∼ ~u′′ and ~u′ ∼ ~u′′ by Proposition 5.4,

~u ∼ ~u′ and ~v ∼ ~v′ follow.

In the other cases, the proof is similar to that of Lemma 5.9. 2

Lemma 5.11 Let P be an instance of PCP. If w = Ξ01̃
x1
x2
x1
x2

χΨ1
∗↔
CP

Ξ02̃
x1
x2
x3
x3

χ′Ψ2 = w′

for some χ, χ′ ∈ (Σc)
∗, then P has a solution.

Proof.

Let w
∗↔
CP

w′. Then a string Ξ0χ
′′Ψ0 must appear in this reduction and no

underlined tag appears in χ′′ from the construction of rules. Thus χ′′ must be in

forms of Ξ0(0̃ · · · 0)
u1
v1
u1
v1

· · · (0̃ · · · 0)
uk
vk
uk
vk

Ψ0; otherwise the underlined tag displayed in w

do not move to next symbol of Ψi by Lemma 5.6 and the construction of rules. By

Lemma 5.9 and Lemma 5.10, we have ~u ∼ ~v and (ui, vi) ∈ P , which means P has a

solution.

2
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We need some more lemma in order to guarantee the confluence of CP when P

has no solution.

Lemma 5.12 Let w1 and w2 be normal strings over Σ∗. Then,

(a) w1
∗↔

CP \γ′1
w2 implies w1 ↓CP w2, and

(b) w1
∗↔

CP \γ2

w2 implies w1 ↓CP w2.

Proof. Before proving (a), we show the claim (∗) that w1←
γ2

w2
∗→
Θ
w3→

γ2

w4 im-

plies w1
∗→
Θ
w4 by induction on the number of rewrite steps. First of all w2 must

begin with Ξ0(2̃)
x1
x2
x3
x3

since it has a redex of γ2. Hence we can represent that

w1 = Ξ2(2̃X1 · · ·Xn)
u
v
u′
v′
S′, w2 = Ξ0(2̃X1 · · ·Xn)

u
v
u′
v′
S′, w3 = Ξ0(2̃X1 · · ·Xn)

u
v
u′′
v′′
S′′ and

w4 = Ξ2(2̃X1 · · ·Xn)
u
v
u′′
v′′
S′′ for n ≥ 0, Xi ∈ {2, 2̃} and S′, S′′ ∈ Σ∗, where each tag of

left-most symbol of S ′ and S′′ is not 2 or 2̃.

In the case that S ′ = S′′ = Ψ2, since u′ ∼ u′′ and v′ ∼ v′′ by Proposition 5.4,

we have w1
∗→

ε∪ε−1
w4. In the other cases, we can separate the reduction, from the

construction of rules, into S ′
∗→
Θ
S′′ and w′1 = Ξ2(2̃X1 · · ·Xn)

u
v
u′
v′
←
γ2

Ξ0(2̃X1 · · ·Xn)
u
v
u′
v′∗→

Θ
Ξ0(2̃X1 · · ·Xn)

u
v
u′′
v′′
→
γ2

Ξ2(2̃X1 · · ·Xn)
u
v
u′′
v′′

= w′4. For the latter sequence, we have

w′1
∗→

ε∪ε−1
w′4 since u′ ∼ u′′ and v′ ∼ v′′ by Proposition 5.4. Therefore w1

∗→
Θ
w4.

Now we prove the lemma (a) by induction on the number k of reduction steps

by γ2-rules in w1
∗↔

CP \γ′1
w2.

• (k = 0): It follows from Proposition 5.5.

• (k = 1): The reduction sequence can be represented as w1
∗↔
Θ
w3↔

γ2

w4
∗↔
Θ
w2. Then

w1 ↓CP w2 follows from Proposition 5.5.

• (k > 1): The reduction sequence can be represented as w1
∗↔
Θ
w3↔

γ2

w4
∗↔

CP \γ′1
w2. If

w3→
γ2

w4 we have done by Proposition 5.5 and the induction hypothesis. Other-

wise w1
∗↔
Θ
w3←

γ2

w4
∗↔
Θ
w′4→γ2

w′2
∗↔

CP \γ′1
w2. Then w1 ↓CP w2 by induction hypothesis

since w1
∗↔
Θ
w3

∗↔
Θ
w′2

∗↔
CP \γ′1

w2 by the claim (∗) above.

Before proving (b), we show the claim (∗∗) that w1←
γ′1
w2

∗→
Θ
w3→

γ′1
w4 implies

w1
∗→
Θ
w4 by induction on the number of rewrite steps. First of all w2 must

begin with Ξ0(1̃)
x1
x2
x1
x2

since it has a redex of γ ′1. Hence we can represent that

w1 = Ξ1(1̃X1 · · ·Xn)
u
v
u′
v′
S′, w2 = Ξ0(1̃X1 · · ·Xn)

u
v
u′
v′
S′, w3 = Ξ0(1̃X1 · · ·Xn)

u
v
u′′
v′′
S′′ and

w4 = Ξ1(1̃X1 · · ·Xn)
u
v
u′′
v′′
S′′ for n ≥ 0, Xi ∈ {1, 1̃} and S′, S′′ ∈ Σ∗, where each tag of

left-most symbol of S ′ and S′′ is not 1 or 1̃.
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In the case that S ′ = S′′ = Ψ1, we have u′ = u′′ and v′ = v′′ by apply-

ing Lemma 5.7 with i = j = 1. Thus w1 = w4 follows. In the other cases, we

can separate the reduction, from the construction of rules, into S ′
∗→
Θ
S′′ and w′1 =

Ξ1(1̃X1 · · ·Xn)
u
v
u′
v′
←
γ′1

Ξ0(1̃X1 · · ·Xn)
u
v
u′
v′

∗→
Θ

Ξ0(1̃X1 · · ·Xn)
u
v
u′′
v′′
→
γ′1

Ξ1(1̃X1 · · ·Xn)
u
v
u′′
v′′

=

w′4. For the latter sequence, we have w′1 = w′4 since u′ ∼ u′′ and v′ ∼ v′′ by

Lemma 5.7. Therefore w1
∗→
Θ
w4.

By using the claim (∗∗), the lemma (b) can be shown in similar to (a). 2

Proof for Lemma 4.3

Since⇒-direction is easy from the observation of Example 4.2, we show⇐-direction.

Assuming that P has no solution, let’s show that CP is confluent. From

Lemma 5.2, it is enough to consider w1
∗←
CP
w0

∗→
CP
w2 for a normal string w0.

• Consider the case that w0 starts with Ξ0 and ends with Ψi for some i ∈ {0, 1, 2}.
Assume that both of γ ′1 and γ2 are applied in the reduction sequence. Then P

must have a solution by Lemma 5.11, which is a contradiction. Hence at least

one of γ′1 or γ2 rules cannot be applied in the reduction sequence.

• In either of following cases:

· w0 ends with Ψi for some i ∈ {0, 1, 2} and all other symbols are of Σc,

· w0 starts with Ξ1 or Ξ2, and

· w0 starts with Ξ0 and all other symbols are of Σc,

It is easy to see that at least one of γ ′1 or γ2 rules cannot be applied in the

reduction sequence.

In any of the above cases, we have w1 ↓RP w2 by Lemma 5.12. 2

6 Length-two SRSs

Length-two SRSs are SRSs that consist of rules with length two, that is, |l| = |r| = 2

for every rule l→ r. In this section we give a transformation of a length preserving

SRS over Σ0 into a length-two SRS over ∆ that preserves confluent property and

termination property.

Let Σ = Σ0 ∪ {−} and m + 1(≥ 3) be the maximum length of rules in R. Let

∆0 = (Σ0)m and ∆ = ∆0 ∪ {wv | w ∈ (Σ0)k, v ∈ {−}m−k, 1 ≤ k ≤ m− 1}.
The natural mapping φ : ∆ → Σm is defined as φ(w) = w. This mapping is

naturally extended to φ : ∆∗ → Σ∗.

Example 6.1 Let Σ0 = {a, b} and m = 2. Then ∆0 = {aa, ab, ba, bb}, ∆ =

∆0 ∪ {a−, b−} and φ(ab bb a−) = abbba−.

We give a transformation of a length preserving SRS R into a length-two SRS

tw(R) over ∆.

tw(R) = {w1w2 → w3w4 | wi ∈ ∆, φ(w1w2)→
R
φ(w3w4)}

Example 6.2 Let R = {bbb→ aaa} over Σ0 = {a, b}. Then tw(R) is the following
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length-two SRS over ∆, where ∆ is displayed in Example 6.1.

tw(R) =




bb b− → aa a−, bb ba → aa aa, bb bb → aa ab,

ab bb → aa aa, bb bb → ba aa

We say a string w1 · · ·wn over ∆∗ is normal if w1, . . . , wn−1 ∈ ∆0. From the

construction of tw(R), all reachable strings from a normal string are also normal.

We define a mapping ψ : ∆∗ → (Σ0)∗ as ψ(α) = w where w is a string ob-

tained from φ(α) by removing all−’s. We define a mapping ψ−1 : (Σ0)∗ → ∆∗ as

ψ−1(w) = α where ψ(α) = w and α is normal. For example ψ(ab bb a−) = abbba

and ψ−1(abbba) = ab bb a−. Trivially we have ψ−1(ψ(α)) = α for normal α ∈ ∆∗

and ψ(ψ−1(w)) = w for w ∈ (Σ0)∗.

Proposition 6.3 (a) For a normal α1 ∈ ∆∗, if α1 →
tw(R)

α2 then ψ(α1)→
R
ψ(α2)

(b) For w1 ∈ (Σ0)∗, if w1→R w2 then ψ−1(w1) →
tw(R)

ψ−1(w2)

Proof. From the construction of tw(R). 2

Lemma 6.4 Let R an SRS. The SRS tw(R) is confluent (resp. terminating, right-

most terminating, left-most terminating) if and only if α is confluent (resp. termi-

nating, right-most terminating, left-most terminating) for every normal α ∈ ∆∗.

Proof. We can prove it in similar to the proof of Lemma 5.2. Here ∆\∆0 symbols

play the same roles as Ψi symbols. 2

Lemma 6.5 Let R be an length preserving SRS. R is terminating (resp. left-most

terminating, right-most terminating) if and only if tw(R) is terminating (resp. left-

most terminating, right-most terminating).

Proof. (⇒): Let tw(R) be non-terminating. By Lemma 6.4 we have an infinite

reduction sequence for tw(R) starting from a normal string. This direction follows

from Proposition 6.3(a).

(⇐): Let R be non-terminating. Then we have an infinite reduction sequence. By

Proposition 6.3(b) we have an infinite reduction sequence for tw(R).

This proof also works on either left-most case or right-most case. 2

Lemma 6.6 Let R be an length preserving SRS. R is confluent if and only if tw(R)

is confluent.

Proof. (⇒): Let β1
∗←

tw(R)
α
∗→

tw(R)
β2. We can assume that α is normal by Lemma 6.4.

We have ψ(β1)
∗←
R
ψ(α)

∗→
R
ψ(β2) by Proposition 6.3(a). Since R is confluent, there

exists a string w ∈ Σ∗0 such that ψ(β1)
∗→
R
w
∗←
R
ψ(β2). Therefore we have β1 =

ψ−1(ψ(β1))
∗→

tw(R)
ψ−1(w)

∗←
tw(R)

ψ−1(ψ(β2)) = β2 by Proposition 6.3(b).

(⇐): Let u1
∗←
R
w
∗→
R
u2. We have ψ−1(u1)

∗←
tw(R)

ψ−1(w)
∗→

tw(R)
ψ−1(u2) by Propo-

sition 6.3(b). Since R is confluent, there exists a string α ∈ ∆∗

such that ψ−1(u1)
∗→

tw(R)
α
∗←

tw(R)
ψ−1(u2). Since α is normal, we have u1 =
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ψ(ψ−1(u1))
∗→
R
ψ(α)

∗←
R
ψ(ψ−1(u2)) = u2 by Proposition 6.3(a). 2

Theorem 6.7 Confluence (termination, left-most termination, right-most termi-

nation) is an undecidable property for length-two SRSs.

Proof. Directly obtained from Theorem 4.4 and Lemma 6.6 (Lemma 6.5). 2
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Abstract

In this paper we present the essential feature we have considered when designing a new language based
on rules and strategies. Relying on the implementation of Tom, we explain how these ingredients can be
implemented and integrated in a Java environment.

1 Introduction

The notion of rewrite rule is an abstraction that can be used to model various

processes. It has been used intensively to model, study, and analyze various parts

of a complex system, from algorithms to running software. On one side it can be

used to describe the behavior of a transition system for instance. On the other side,

it provides a theoretical framework useful to certify and prove properties such as

termination or confluence.

Besides its straightforward interpretation, the notion of rewrite rule can be used

to produce efficient implementations. It has been successfully used in theorem

provers and proof assistants such as RRL, Otter, CiME, Coq, as well as the main

execution mechanism of rule based and functional languages such as ASF+SDF [7],

Clean, Caml, ELAN [4], Maude [3], and Stratego [10] for instance.

Programming with rewrite rules is apparently easy: a complex transformation

can be decomposed into elementary transformations, encoded using a rewrite rule,

then, we rely on the rule engine to fire a rule whenever it is possible. Most of the

time, we are interested in getting a result whose computation is deterministic. In

other words, the result should be reproducible, the set of rules should be terminating

and confluent. However, things are rarely confluent by nature. One solution could

be to use the Knuth-Bendix completion, but this is not realistic on large programs.

In practice, starting from an initial signature and a simple set of rewrite rules, the

programmer often modifies the signature and the rules in order to encode some

control. From a software engineering point of view, this annihilates the elegance of

term rewriting and makes the system much more complex and difficult to maintain.
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A first solution to this problem is to assign a priority to each rule and to consider

an execution mechanism that encodes a fixed order of reduction, such as innermost

or outermost, also called call by value or call by name in functional programming

languages. Another solution is to separate the control from the rules. Instead of

encoding the control into the rules themselves, it is described in a distinct expression

or language. The expressions that specifies how the rules should be applied are called

strategies. The design of such a strategy language is not easy and several attempts

and proposals have been made.

OBJ is one of the first languages that introduced an explicit form of strategy,

called evaluation strategy. To each operator a list of integers can be attached to

specify in which order the arguments should be evaluated.

Maude followed this approach and added the notion of meta-level. In this

setting, a rewrite rule has a name, considered as a constant, and can be explicitly

applied via the meta-apply operator. The application of a set of rules can be

controlled by another program, expressed by rewriting and using meta-apply. This

new program can also be controlled by another program from the meta-meta-level.

This tower of reflexivity is very elegant and expressive, but a bit difficult to use.

ELAN has its origins in OBJ, but followed another approach. Instead of having

a meta-level, ELAN was the first language to introduce an explicit strategy language

to control the application of rules. Each rule has a name which corresponds to

an elementary strategy. A strategy can then be combined with another one using

operators such as ; (sequence), repeat, dont-care, and dont-know for instance.

This strategy language was both very expressive and easy to use.

Stratego has been inspired by ELAN, Maude, and the functional programming

style. It introduces a quite elegant and simple strategy language. Similarly to

ELAN, a rule is an elementary strategy that can be combined with strategy operators

such as ; (sequence), <+ (left-choice), etc. The main contribution comes from the

introduction of a recursion operator and two generic congruence operators All and

One, that can be used to describe higher-level strategies such as top-down, innermost

or outermost. In this setting, we have TopDown(s) = µx�s ; All(x), which applies s

to a term t, and then recursively applies the TopDown(s) strategy to the immediate

subterms of t.

ASF+SDF has also a strategy language, in the same spirit as the OBJ’s one.

To each operator an annotation can be attached, that specifies its behavior. The

combination of traversal and bottom-up indicates that a given set of rules should

be applied in a bottom-up way for example. This approach is of course less general

than the previous ones, but it is an interesting trade-of between expressiveness and

simplicity to use.

During the last decade we have accumulated an important experience in both

implementing and using rule based languages. In this paper we try to isolate the

essential constructs and features that have to be considered when designing a new

rule and strategy based language. In a second part, we explain how those features

can be smoothly integrated and efficiently implemented into an object oriented

programming language such as Java.
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2 Our wish list

Starting from the ELAN experience, we have tried to design a new language based

on the same concepts. This process leads us to analyse what were the good points,

and what were the points that could be improved. The ELAN language clearly

has many interesting constructs, in particular the notion of rules, strategies, and

equational matching. Unfortunately, its cohabitation with largely used program-

ming languages such as C or Java needs some improvement. In particular, it could

be very interesting to use the constructs provided by ELAN in those programming

languages themselves. Starting from that situation, our goal was to design a new

language, called Tom, with a comparable expressiveness, but in a more accessible

programming environment. In this section we present what are the requirements

and the essential features that have been considered when designing the Tom pro-

gramming language.

Terms

A first requirement was to be able to describe and manipulate tree shaped structures,

or terms. The ELAN experience showed that it is more convenient to manipulate

many sorted terms, especially since this simple typing of terms does help catching

many programming errors. Languages such as ASF+SDF, ELAN or Maude do mix

the term algebra used to express the rules and the concrete input syntax of the

specifications. This feature is very convenient to prototype transformations, but

makes the implementation of the language much more complex. In order to keep

the language and the implementation simple, we wanted to keep the syntax of rules

in a prefix notation, like in many functional programming languages.

Describing elementary transformations.

When designing complex applications, it is important to be able to decompose the

various transformations into different rewrite systems or elementary transforma-

tions, and then decide which rule apply to which term. A first step towards this

goal is to let the user define labeled rules:

[`] l → r

A same label can be given to several rules to define a rewrite system. The application

of such system has to be explicitly specified by the user. Given a term t, the

application of a labeled rule performs a single step of reduction at the root position,

if t is matched by a left-hand side. Otherwise, the application fails.

Computing canonical forms.

Another important feature inherited from ELAN is the ability to automatically main-

tain terms in normal form with respect to a rewrite system. This is done via the

definition of unlabeled rules which are applied until getting an irreducible term.

The considered rewrite system has of course to be confluent and terminating.

Using unlabeled rules, it is possible to specify a canonical form for the term

data structures of the application, such as representing logical formulas in disjunc-
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tive normal form, or enforcing constant expression evaluation in a programming

language. For instance, the following rule set can be used to express how to build

boolean formulas in disjunctive normal form:

Not(And(l,r)) -> Or(Not(l),Not(r))

Not(Or(l,r)) -> And(Not(l),Not(r))

Not(True()) -> False()

Not(False()) -> True()

Not(Not(x)) -> x

And(x,Or(y,z)) -> Or(And(x,y),And(x,z))

And(Or(y,z),x) -> Or(And(y,x),And(z,x))

Maintaining a data structure in canonical form is an essential feature that improves

the quality of software. The programmer does no longer have to take care of this

maintenance by calling normalisation functions. In addition, this makes the writ-

ing of elementary transformations simpler since only canonical forms have to be

considered.

Controlling the rewriting.

In our case, the situation is a bit particular since in addition to the notion of rule,

there is an underlying Turing complete language, namely Java. To control the

application of rules, an attracting possibility would be to use Java directly. This

language natively offers the composition (;), the repetition (while), and many other

control statements. However, the more we use Java, the more it becomes complex

to reason about programs and to perform proofs. How to show that a rewrite

system is terminating under a given strategy when this strategy is expressed in

Java? Therefore, the problem is to find a good strategy language which is both

expressive and simple to use.

As mentioned in the introduction, we have studied and experimented the expres-

siveness of several existing strategy languages. The one proposed by Stratego [10]

has several interesting properties. It is atomic, being composed of less than 10

elementary combinators. It is expressive, allowing the definition of various traver-

sal strategies. Initially not tailored to support non-deterministic searches, we will

see that this limitation can be removed in a simple and elegant way, using context

information.

We thus decided to base our strategy language on elementary combinators, that

are combined with labeled rules to build more complex strategies. Given a set of

rules, there are two fundamental operators for combining rules: the choice operator

Choice(s1, s2) which applies s2 only if the application of s1 fails. The sequence

operator Sequence(s1, s2) which applies s1, and then, if that succeeds, applies s2.

The different combinators are described in Figure 1.

Recursive strategy definitions are essential to describe the common rewrit-

ing strategies such as top-down, bottom-up and leftmost-innermost. For instance,

bottom-up is defined as BottomUp(v) = Sequence(All(BottomUp(v)), v)

The basic strategy combinators and the strategies that are created by composing

them are generic, and will perform equally on any data structure, when the labeled

rules are specific to the data structure (since they perform pattern matching and
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Combinator Semantics

Identity() Does nothing, and returns the original term

Fail() Always fails

All(v) Applies v to all direct subterms in sequence

Choice(v1,v2) Applies v1, then v2 if v1 failed

Sequence(v1,v2) Applies v1, then v2. Fail if one of them fail

Not(v) Applies v. Fail if v is applicable, returns identity otherwise

Omega(i,v) Applies v to the i-th sub-term if it exists, fails otherwise

One(v) Applies v to all sub-terms in order, until a success

IfThenElse(c,v1,v2) Applies c, then if c success, apply v1, otherwise v2

Fig. 1. Elementary strategy combinators

term construction). In order to build elegantly some transformations, we need data

structure dependent strategy combinators, such as congruence strategies. They are

used to decompose terms and to apply strategies to subterms. For example, the

congruence strategy for the And constructor, noted And has two arguments, which

are strategies to be applied respectively to the left and right subterms of an And.

_And(s1,s2) applied to the term And(x,y) will apply s1 to x and s2 to y, and will

fail if applied to a term that is not rooted by And.

Knowing the context.

Usually, a rule application, even under strategies, is context free. When a rule or

a strategy is applied, the result only depends on the term to which the strategy is

applied. However, it is common to require some knowledge about the context when

applying a strategy. For example, we may want to know if a particular subterm is

in positive or negative position in a formula.

For that, context information such as the list of terms that were traversed by

the strategy before accessing the current subterm, or the position of the current

subterm in the traversed term should be accessible when evaluating the right hand

side of a labeled rule. The explicit representation of the notion of position also

corresponds to classical operations found in the literature, such as the access to a

given subterm (t|ω) or the replacement (t[u]ω) for instance.

Exploring a search space.

Many applications of rule based systems do require the manipulation of non deter-

ministic rewrite systems. For instance, cryptographic protocol verification can be

treated as a reachability problem in a particular non deterministic rewrite system

that models the protocol. We thus require the strategy language to be able to

support non determinism, by letting the user compute the set of successors of the

application of a set of rules, and also the successors of the application of rules to
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Fig. 2. Given a signature (ADT), a Java implementation is generated. In addition, a mapping that
makes the implementation a parameter of Tom is generated. The algebraic data structure can be directly
manipulated in a Tom program. The compilation process translates the data structure and the rule based
program into Java classes, that can be combined with other libraries.

different redexes. In ELAN, only the first case can be easily implemented.

Such a control should be flexible enough to support the exploration of a search

space in a depth-first or breadth-first manner.

Integration into Java.

Considered separately, each feature mentioned previously is not a revolution and

already appears in a form or another in an existing rule based language, except the

explicit representation of position information which is a real contribution. The

main difficulty of our approach is to integrate everything into Java. This is also

the main contribution of this work.

3 Our approach

As presented in [5,1], the main component of our system is the Tom compiler.

It mainly introduces two constructs: a ‘<term> to build an algebraic term, and

a %match construct, similar to switch/case which executes an action (a Java

statement) when a pattern matches a given subject. This system does not impose a

specific term data structure: the implementation of the term data structure becomes

a parameter of the Tom compiler, using a mapping mechanism. An advantage of

this approach is to make the %match construct usable on any kind of data structure.

The counterpart is that the user has to provide an implementation.

Terms

To help the programmer, we have designed a tool called Gom [6] that takes an

algebraic signature as input and generates a Java implementation of this signature.

This work is an extension of [8]. The interaction between Tom and Gom is illus-

trated in Figure 2. In this formalism, a specification for boolean expressions can be

the following:

%gom {

module Bool
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imports String

abstract syntax

Bool = True()

| False()

| Not(b:Bool)

| And(l:Bool,r:Bool)

| Or(l:Bool,r:Bool)

| Var(name:String)

}

The language provides modularity with the use of the imports keyword. Java

classes implementing this structure are then generated, providing a typed interface

as well as an efficient implementation based on maximal sharing. Following the

factory design pattern, these classes provide static construction functions.

Computing canonical forms.

The implementation of canonization functions can be done by encoding a rewrite

system into functions: to each defined symbol a function is associated. These func-

tions are called when a term has to be built, and the corresponding normal form is

returned. The main drawback of this approach is that the user (a Java program-

mer) can forget to call these normalisation functions and directly use the factory

generated by Gom instead. This would result in terms which are no longer in nor-

mal form. To avoid this problem, we consider that the notion of unlabeled rule is

strongly tied to the term data structure that is used in the application. We thus

propose to define the set of unlabeled rules in conjunction to the definition of the

data structure, in the Gom formalism. The code that implements the normalisation

function will then be generated in the construction functions provided by the fac-

tory. An important consequence of this design is the impossibility to build a term

which is not in normal form. Therefore, the boolean formulae that should only be

manipulated in disjunctive normal form can be defined as follows:

%gom {

module Bool

imports String

abstract syntax

Bool = True()

| False()

| Not(b:Bool)

| And(l:Bool,r:Bool)

| Or(l:Bool,r:Bool)

| Var(name:String)

rules() {

Not(And(l,r)) -> Or(Not(l),Not(r))

Not(Or(l,r)) -> And(Not(l),Not(r))

Not(True()) -> False()

Not(False()) -> True()

Not(Not(x)) -> x

64



Moreau and Reilles

And(x,Or(y,z)) -> Or(And(x,y),And(x,z))

And(Or(y,z),x) -> Or(And(y,x),And(z,x))

}

}

This construct ensures that there is no way to obtain a term that is not normal with

respect to the rewrite system. It is also possible to use conditional rewrite rules in

the ruleset, which lets the definition of ordered or balanced trees more convenient.

Describing elementary transformations.

The notion of labeled rule cannot be implemented with the same approach. A

labeled rule corresponds to an elementary strategy that has to be manipulated as

an object. Therefore, its implementation cannot be a function: this is not a first

order object in Java. In our setting, an elementary strategy is implemented by a

class which has an apply function. The implementation of such a class is generated

automatically when using the %strategy keyword:

%strategy swap() {

visit Bool {

Or(Var(x),Var(y)) -> {

if(x.compareTo(y)) {

return ‘Or(Var(y),Var(x));

}

}

}

}

The construction %strategy swap() defines a labeled rule whose name is swap.

Similarly to the %match construct, the right-hand side of a rule can be any Java

statement. In this example, return ‘Or(Var(y),Var(x)) is used to return an

object of sort Bool. Such a rule can then be applied to a term using the apply

function. The following instructions applies the swap strategy to a simple term,

storing the result in the res variable:

Bool b = ‘Or(Var("b"),Var("a"));

Bool res = ‘swap().apply(b);

Controlling the rewriting.

In [11], J. Visser introduced a new pattern to implement elementary combinators.

This work, implemented in JJTraveler, is very important since it makes available

in Java the combinator that exists in the Stratego language. A minor drawback

of the approach is the implementation of the elementary strategies (the labeled

rules), which requires some extra effort from the user. In particular, a quite complex

interface has to be instantiated for each labeled rule. This code is now automatically

generated by the %strategy keyword. A simple solution to implement our strategy

language would have been to reuse JJTraveler in combination with the %strategy

construct. This was our first attempt.

When programming with rules and strategies, as in Stratego [9,10] and ELAN [2],
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the definition of recursive composed strategies is very frequent. The definition of

common rewriting strategies such as top-down, bottom-up, and leftmost-innermost

is done via the use of an explicit recursion operator µ. This operator, like the

let rec construct in functional languages, is essential. However, in JJTraveler this

µ operator does not exist. Thus, the graph that represents the recursive strategy

has to be encoded directly in Java. This is not easy and error prone. For example,

the construction of the BottomUp strategy µx � All(x) ; s is encoded as follows:

package jjtraveler;

public class BottomUp extends Sequence {

public BottomUp(Visitor v) {

super(null,v);

first = new All(this);

}

}

Sequence

All v

This graph is obtained by first allocating a Sequence with a dummy pointer set to

null. Then the correct graph is built. This is clearly not the abstraction level we

want to provide. In our framework, which is an extension of JJTraveler, we allow

the definition of strategies that explicitly use the µ recursion operator. In Java,

the bottom-up strategy can be implemented as follows:

Strategy BottomUp(Strategy s) {

return ‘mu(x, Sequence(All(x),s));

}

This strategy can then be used to apply a strategy s to each node of a term u with

t = ‘BottomUp(s).visit(u).

Context and position

When analysing source code, context free information is not enough. For instance,

when verifying a particular part of a program, sometimes we require to know what

are the variables that are defined in the context, as well as their type. Such in-

formation can be obtained by letting user strategies to use a mutable state, that

will be altered during the tree traversal. When finding a variable declaration for

instance, the variable is stored, and further on, when finding a variable, it can be

compared to what has been previously stored:

%strategy VarCheck(Stack bag) {

visit Instruction {

Assign(var,expression,body) -> {

bag.push(‘var);

this.visit(‘body);

bag.pop();

}

}

visit Expression {

Variable(var) -> {

if(!bag.contains(‘var)) {
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throw new Exception("Undefined variable " + ‘var);

}

}

}

}

Another way to take the strategy application context into account is to use the

notion of position in a term. The idea is to come back to the textbook notion of

rewriting, resorting to the notion of position to identify a particular subterm or

redex (t|ω or t[u]ω for example). The novelty here is to give access to the current

position in a term while traversing it. This position can be manipulated as a first

class object in the programming language.

To implement such a feature, each strategy combinator has to maintain the path

from the root to the currently traversed term. This information is automatically

maintained by the elementary combinators provided by the library: Sequence, All,

One, etc. From a user perspective, the current position is returned by the function

getPosition(). The object representing the position is not mutable and can be

stored to be reused later. It will not be further modified when the strategy continues

its traversal.

The expressive power provided by the explicit representation of positions is very

high. For example, this feature is essential to implemented non deterministic explo-

ration. Given a rewrite system implemented by a strategy, to compute the set of all

possible successors, a two step algorithm can be used. First, a top-down traversal is

performed to identify all possible redexes. This set of redexes can be represented by

a list of pairs (t, ωi) where t is the term, and each ωi correspond to the position of a

redex. In a second step, the list is iterated, and the successors of t|ωi
are computed

and collected.

4 Conclusion

The design of a language that integrates the notions of rules and strategies in a

mainstream programming language such as Java is not an easy task. We described

the constructs and features that are required, and we showed how they can be

integrated into the Java language.

This results in a language in which formally defining algorithms using terms,

rules, and strategies is easy and elegant, without losing the flexibility and versatility

of the underlying host language. It makes possible the mixture between the formal

definition of a logic system, using Tom, with user code that provides a fully fledged

interface implemented using low level code. The integration of formal aspects into

a classical programming language eases a gradual integration of formal methods

into existing projects. In practice, this integration becomes natural since the use of

algebraic constructs, as those provided by Tom, makes the code both smaller and

more readable.
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CIRC is an automated circular coinductive prover implemented as an extension of Maude. The main engine
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appear to be the same under any visible experiment. The experiments are de-

rived operations of visible result sort, and defined only with behavioral operations

(derivatives). A canonical example is that of (infinite) streams. The sort Stream

of streams is hidden, the sort of elements, e.g. Int, is visible, and the behavioral

operations are the head hd(*:Stream) and the tail tl(*:Stream). The special vari-

able *:Stream marks the place of the state parameter. Examples of experiments

are hd(*:Stream), hd(tl(*:Stream)), hd(tl(tl(*:Stream))), and so on. The

behavioral equivalence (equality) over streams is given by S ≡ S ′ iff hd(S) = hd(S ′)
and tl(S) ≡ tl(S ′). If this is the case, then all the above experiments return

the same visible data value for S and S ′, respectively. The behavioral equivalence

coincides with the equality over the visible data.

The main issue in behavioral specification theory is how to prove that two states

are behavioral equivalent. The coalgebraic bisimulation (see, e.g., Jacobs and Rut-

ten [10]) as well as Hennicker’s context induction [7] are both sound proof techniques

for behavioral equivalence. Unfortunately, both of them need human intervention:

coinduction to pick a “good” bisimulation relation, and context induction to device

and prove auxiliary lemmas. Circular coinduction [4,14] is an automatic proof tech-

nique for behavioral equivalence, supported in BOBJ. By circular coinduction one

can prove, for instance, the equality zip(zeros, ones) = blink on streams as follows

(zeros is the stream 0ω, ones is 1ω, blink is (01)ω , zip merges two streams):

(i) check that the two streams have the same head, 0;

(ii) take the tail of the two streams and generate the new goal zip(ones, zeros) =

1 blink; this becomes the next task;

(iii) check that the two new streams have the same head, 1;

(iv) take the tail of the two new streams; after simplification one gets the new goal

zip(zeros, ones) = blink, which is nothing but the original proof task;

(v) conclude that zip(zeros, ones) = blink holds.

The intuition for the above “proof” is that the two streams have been exhaustively

tried to be distinguished by iteratively checking their heads and taking their tails.

Ending up in circles (we obtained the same new proof task as the original one)

means that the two streams are indistinguishable, i.e., they are equal.

Circular coinduction can be explained and proved to be correct by reducing it

to either bisimulation or context induction: it iteratively constructs a bisimulation,

but it also discovers all lemmas needed by a context induction proof. Since the

behavioral equivalence problem is Π0
2-complete [14] (it is so, even in the context

of just streams [15]), there is no algorithm or proof system that is complete for

behavioral equality in general, as well as no algorithm or proof system that is

complete for inequality of streams. Therefore, the best we can do is to focus our

efforts on exploring heuristics or deduction rules to prove or disprove equalities of

streams that work well on examples of interest rather than in general.

BOBJ [4,14] was the first system supporting circular coinduction. Hausmann,

Mossakowski, and Schröder [6] also developed circular coinductive techniques and

tactics in the context of CoCASL. CIRC [12,11] is an automated circular coinduc-

tive prover implemented in Full Maude [3] as a behavioral extension of the Maude
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system [2], making heavy use of meta-level and reflection capabilities of rewriting

logic. Maude is by now a very mature system, with many uses, a high-performance

rewrite engine and a broad spectrum of analysis tools. Maude’s current meta-level

capabilities where not available when we developed the BOBJ system; consequently,

BOBJ was a heavy system, with rather poor parsing and performance. By allow-

ing the entire Maude system visible to the user, CIRC inherits all Maude’s uses,

performance and analysis tools. CIRC implements the circularity principle, which

generalizes circular coinductive deduction [5] and can be expressed as follows. As-

sume that each equation of interest (to be proved) e admits a frozen form fr(e) and

a set of derived equations, its derivatives, Der(e). The circularity principle says

that if from hypotheses H together with fr(e) we can deduce Der(e), then e is a

consequence of H. When fr(e) freezes the equation at the top, as in [5], the cir-

cularity principle becomes circular coinduction. Interestingly, when the equation is

frozen at the bottom on a variable, then it becomes a structural induction (on that

variable) derivation rule. This way, CIRC supports both coinduction and induction

as projections of a more general principle. This paper makes two main contribu-

tions. First, we prove the correctness of CIRC’s coinductive capabilities. Second,

we define and implement a strategy language for CIRC.

Version 1.2 of CIRC [11] provides automatic proving support for both coinduc-

tion and induction, but not for combinations of them. A combination of the two

techniques is possible only in an assisted way. In practice, there are many cases

when the two must be combined with other techniques. CIRC’s proof capabilities

are implemented using rewriting rules. A proof tactic constraints the application

of rules according to a given aim. To express the proof tactics, we use a strategy

language based on regular expressions over rule labels. Regular expressions can be

behaviorally specified; CIRC includes a copy of this specification to handle the proof

tactics. This new feature is included CIRC v1.3. We illustrate it by defining a proof

tactic able to prove the equivalence of context-free processes.

The paper is structured as follows. Section 2 introduces behavioral specification

and presents the coinductive capabilities of the CIRC, and shows the correctness

of implementation of the circular coinduction as rewriting rules. We use the reg-

ular expressions as an example of behavioral specification and we show that CIRC
together with this specification supplies a fully automatic decision procedure for

the equivalence of regular expressions. Section 3 introduces the regular strategies

and defines proof tactics in terms of regular strategies. A proof tactic that com-

bines coinduction with simplification of goals is presented. Section 4 shows how

context-free processes can be behaviorally specified and presents a proof technique,

based on coinduction and simplification, for proving the equivalence of context-free

processes. The paper ends with concluding remarks.

2 Behavioral Algebraic Specifications

Let Σ be an algebraic signature consisting of a set Sorts(Σ) of sorts and an S ∗×S-

indexed set Op(Σ) = (Op(Σ)w,s | w ∈ S∗, s ∈ S) of operations. We assume

Sorts(Σ) = V ∪ H, where V is a subset of visible sorts, H is a subset of hidden

sorts, and V ∩ H = ∅. For each f ∈ Op(Σ)w,s, we use the following notations:
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arity(f) = w, sort(f) = s, and type(f) = (w, s) (also written w → s). Let X be a

fixed S-indexed set of variables. TΣ(X ) is the Σ-algebra of terms with variables in

X . Let Var(t) denote the set of variables occurring in term t. A Σ-behavioral oper-

ation for hidden sort h ∈ H, also called a derivative, is a term δ ∈ TΣ(X ∪ {∗:h}),
where ∗:h is a special variable of sort h. The sort of δ is called δ’s result sort. A

Σ-equation is a sentence (∀X) t = t′ if c, where t and t′ are Σ-terms over variables

X ⊆ X having the same result sort, and c is the condition of the equation consisting

of a finite set of pairs (ti, t
′
i) of terms over variables X and with visible result sorts;

we only consider equations with finitely many visible conditions in this paper. A

condition c is also written as t1 = t′1 ∧ · · · ∧ tn = t′n. If the sorts of t and t′ are

hidden, then the equation is called behavioral. If the condition c is empty, then we

get an unconditional Σ-equation and write it as (∀X) t = t′.
A behavioral specification is a triple B = (Σ,∆, E), where Σ is an algebraic

signature, ∆ is a set of behavioral operations, and E is a set of Σ-equations. Let

=E denote the standard equational derivability congruence over TΣ(X ) with the

equations E (the E-equality), and let TΣ,E(X ) denote the quotient TΣ(X )/=E . A

∆-experiment for the hidden sort h ∈ H is inductively defined as follows: each

behavioral operation for the hidden sort h ∈ H with visible result sort is a ∆-

experiment for h; if γ is a ∆-experiment for h′ and δ a behavioral operation for h

with result sort h′, then γ[δ/∗:h′] is a ∆-experiment for h.

The notion of behavioral equivalence is an inherently semantic one: there is a

behavioral equivalence relation on each model which can be defined as “indistin-

guishability under experiments”. For technical simplicity, we here prefer to avoid

introducing models, so we give an alternative, proof theoretic definition. The ∆-

behavioral equivalence ≡∆ over TΣ(X ) is the E-equality (closure under equational

deduction with E) generated by the following: for each visible sort v ∈ V , ≡∆,v is

=E,v; if h ∈ H and t, t′ ∈ TΣ(X )h then t ≡∆ t′ iff γ[t/ ∗ :h] =E γ[t′/ ∗ :h] for each

∆-experiment γ for h. (We here therefore assume that operations are behaviorally

congruent, i.e., f(t1, . . . , tn) ≡∆ f(t′1, . . . , t
′
n) whenever ti ≡∆ t′i for i = 1, . . . , n.)

We often write γ[t] for γ[t/ ∗ :h]. Note that the relation ≡∆ is not algorithmic,

because one needs an infinite number of experiments to decide it; the basis for the

Π0
2 result in [14] is the observation that for each experiment there is some proof

(thanks to the completeness of equational deduction). Moreover, the E-equality is

undecidable for the general case. B behaviorally entails the behavioral Σ-equation

e, written B |≡ e, iff

(i) either e is of the form (∀X) t = t′ (the condition is empty) and t ≡∆ t′,

(ii) or e is of the form (∀X) t = t′ if c with c consisting of t1 = t′1∧· · ·∧tn = t′n and

B(c) |≡ (∀X) t = t′, where B(c) is the behavioral specification (Σ ∪X,∆, E ∪
{(∀∅)ti = t′i | i = 1, . . . , n}) (the variables in X are added as constants, then

the condition is added as hypothesis).

The equational entailment is defined in a similar way: B |= e, iff

(i) either e is of the form (∀X) t = t′ and t =E t
′,

(ii) or e is of the form (∀X) t = t′ if c and B(c) |= (∀∅) t = t′.
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Example: Regular Expressions.

Regular expressions (RE) are finite presentations for possibly infinite languages.

The languages denoted by REs are inductively defined using the operations union,

concatenation, and Kleene closure. Formally, let Alph be an alphabet; the set of

regular expressions over Alph is given by the grammar

R ::= ε | ∅ | A | R1 +R2 | R1#R2 | R∗

where A ranges over Alph. The language denoted by a RE R is defined as follows:

L(ε) = {ε}, L(∅) = ∅, L(A) = {A}, L(R1 + R2) = L(R1) ∪ L(R2), L(R1#R2) =

{ww′ | w ∈ L(R1), w′ ∈ L(R2)}, and L(R∗) = (L(R))∗. Two REs are equivalent iff

they denote the same language. In [16,17] a behavioral specification for (Extended)

REs is given, where the behavioral equivalence coincides with the RE equivalence.

The behavioral operations (derivatives) defining behavioral equivalence are epsIn

(testing the membership of ε to a RE) and { }, which takes a RE R and a letter

a and returns an expression characterized by L(R{a}) = {w | aw ∈ L(R)}. R{a}
is semantically equivalent to an RE because regular languages are closed under

left-quotient by an arbitrary language. Here is a Maude description of REs:

(th RE is including BOOL .
sort Ere . --- extended regular expressions
sort Alph . --- the alphabet
ops a b : -> Alph . --- the letters of the alphabet

vars R R1 R2 : Ere . vars A B : Alph .

op _‘{_‘} : Ere Alph -> Ere . --- the letters derivatives
op epsIn_ : Ere -> Bool . --- epsilon membership derivative

subsort Alph < Ere . --- a letter
eq epsIn A = false .
eq B { A } = if A == B then epsilon else empty fi .

op epsilon : -> Ere . --- the empty word
eq epsilon { A } = empty .
eq epsIn epsilon = true .

op empty : -> Ere . --- the empty language
eq empty { A } = empty .
eq epsIn empty = false .

op _#_ : Ere Ere -> Ere [assoc] . --- concatenation
ceq ( R1 # R2 ){ A } = ((R1 { A }) # R2) + (R2 { A })

if epsIn R1 = true .
ceq ( R1 # R2 ){ A } = (R1 { A }) # R2

if epsIn R1 = false .
eq epsIn ( R1 # R2 ) = epsIn R1 and epsIn R2 .

op _+_ : Ere Ere -> Ere [assoc comm] . --- union
eq ( R1 + R2 ){ A } = (R1 { A }) + (R2 { A }) .
eq epsIn ( R1 + R2 ) = epsIn R1 or epsIn R2 .

op _* : Ere -> Ere . --- star operator
eq R * { A } = (R { A }) # (R *) .
eq epsIn R * = true .

--- simplifying equations
eq empty + R = R . eq empty # R = empty . eq epsilon # R = R . eq R + R = R .

endth)

2.1 Circular Coinduction

As mentioned in the introduction, CIRC implements the principle of circularity,

which generalizes both structural induction and circular coinduction; we will dis-

cuss this principle in depth elsewhere. We here focus on its coinductive instance.

Circular coinduction [4,5,14], is a sound proof calculus for |≡, which can be defined
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Lucanu, Roşu, Grigoraş

as an instance of the circularity principle as follows: the “frozen” form of equation

“(∀X) t = t′ if c” is “(∀X)fr (t) = fr(t′) if c”, where fr : sort(t) → new is a new

operation and new is a new sort. The set Der ∆(e) is

{(∀X) fr(δ[t/∗:h]) = fr(δ[t′/∗:h]) if c | δ behavioral for h = sort(t)}.

The frozen operator ensures the sound use of the coinduction hypotheses. We take

the liberty to also call fr(e) visible when e is visible.

In CIRC we use the standard rewriting-based semi-decision procedure to derive

equations “(∀X) t = t′ if c”: add the variables X as constants, then add the

conditions in c to the set of equations, and then reduce t, t′ to normal forms orienting

all the equations into rewrite rules. In what follows we let E ` e denote the fact that

e can be deduced from E using this standard approach (E is any set of equations).

The inference relation ` is sound for |=, i.e., E ` e implies E |= e. We currently do

not interfere with the rewriting procedure: if rewriting does not terminate during

a proof session then CIRC does not terminate either. If we write E 6` e then we

mean “knowingly incapable of proving it”, that is, that the rewrite engine reduced

the two terms to normal forms, but those are not equal. Obviously, this does not

necessarily mean that the equation is not true.

CIRC implements circular coinduction as a nondeterministic procedure aiming

at reducing a pair (E, fr(e)) to a pair (E , ∅), where E is the original set of equations

in B and e is the equation to prove. If that is the case, then B |≡ e. While trying

to do so, the procedure can also fail, in which case we conclude that it could not

prove B |≡ e, or it can run forever. Here are the reduction rules:

[EqRed] :

(E ,G ∪ {fr(e)})⇒ (E ,G) if E ` fr(e)

[CoindFail] :

(E ,G ∪ {fr(e)})⇒ failure if E 6` fr(e) and e is visible

[CCStep] :

(E ,G ∪ {fr(e)})⇒ (E ∪ {nf(fr(e))},G ∪Der ∆(e)) if E 6` fr(e) and e is hidden.

Let nf(e) denote the equation e where the left-hand and right-hand sides are re-

duced to normal forms. [EqRed] removes a goal if it can be proved using ordinary

equational reduction. [CoindFail] says that the procedure fails whenever it finds a

visible goal which cannot be proved using ordinary equational reduction. Finally,

[CCStep] implements the circularity principle: when a behavioral equation cannot

be proved using ordinary equational reduction, its frozen form (or an equivalent

variant of its frozen form, such as its normal form) is added to the specification and

its derivatives are added to the set of goals.

Theorem 2.1 Let B = (Σ,∆, E) be a behavioral specification and let e be a Σ-

equation such that (E, fr(e))⇒? (E , ∅) using the procedure above. Then B |≡ e.

The proof of Theorem 2.1 is based on the following two lemmas.

Lemma 2.2 If (Σ ∪ {fr},∆, E) |≡ fr(e), then (Σ,∆, E) |≡ e.
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Proof. We assume without lose the generality that e is an unconditional equation

(∀X)t = t′. If γ is a ∆-experiment, then we have fr(γ[t]) =E fr(γ[t′]) iff γ[t] =E γ[t′]
by the definition of =E and by the fact that E does not include equations involving

fr . 2

Lemma 2.3 If (Σ,∆, E ∪ {fr (e)}) |= Der ∆(e), then (Σ,∆, E) |≡ e.

Proof. We assume again that e is an unconditional equation (∀X)t = t′. Let <

be the order over the experiments given by their depth. We show by Noetherian

induction on < that γ[u] =E γ[v], where u (resp. v) is either t (resp. t′) or θ(t)

(resp. θ(t′)), where θ is any substitution. Let γ be an appropriate experiment for

t (and t′). If γ[t] = γ[t′] is in Der ∆(e), then we get γ[t] =E γ[t′] by the hypothesis

of the lemma (fr(e) cannot be used in any derivation of γ[t] = γ[t′]). Otherwise,

there is a derivative δ ∈ ∆ and an experiment γ ′ such that γ = γ ′[δ] and δ[t] = δ[t′]
in Der∆(e). If fr(δ[t]) =E fr(δ[t′]) (fr(e) is not used in this derivation), then

fr(γ′[δ[t]]) =E fr(γ′[δ[t′]]) and hence γ[t] =E γ[t′]. If fr(e) is used in the derivation

of fr(δ[t]) = fr(δ[t′]), then there is a substitution θ such that fr(δ[t]) =E fr(θ(t))

and fr(δ[t′]) =E fr(θ(t′)). Since γ ′ < γ, we have γ ′[θ(t)] =E γ′[θ(t′)]. Hence

γ[t] =E γ[t′]. 2

Corollary 2.4 If (Σ,∆, E ∪ {fr(e)}) |= G ∪Der ∆(e), then (Σ,∆, E) |≡ G ∪ {e}.

Proof of Theorem 2.1.

We proceed by induction on the number of applications of [CCStep]. If this

rule is not applied, then (Σ,∆, E ∪ {fr(e)}) |= Der ∆(e) and the conclusion of the

theorem follows by Lemma 2.3. We assume that

(E, fr(e))⇒? (E ′,G′ ∪ {fr(e′)})⇒ (E ′ ∪ {nf (fr (e′))},G′ ∪Der∆(e′))⇒? (E , ∅)

where the last reductions are given using only [EqRed]. Hence (Σ,∆, E ′∪{fr(e′)}) |=
G′ ∪Der∆(e′). It follows that (Σ,∆, E ′) |≡ G′ ∪ {e′} by the corollary of Lemma 2.3.

The conclusion of Theorem 2.1 follows now applying the induction hypothesis. �
The successful termination of the CIRC procedure above, i.e., reaching of a con-

figuration of the form (E ′, ∅), is not guaranteed. Let us consider, for instance, the

addition of streams, behaviorally defined by hd (S + S ′) = hd(S) + hd (S ′) and

tl(S + S′) = tl(S) + tl(S ′), and the (convolution) product of streams, behaviorally

defined by hd(S×S ′) = hd (S)×hd(S ′) and tl(S×S ′) = tl(S)×S ′+[hd(S)]× tl(S ′),
where [x] denotes the stream x0ω. The execution of CIRC procedure for the

input goal [0] × [0] = [0] produces an infinite process. First [CCStep] is ap-

plied, which replace the initial goal fr([0] × [0]) = fr([0]) with fr(hd ([0] × [0])) =

fr(hd ([0])) and fr(tl([0] × [0])) = fr(tl([0])). The former is solved by [EqRed]

and the latter is reduced by [EqRed] to fr([0] × [0] + [0] × [0]) = fr([0]). A

new application of [CCStep] followed by [EqRed] (twice) will generate the goal

fr([0]× [0] + [0]× [0] + [0]× [0] + [0]× [0]) = fr([0]). The process infinitely continues

generating larger and larger goals. In Section 3 we extend CIRC with proof tactics

able to handle such cases.

Since the behavioral entailment problem is Π0
2-complete [14,15], we know that

there can be no procedure to decide behavioral equalities or inequalities in general.
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The reaching of the configuration failure means a failing termination.

For regular expressions, we are in the happy case when CIRC together with the

specification RE yield a fully automatic decision procedure for their equivalence:

Proposition 2.5 If one defines the behavioral operators to be the two derivatives

and the test for epsilon membership, then CIRC becomes a fully automatic decision

procedure for the equivalence of REs:

(i) Regular expressions R1 and R2 are equivalent iff CIRC successfully terminates

for the initial configuration (Eqns(RE), {R1 = R2});
(ii) Regular expressions R1 and R2 are not equivalent iff CIRC fails for the initial

configuration (Eqns(RE), {R1 = R2}).

Therefore, no case analysis or other assisted tactics are needed to prove the

equivalence of REs. Two REs are equivalent iff CIRC returns Proof succeeded,

and are not equivalent iff CIRC returns failed during coinduction.

Here we show CIRC at work presenting how it proves the equivalence of two reg-

ular expressions. CIRC extends Full-Maude [3] with a set of declarations and com-

mands which allow the user to introduce information regarding behavioral specifica-

tions and commands to assist the prover. First we have to introduce the behavioral

operations. These are included in a cmod...endcm module:

(cmod B-RE is importing RE .
derivative epsIn(*:Ere) .
derivative *:Ere { a } .
derivative *:Ere { b } .

endcm)

After the modules RE and B-RE are loaded, we introduce the goal we want to prove:
Maude> in re
Introduced theory RE
Introduced beh spec B-RE
Maude> (add goal (a + b)* = ((a *)#(b *))* .)
Goal (a + b)* = (a * # b *)* added.

The circular coinduction algorithm is triggered with the command:

Maude> (coinduction .)
Proof succeeded.

3 Regular Strategies as Proof Tactics

A successful reduction of the circular coinduction algorithm is of the form

(E0,G0)
CCStep−−−−−→ (E1,G1) . . .

EqRed−−−−→ (Ei,Gi) . . . CCStep−−−−−→ (Ej ,Gj) . . . EqRed−−−−→ (En, ∅)

and a failing reduction is of the form

(E0,G0)
CCStep−−−−−→ (E1,G1) . . .

EqRed−−−−→ (Ei,Gi) . . . CCStep−−−−−→ (Ej ,Gj) . . . CoindFail−−−−−−→ failure

If we consider only the labels of the rules applied in the reduction, then the former

one is described by a word in the language given by the regular expression Rsucc =

CCStep(CCStep + EqRed)∗EqRed, and the later one by a word given by the regular

expression Rfail = CCStep(CCStep + EqRed)∗CoindFail. We say that the regular

expression Rsucc +Rfail describes the circular coinduction proof tactic.
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CIRC can be extended with new proof capabilities implemented as rewriting rules

and new proof tactics described by regular expressions. We assume that the prover

is given by a set of rewriting rules of the form ` : C → C ′ if cond, where ` is the

label of the rule, C,C ′ are configurations, and cond is the condition of the rule. Let

L denote the set of the rules labels. The same label may be shared by more rules.

This is, e.g., the case of two rules whose conditions are complementary, i.e., if one

condition is true, then the other one is false. The description of the proof could

become simpler if we use the same label for the two rules. We say that a word

w ∈ L∗ describes a reduction C
∗−→ C ′ iff w = `1 . . . `n and the reduction is given by

C = C0
`1−→ C1 . . .

`n−→ Cn = C ′, where Ci−1
`i−→ Ci means that the configuration Ci

is obtained from Ci−1 by applying the rule `i. We write C
w−→ C ′.

A regular strategy term is a regular expression over L. The semantics of a

strategy term R consists of all the reductions C
w−→ C ′ with w ∈ L(R).

We extend the definition of configurations by adding a new component given by

a regular strategy term. A rewriting rule

` : C → C ′ if cond

is replaced by

` : (C,R)→ (C,R′) if cond ∧nf (R{`}) = R′ ∧R′ 6= empty .

where nf (R{`}) = R′ ∧ R′ 6= empty means that there is a word starting with ` in

L(R). We have (C,R)
w−→ (C ′, ε) if and only if w ∈ L(R).

Let B = (Σ,∆, E) be a behavioral specification. We say that a regular strategy

term R is a proof tactic for B if B |≡ e whenever (E, {fr (e)}, R)
w−→ (E , ∅, ε).

3.1 Simplification

Since circular coinduction uses frozen forms of the goals, the coinductive hypotheses

added by [CCStep] can be applied only at the top. There are cases when it is sound

to apply these hypotheses under the top. For instance, we assume that we have

to show the following equality over streams: S × [0] = [0]. [CCStep] will add the

hypothesis fr(S × [0]) = fr([0]), and replace the above goal with fr(hd(S × [0])) =

fr(hd ([0])) and fr(tl (S × [0])) = fr(tl([0])). The former is solved by [EqRed] and

the last is reduced to fr(tl(S) × [0] + [hd(S)] × [0]) = fr([0]). It is easy to see that

the circular coinduction algorithm produces a infinite set of new goals in this case.

For streams it is sound to simplify the goals with the following rule:

S1 + S2 = S′

S1 = S′
if S2 = [0]

Then the above goal can be simplified to fr(tl (S) × [0]) = fr([0]) because we get

fr([hd (S)]× [0]) = fr([0]) applying the coinductive hypothesis. The remaining goal

is proved in the same way.
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The following rule handles the general case:

[Simpl] :

(E ,G ∪ {fr(e)})⇒ (E ,G ′) if scond

where

G′ =
{
G ∪ {ti = t′i if c | i = 1, . . . , n} if e := f(t1, . . . , tn) = f(t′1, . . . , t

′
n) if c

G ∪ {fr(e)} otherwise

where scond is a condition which constraints the application of the rule (in the

above example, S2 = [0] is such a condition). [Simpl] replaces a goal with the

corresponding set of subgoals if the left hand side and right hand side of the equation

e have in top the operator f , and let the set of goals unchanged in the other cases.

The rule [Simpl] must be used only in a controlled way, otherwise it could trigger

infinite reductions, due to the “otherwise” case.

Theorem 3.1 Let B = (Σ,∆, E) be a behavioral specification, and let f ∈ Σ be an

operation such that the proving of the goal f(t1, . . . , tn) = f(t′1, . . . , t
′
n) if c can be

simplified to the proving of the subgoals {ti = t′i if c | i = 1, . . . , n} provided that

the simplification condition scond holds. Then Rcosi = CCStep(Simpln # CCStep

+ Simpln # EqRed)∗EqRed is a proof tactic for B.

Proof. Let e be an equation such that (E, {e}, Rcosi )
w−→ (E , ∅, ε) with w ∈ L(Rcosi ).

We proceed by induction on the number representing how many times [Simpl]

is applied. If [Simpl] is not applied, then w ∈ L(Rsucc) and we apply Theorem

2.1. We point out one application of [Simpl] which replaces a goal e′ of the form

f(t1, . . . , tn) = f(t′1, . . . , t
′
n) if c with {ti = t′i if c | i = 1, . . . , n}. We have

B |≡ ti = t′i if c by the inductive hypothesis, for i = 1, . . . n. Hence B |≡ e′ by

the assumption on B and f . 2

[Simpl] is applied successively more than once when a goal of the form

f(f(. . .)) = f(f(. . .)) if c is reached. The choice of n could be a difficult task.

A bigger value for n leads to a larger class of goals which can be proved by this

tactic but to a less computationally efficient tactic; a smaller value leads to a more

computationally efficient tactic but with a more restricted applicability. We may

have both if we implement [Simpl] as follows:

[Simpl] :

(E ,G ∪ {fr(e)}, R)⇒ (E ,G ′, R′) if nf (R{Simpl}) 6= empty ∧ scond

where

(G′, R′) =





(G ∪ {ti = t′i if c | i = 1, . . . , n}, R)

if e is f(t1, . . . , tn) =

f(t′1, . . . , t
′
n)

if c

(G,nf (R{Simpl})) otherwise

The above rule applies [Simpl] as long as it changes the configuration. We may

consider now n = 1 in Theorem 3.1. In terms of strategy languages [13,18], the new
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rule [Simpl] is equivalent to [Simpl’] orelse id, where [Simpl’] is similar to [Simpl]

but it is applied only if it simplifies a goal, and id is the identity strategy.

[Simpl] is implemented in CIRC (version 1.3) by extending the configuration

with attribute proofStatus having as values regular strategies R. A copy of the

specification RE is included and used to handle the regular strategies.

4 Equivalence of Context Free Processes

In this section we illustrate the usefulness of the regular strategies showing how the

result of Proposition 2.5 can be extended to context-free grammars. We have to

notice that we cannot obtain a fully automatic decision procedure for context-free

grammars because the equivalence problem for these grammars is undecidable [8].

Baeten, Bergstra, and Klop [1] have shown that the equivalence problem is decidable

for normalized context free processes presented in Greibach normal forms. These

processes are equivalent to simple (iredundant) context-free grammars. However the

proof of decidability and the presentation of the algorithms are not easy and many

researchers looked for simpler solutions, see , e.g., [9]. In this section we show that

an adequate behavioral specification together with two simplifying rules and the

proof tactic given in Theorem 3.1 supply a fully automatic semi-decision procedure

for context free-processes. We prefer the formalism of context-free processes to that

of context-free grammars because their equivalence is expressed as a bisimulation

relation, which is more suitable for the behavioral approach.

BPA (Basic Process Algebra) expressions are defined by the following grammar:

E ::= a | X | E1 +E2 | E1E2

where a ranges over an alphabet Alph, X over variables, and E,E1, E2 over BPA

expressions. A process is defined by a finite set of equations of the form Xi
def
= Ei.

The operational semantics of BPA process is given by the following rules:

E1
a−→ E′1

E1 +E2
a−→ E′1

E2
a−→ E′2

E1 +E2
a−→ E′2

E1
a−→ E′1

E1E2
a−→ E′1E2

a
a−→ ε if a ∈ Alph

E
a−→ E′

X
a−→ E′

if X
def
= E

Note that ε is not a process; it is a configuration used to mark the end of a transition

process. The transition relation is extended to words w in Alph ∗ as follows: p
aw−−→ q

if p
a−→ p′ and p′ w−→ q. The norm |E| of an expression E is defined by structural

induction over BPA expressions: |a| = 1 if a ∈ Alph , |E1 + E2| = min(|E1|, |E2|),
|E1E2| = |E1| + |E2|, and |X| = |E| if X

def
= E. The norm has the following nice

property: |X| = min{length(w) | X w−→ ε}. A process is normed if |Xi| is finite

for each equation Xi
def
= Ei from its definition. A relation R over processes is a

bisimulation if it satisfies: pR q implies

(i) if p
a−→ p′ then there is q′ such that q

a−→ q′ and p′Rq′;

(ii) if q
a−→ q′ then there is p′ such that p

a−→ p′ and p′Rq′.
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Two processes are bisimilar p ∼ q if there is a bisimulation R such that pR q.

The language defined by a variable X is L(X) = {w | X w−→ ε}. If X ∼ Y , then

L(X) = L(Y ).

Here is the behavioral specification we associate to BPA:

(th BPA is inc BOOL + INT .
sort Alph . --- the alphabet
sort Pexp . --- process expressions
sort Pid . --- process ids
sort Peq . --- process equations
sort Proc . --- processes (sets of process equations)
op pmain : -> Proc .

vars E E1 E2 : Pexp . vars X Y X1 X2 : Pid . vars P P1 P2 Q : Proc . vars A B : Alph .

op _=def_ : Pid Pexp -> Peq .

subsort Peq < Proc .
op _‘,_ : Proc Proc -> Proc [assoc comm] .
eq (P , P) = P .

op _‘{_‘} : Pexp Alph -> Pexp . --- the letters derivatives
op |_| : Pexp -> Int . --- the norm derivative

sort PidSet . --- process variables
subsort Pid < PidSet . --- sets of process variables
op none : -> PidSet .
op _‘,_ : PidSet PidSet -> PidSet [assoc comm id: none] .
vars PS PS’ : PidSet .
eq (X, X) = X .

op f : PidSet Pexp -> Int? . --- auxiliary function
eq f((X, PS), X) = infty .
ceq f((X, PS), Y) = f((X, Y, PS), E)

if ( (Y =def E), P ) := pmain /\ X =/= Y .
eq f(PS, A ) = 1 .
eq f(PS, (E1 + E2)) = min(f(PS, E1), f(PS, E2)) .
eq f(PS, (E1 # E2)) = f(PS, E1) + f(PS, E2) .

subsort Alph < Pexp . --- a letter
subsort Pid < Pexp . --- a process id
eq | A | = 1 .

op epsilon : -> Pexp .
eq epsilon { A } = deadlock .

op deadlock : -> Pexp .
eq deadlock { A } = deadlock .

eq B { A } = if A == B then epsilon else deadlock fi .

op _+_ : Pexp Pexp -> Pexp [prec 33 assoc comm] . --- union
eq ( E1 + E2 ){ A } = (E1 { A }) + (E2 { A }) .
eq | E1 + E2 | = min(| E1 |, | E2 |) .

op _#_ : Pexp Pexp -> Pexp [prec 32 assoc] . --- concatenation
eq ( E1 # E2 ){ A } = (E1 { A }) # E2 .
eq | E1 # E2 | = | E1 | + | E2 | .

ceq X { A } = E { A } if ( (X =def E), P ) := pmain .
ceq | X | = f(X, E) if ( (X =def E), P ) := pmain .

--- simplifying equations
eq deadlock + E = E .
eq deadlock # E = deadlock .
eq epsilon # E = E .
eq E + E = E .
eq (E1 + E2) # E = (E1 # E) + (E2 # E) .
endth)

The behavioral operators are the letter derivatives, defined in a similar way to those

of regular expressions, and the norm. The sort for process variables is Pid. The

definition of the norm requires an auxiliary function f(X,E), which returns the

norm of the variable X with the definition E.
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The following two simplification rules are sound for normed processes [9]:

E1E2 ∼ E′1E2

E1 ∼ E′1
E1 +E2 ∼ E′1 +E′2
E1 ∼ E′1, E2 ∼ E′2

if |E1| = |E′1| ∧ |E2| = |E′2|

We present here how CIRC 7 together with the proof tactic Rcosi given by The-

orem 3.1 are used for proving the equivalence X ∼ A, where X
def
= aXb + ab,

A
def
= aB + aY , B

def
= Ab, and Y

def
= b. Note that processes are not required to be in

Greibach normal form. Here is a Maude specification of the above process:

(th BPA-EX is including BPA .
ops a b : -> Alph . ops X Y A B : -> Pid .
eq pmain = ( X =def ( a # X # b ) + a # b ),

( A =def (a # B) + (a # Y) ),
( B =def A # b ),
( Y =def b ) .

endth)

The simplification rules are specified together with the derivatives in the cmod mod-

ule:
(cmod B-BPA-EX is importing BPA-EX .

derivative *:Pexp { a } .
derivative *:Pexp { b } .
derivative | *:Pexp | .
simplify

< E1:Pexp + E2:Pexp = E1’:Pexp + E2’:Pexp >
by

< E1:Pexp = E1’:Pexp > /\
< E2:Pexp = E2’:Pexp >

if
| E1:Pexp | = | E1’:Pexp | /\
| E2:Pexp | = | E2’:Pexp | .

simplify
< E1:Pexp # E2:Pexp = E1’:Pexp # E2’:Pexp >

by
< E1:Pexp = E1’:Pexp >

if
E2:Pexp = E2’:Pexp .

endcm)

We introduce the goal:

Maude> (add goal X = A .)
Goal X = A added.

and we specify the proof tactic Rcosi by the following command:

Maude> (coinduction and simplification .)
Proof succeeded.

We can see the proof steps applied by the prover using “show history .” com-

mand:
Maude> (show history .)
Introduced beh spec B-BPA-EX
Goal X = A added.
Hypothesis X = A added.
Goal X{a} = A{a} reduced to b + X # b = B + Y
Goal b + X # b = B + Y simplified to
1 . X # b = B
2 . b = Y
Hypothesis X # b = B added.
Goal b = Y reduced to b = Y
Hypothesis b = Y added.
Goal X{b} = A{b} proved by reduction.
Goal | X | = | A | proved by reduction.
Goal X # b{a} = B{a} reduced to
b # b + X # b # b = B # b + Y # b
Goal b # b + X # b # b = B # b + Y # b simplified to
1 . X # b # b = B # b
2 . b # b = Y # b

7 Regular strategies are included in the version 1.3 of CIRC.
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Goal X # b # b = B # b simplified to X # b = B
Goal X # b = B proved by reduction.
Goal b # b = Y # b simplified to b = Y
Goal b = Y proved by reduction.
Goal X # b{b} = B{b} proved by reduction.
Goal | X # b | = | B | proved by reduction.
Goal b{a} = Y{a} proved by reduction.
Goal b{b} = Y{b} proved by reduction.
Goal | b | = | Y | proved by reduction.
Proof succeeded.

Note the use of the simplification rules during the proving process:

• b+Xb = B + Y is simplified to Xb = B and b = Y ,

• bb+Xbb = Bb+ Y b is simplified to Xbb = Bb and bb = Y b;

• Xbb = Bb is simplified to Xb = B.

Without regular strategies, which allow to combine the circular coinduction

steps with the simplification rule, the class of context-free processes for which CIRC

is able to automatically prove the equivalence is much smaller. Regular strategies

effectively enlarge the class of problems which can be automatically proved with

CIRC. The problem of finding the complete subclass of context-free processes for

which the equivalence can be automatically proved with CIRC remains open.

5 Conclusion

We presented CIRC, an automated prover supporting the principle of circularity and

in particular circular coinduction. CIRC is implemented as an extension of Maude

using its metalevel programming capabilities. Two novel contributions have been

made in this paper. First, we showed the correctness of the circular coinductive proof

strategy. Second, we showed how CIRC can be extended using regular strategies.

The method is exemplified by adding a simplification rule and defining a proof tactic

(as a regular strategy) used for proving the equivalence of context-free processes.

The use of regular strategies as proof tactics enlarge the class of problems which

can be automatically solved. CIRC implements also the circularity principle for

proving properties by induction. Regular strategies make the use of proof tactics

that combine coinduction with induction possible. This can be done now only in

an assisted way.
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[6] Hausmann, D., T. Mossakowski and L. Schröder, Iterative Circular Coinduction for CoCASL in
Isabelle/HOL, in: Fundamental Approaches to Software Engineering 2005, LNCS 3442 (2005), pp.
341–356.

82



Lucanu, Roşu, Grigoraş
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Abstract

This note reports on preliminary work on formalizing and mechanizing derivations of abstract machines from
reduction semantics of functional languages in Coq, based on the method of refocusing due to Danvy and
Nielsen. The ultimate goal is to develop a general framework for representing programming languages and
their various semantic specifications inside Coq, and to automatize derivations between these specifications
while ensuring their correctness.
In this note, we describe two case studies of derivations of abstract machines from reduction semantics (i.e.,
machines realizing the reduction strategies given by the corresponding reduction semantics): we consider
the standard call-by-value lambda calculus, for which the derived machine is the substitution-based CK
machine of Felleisen and Friedman, and the call-by-name variant of the calculus of closures which leads to the
environment-based Krivine machine. These correspondences have been discovered and reported in previous
work by the first author and Danvy in the setting of functional programs and their transformations, whereas
here we adopt a relational approach and we formalize the derivation steps and prove them correct within
Coq’s type theory. We also discuss some technical issues of our formalization and a future construction of
the general framework for refocusing in Coq.

Keywords: abstract machine, reduction semantics, refocusing, Coq

1 Introduction

Typically, a programming language is given several different semantic specifications,

each designed for a particular purpose and each preferred by either the language

designer, implementor or programmer. In order for all these different specifications

to define the same behaviour, we need to provide proofs of their equivalence. With

some practice, this task can be performed by hand and indeed, it usually is done—

whenever the need arises—in an ad hoc manner.

1 Email: mbiernac@lri.fr
2 Email: dabi@lri.fr
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We argue that it need not be so, and in many cases we could benefit from

considering systematic and to some point automatic derivation methods that would

allow one to arrive from one semantic description taken as standard, to another

one that is more convenient in a given application, while the correctness of the

outcome is guaranteed by the derivation method. This work not only saves one the

tedious task of proving similar kinds of theorems whenever one introduces even a

mild variation into a language, but it also may help connect the same computational

features as they occur in different contexts.

There has been some work aiming at connecting various forms of operational se-

mantics of functional languages. In particular, Ager et al. have discovered the func-

tional correspondence between higher-order evaluators and abstract machines [1,2,3]

when these semantic descriptions are implemented as ML programs: one can then

interderive them by means of standard program transformation techniques (CPS

transformation, defunctionalization, closure conversion). In another line of work,

connections between reduction semantics and abstract machines have been studied,

and it has been discovered how the refocusing method of Danvy and Nielsen pro-

vides a way to systematically derive the latter from the former [5,6,9]. The work

of the first author and Danvy studies the correspondence not only for the standard

λ-calculus but also for a wide class of its extensions with a non-standard notion

of reduction, thus accommodating such non-local computational tools and effects

as, e.g., control operators, assignment, state, or lazy evaluation [6]. In particular,

the method has been applied to calculi of closures in order to materialize the slo-

gan that calculi of explicit substitutions correspond to environment machines, and

to context-sensitive reduction semantics that give rise to store-based machines. In

addition, the systematic method shows how an abstract machine realizes a particu-

lar reduction strategy specified by the underlying reduction semantics. As with the

functional correspondence, implementations of semantic descriptions in a functional

programming language have been considered and the correctness of the derived ma-

chines relies on the correctness of standard program transformation techniques.

Since we argue for the generality and the uniformity of these correspondences, it

is natural to try to automate them in an appropriate tool. In the present work, we

report on an implementation of two case studies and we give some ideas on how a

proof assistant can be used to aid in the tasks outlined above. Developing a general

framework for expressing arbitrary languages and semantic descriptions is left as

future work.

In this note, we look at the refocusing method from another point of view—

we recast the development in the language of Coq [7] and we then give formal

proofs of correctness of all refocusing steps, applied to two prototypical applicative

programming languages: in order to show the plain version of the method, we apply

it to the standard call-by-value λ-calculus leading to the CK abstract machine [11],

and to illustrate one of its extensions, the second case study focuses on the call-by-

name version of the extended Curien’s calculus of closures [8] as introduced by the

first author and Danvy [5]. We suggest a logical characterization of what it means

for an abstract machine to realize a particular reduction strategy, and we identify

the general properties of each of the intermediate derivation steps and we hope to

be able to use them in a general framework. In this work, we consider only abstract
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machines, i.e., transition systems operating on source code, as opposed to virtual

machines, operating on compiled code. 3

The previous articles on refocusing and the present one look at computation in

the λ-calculus from the rewriting point of view. However, we must warn the reader

that in this particular context, where the focus is on evaluation (as found in typical

functional languages) rather than general normalization, it is often convenient to

deviate from the canonical understanding of some term-rewriting concepts, in order

to adapt them to this restricted area of application. Here, we provide definitions of

the concepts used in a non-standard way.

2 Refocusing in reduction semantics

The starting point of refocusing is a specification of a reduction semantics. Let us

briefly recall its ingredients.

2.1 Reduction semantics

Reduction semantics is a form of small-step operational semantics based on term

rewriting. In our approach, we assume it is given by the syntactic categories of

terms, values (non-reducible terms taken as correct results of evaluation), redexes

(or, more precisely: potential redexes possibly including “smallest” stuck terms, if

ill-formed terms are allowed in the syntax), evaluation contexts and two functions:

contract – performing a basic computation step (i.e., rewriting a redex) and plug –

giving meaning to the evaluation contexts by assigning a term to each pair of a term

and a context. (If we look at contexts as “terms with a hole”, then the plug function

simply fills the hole with a given term.) Evaluation contexts together with the plug

function determine the reduction strategy: the next redex to reduce in a given term

is found by decomposing the term into a redex and the surrounding context. We

say that a term t decomposes into another term t0 and an evaluation context c, if

plug (t0, c) = t, where = stands for syntactic equality. 4 We use the notation with

an explicit call to the function plug rather than the usual notation c[t0] whenever

we want to emphasize the fact that we mean the actual implementation of this

operation (here, in Coq). We further say that a decomposition (t, c) is trivial if c

is the empty context or if t is a value. Hence, it is convenient to define potential

redexes as non-value terms whose all decompositions are trivial. We furthermore

assume that a value can only be decomposed into itself and the empty context.

The (naive) process of evaluation then consists in repeatedly decomposing a

given term into a redex and an evaluation context (if it is not already a value),

contracting the redex (if it is not a stuck term) and plugging the contractum into

the context. In general, evaluation may be nonterminating or stuck.

For the refocusing method to apply, we need to ensure the unique-decomposition

property of the reduction semantics; in effect, we only allow sequential computation.

The unique-decomposition property can be formulated as follows:

3 The distinction between abstract and virtual machines has been introduced by Ager et al. [1].
4 We assume that no variable capture occurs when plugging, which indeed is the case for evaluation.
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Definition 2.1 We say that the reduction semantics has the unique-decomposition

property if for each term t, t is either a value or there exists a unique potential

redex r and a unique context c such that plug (r, c) = t (i.e., for all redexes r, r ′

and evaluation contexts c, c′, if plug (r, c) = t and plug (r′, c′) = t, then r = r′ and

c = c′).

Providing these ingredients is sufficient to precisely define a reduction semantics

for a language, even though we leave the question of how to decompose a term

unspecified. Let us now consider this operation in more detail. Clearly, when we

want to implement the naive evaluation procedure according to a given reduction

semantics, we need to write a decomposing function which, for a given non-value

term, will return a pair of a potential redex and a context. Furthermore, we assume

that for a value, the decomposing function returns this value and the empty context.

We say that a function decompose from terms to decompositions is correct with

respect to a given reduction semantics if and only if it is the right inverse of the

plug function, i.e., if plug ◦ decompose = id. Now, the consequence of the unique

decomposition is the fact that any correct decomposing function will return the same

decomposition for a given term. Hence the implementation of the evaluation process

remains correct regardless of the particular implementation of the decomposing

function, as long as this function is correct in the above sense.

However, we note that an alternative characterization of the unique-

decomposition property can be given, if we already have a decomposing function

that satisfies the conditions of the following lemma:

Lemma 2.2 (Unique decomposition) Assume we have total functions plug

and decompose. If the decomposition function decompose is correct with re-

spect to the function plug, i.e., if plug ◦ decompose = id, and moreover, if

decompose(plug (r, c)) = (r, c) for any redex r and any context c, then the re-

duction semantics has the unique-decomposition property.

The lemma states that it is enough to write a decomposition function and prove

that it satisfies the two conditions in order to verify the unique-decomposition prop-

erty of the reduction semantics, and in fact in our implementation this approach

turned out to be more convenient, since for applying refocusing we need to write a

decomposition function and prove these properties anyway. (The correctness condi-

tion is needed to ensure existence of a decomposition for all terms, and the second

condition is necessary for proving uniqueness.) There are several natural ways of

implementing the decomposing function: either naively by recursive descent over

terms, or derived from the plug function, roughly by inverting its defining clauses.

2.2 Refocusing

Refocusing is a derivation method used to obtain abstract machines from specifica-

tions of reduction semantics. By an abstract machine we mean a transition system

simulating evaluation of terms, with an explicit representation of control stacks,

stores, etc., as found in real-life implementations, but still at a sufficiently abstract

level to facilitate reasoning about execution without drowning in implementation

details. The virtue of refocusing is to show how certain features of a higher-level
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specification of a language become concrete in the corresponding abstract machine,

and in which sense an abstract machine realizes a particular evaluation strategy for

a given language.

Originally, refocusing has been presented as an algorithm for constructing an

efficient evaluation function that avoids reconstructing intermediate terms in the

decompose-contract-plug loop described in the previous section [10]. Only subse-

quently, it has been observed that, in effect, refocusing yields abstract machines.

Moreover, refocusing has been extended to account for calculi of explicit substi-

tutions that yield environment-based machines, and to context-sensitive reduction

semantics, leading to abstract machines with global store [5]. In the latter work, the

method has been implemented, presented and studied in the setting of functional

programming languages, and the correctness of the derivation steps have been estab-

lished as a consequence of the correctness of the applied program transformations.

In this work, we shift to a more abstract view: we represent all the intermediate

steps (i.e., various functions computing the value of a term according to the same

strategy; all extensionally equivalent, but becoming closer to a transition system) as

relations (inductive predicates in Coq), and we provide uniform induction principles

for proving correctness of the derivation steps that can be made into Coq tactics.

Let us now discuss some implementation features.

2.3 The Coq proof assistant

Almost all the ingredients of a reduction semantics as described in Section 2.1 can be

represented in Coq in an intuitive way. The only problem arises when representing

evaluation—it cannot be written as a function, since it is possibly nonterminating.

Therefore, we choose to represent all the functions (except for plug and contract)

as relations, and in fact, this representation is quite natural and it gives rise to simple

and uniform correctness proofs of intermediate steps: the Coq-generated induction

principles are used to prove the simulations by induction on derivations (which

corresponds to proofs by cases in the functional specification of these relations).

Below we present the main features of our implementation, common to both

languages that we consider, and therefore suggesting a solution to be applied in a

general framework. 5

• We represent terms, values and redexes as different sets (datatypes) and we pro-

vide injection functions for values and redexes into terms, together with their

injectivity proofs (the functions value to term and redex to term provide co-

ercions from the set of values and from the set of redexes, respectively, to the set

of terms; as a consequence, we can simplify the presentation and use values or

redexes where objects of type terms are expected).

5 In the remainder of the article, we include fragments of the Coq development, but with the syntax
transformed to a more readable form and accessible for readers not familiar with Coq. The complete Coq
development can be found at http://www.lri.fr/~mbiernac/coq/refocus/.
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Parameters term value redex : Set.

Parameter value to term : value→ term.

Parameter redex to term : redex→ term.

Axiom value to term injective :

∀ v, v′. value to term v = value to term v′ → v = v′.
Axiom redex to term injective :

∀ r, r′. redex to term r = redex to term r′ → r = r′.

• The reduction strategy is given by the grammar of reduction contexts and the

plug function:

Parameter context : Set.

Parameter plug : term→ context→ term.

• The notion of a potential redex allows us to prove the totality of decomposition,

i.e., for every non-value term there exists a decomposition of that term into a

potential redex and a context:

Axiom decomposition :

∀ t : term. (∃ v : value. t = v) ∨ (∃ r : redex, c : context. t = plug (r, c)).

• Now we need to provide a total decomposition function. The particular defi-

nition, obtained by inverting the plugging function is naturally defined by two

mutually recursive functions: one descending over the structure of the currently

decomposed term, and an auxiliary function descending over the surrounding

evaluation context when a value is encountered. This algorithm cannot be easily

represented in Coq as a function, and so we choose to represent it as a rela-

tion. (It is possible to define this function in Coq, using the Function command

with an appropriate measure function that takes into account both the term and

the surrounding evaluation context. Such solution, however, does not seem to

be worth the effort, since in effect it is defined using a well-founded relation

that coincides with our relation, and the computational overhead is significant.)

Parameter decomp : Set.

Parameter dec : term→ context→ decomp→ Prop.

Parameter decctx : context→ value→ decomp→ Prop.

• To complete the definition of reduction semantics, we need to ensure the unique-

decomposition property. As mentioned in Section 2.1, we choose to do it by

proving the following property of the function dec, which implies the condition

required in Lemma 2.2:

Axiom dec plug : ∀ c, c′ : context, t : term, d : decomp.

dec (plug (t, c)) c′ d↔ dec t (c ◦ c′) d.
where c ◦ c′ denotes the standard concatenation of contexts (implemented by the

function compose).

• All the intermediate functions are represented as relations and we prove that

each step is correct in the sense that the evaluation relations defined on the basis

of each of them are all equivalent. Proofs of correctness are done by induction

on derivations using the induction principles generated by the Scheme command

(mutual induction in cases where there are mutually recursive relations).
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3 From a reduction semantics to an abstract machine
for the λ-calculus

In this section we detail the implementations of the derivation of abstract machines

for two languages: the standard call-by-value λ-calculus, leading to the substitution-

based CK machine, and the call-by-name extended calculus of closures, leading to

the environment-based Krivine machine.

3.1 The call-by-value lambda-calculus

We consider the call-by-value λ-calculus with names drawn from a countable set

var name: 6

x : var name

varx : term

x : var name t : term

lam (x, t) : term

t0 : term t1 : term

app (t0, t1) : term

3.1.1 A reduction semantics

A value is either a variable or a λ-abstraction, and a potential redex is an application

of a value to a value (i.e., by the definition of Section 2.1, a non-value term with

only trivial decompositions):

x : var name

v varx : value

x : var name t : term

v lam (x, t) : value

v0 : value v1 : value

beta (v0, v1) : redex

In the presence of ill-formed (stuck) terms, contract is a partial function, un-

defined for an application of a variable to a value:

contract (beta (v0, v1)) = match v0 with

| v varx ⇒ None

| v lam (x, t) ⇒ Some (subst (t, x, v1))

end

where subst : term → var name → term → term is a function performing the

standard capture-avoiding substitution.

The following two definitions encode the call-by-value, left-to-right reduction

strategy: first we give the structure of evaluation contexts, and below we give them

a meaning by defining the function plug:

mt : context

v : value c : context

ap l (v, t) : context

t : term c : context

ap r (t, c) : context

plug (t, c) = match cwith

| mt ⇒ t

| ap l (v, c′) ⇒ plug (app (v, t), c′)
| ap r (t′, c′) ⇒ plug (app (t, t′), c′)
end

Evaluation contexts are represented “inside out” (this interpretation is defined by

the function plug) which makes them suitable for performing evaluation by an

6 In the sequel, we use inference rules to represent inductive relations in Coq as well as inductive datatypes
(sets)—the latter choice is made in order to emphasize the role of types. To avoid confusion we use the
same constructor names as in the Coq development.
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abstract machine, where contexts become stacks: pushing a term on the stack

corresponds to the construction of the context, and popping a term from the stack

corresponds to the destruction of the context.

A decomposition is either a pair of a redex and a context, or a value in the

empty context, representing a single value:

v : value

d val v : decomposition

r : redex c : context

d red (r, c) : decomposition

Evaluation is then implemented as a relation representing the decompose-contract-

plug loop, where the decomposing function dec is defined as a relation as follows:

decctx (c, v, d)

dec (v, c, d)
(val ctx)

dec (t0, ap r (t1, c), d)

dec (app (t0, t1), c, d)
(app ctx)

decctx (mt, v, d val v)
(mt dec)

dec (t, ap l (v, c), d)

decctx (ap r (t, c), v, d)
(ap r dec)

decctx (ap l (v0, c), v1, d red (beta (v0, v1), c))
(ap l dec)

dec (t, mt, d)

decmt (t, d)
(d intro)

iter (d val v, v)
(i val)

contract (r) = Some t decmt (plug (t, c), d) iter (d, v)

iter (d red (r, c), v)
(i red)

decmt (t, d) iter (d, v)

eval (t, v)
(e intro)

It is straightforward to prove that decmt, iter and eval all define functions.

decmt is a total function, returning a decomposition for all terms, but iter and

eval are not total, since they are not defined for stuck terms. (If needed, they could

be made total by introducing an additional constructor handling stuck terms in the

relation iter.)

3.1.2 A pre-abstract machine

If the decomposing function satisfies the following property:

∀ t, c, d. decmt (plug (t, c), d) ↔ dec (t, c, d)

then in the relations of Section 3.1.1 we can replace the calls to decmt by calls to

dec, and we obtain the following definitions of iter0 and eval0:

iter0 (d val v, v)
(i val0)

contract (r) = Some t dec (t, c, d) iter0 (d, v)

iter0 (d red (r, c), v)
(i red0)

dec (t, mt, d) iter0 (d, v)

eval0 (t, v)
(e intro0)

The two relations iter and iter0 are equivalent, and we prove it by induction on

derivations.
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The resulting definition is called a pre-abstract machine because it already opti-

mizes the decompose-contract-plug loop by avoiding the reconstruction of interme-

diate terms, and directly proceeding to decomposing the contractum in the given

evaluation context.

3.1.3 A staged abstract machine

Next, we observe that whenever we reach a decomposition, it will immediately be

consumed by iter0, therefore we can distribute the calls to iter0 in the definition

of decctx. This way, the new relations dec1 and decctx1 implement compati-

bility rules of the semantics (traversing terms and contexts in search of a redex)

and iter1 implements contraction and immediately performs decomposition on the

contractum:

decctx1 (c, v, v′)
dec1 (v, c, v′)

(val ctx1)
dec1 (t0, ap r (t1, c), v)

dec1 (app (t0, t1), c, v)
(app ctx1)

iter1 (d val v, v′)
decctx1 (mt, v, v′)

(mt dec1)
dec1 (t, ap l (v, c), v′)

decctx1 (ap r (t, c), v, v′)
(ap r dec1)

iter1 (d red (beta (v0, v1), c), v)

decctx1 (ap l (v0, c), v1, v)
(ap l dec1)

iter1 (d val v, v)
(i val1)

contract (r) = Some t dec1 (t, c, v)

iter1 (d red (r, c), v)
(i red1)

dec1 (mt, t, v)

eval1 (t, v)
(e intro1)

Theorem 3.1 ∀ t, v. eval0 (t, v) ↔ eval1 (t, v).

The proof of equivalence is done by induction on derivations and relies on the

totality of dec and on the following auxiliary properties, capturing the nature of

the transition from the pre-abstract machine to the staged abstract machine:

(i) ∀ t, c, d. dec (t, c, d) ⇒ ∀ v. iter1 (d, v) ⇒ dec1 (t, c, v)

(ii) ∀ c, v, d. decctx0 (c, v, d) ⇒ ∀ v′. iter1 (d, v′) ⇒ decctx1 (c, v, v′)

(iii) ∀ t, c, v. dec1 (t, c, v) ⇒ ∀ d. dec0 (t, c, d) ⇒ iter0 (d, v)

(iv) ∀ c, v, v′. decctx1 (c, v, v′) ⇒ ∀ d. decctx0 (c, v, d) ⇒ iter0 (d, v′)

3.1.4 An eval/apply abstract machine

The next step consists in inlining the iterating function and obtaining a proper

abstract machine, i.e., a transition system without a trampoline function trigger-

ing the loop. This stage makes us “forget” the sites where we found redexes and

performed reductions, and that is why it is not always trivial to unwind abstract

machines of this form to read the underlying reduction semantics [4,11,12]. The

eval/apply abstract machine consists of two kinds of transitions: one that analyzes

terms and one that analyzes reduction contexts:
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decctx2 (c, v, v′)
dec2 (v, c, v′)

(val ctx2)
dec2 (t0, ap r (t1, c), v)

dec2 (app (t0, t1), c, v)
(app ctx2)

decctx2 (mt, v, v)
(mt dec2)

dec2 (t, ap l (v, c), v′)
decctx2 (ap r (t, c), v, v′)

(ap r dec2)

contract (beta (v0, v1)) = Some t dec2 (t, c, v)

decctx2 (ap l (v0, c), v1, v)
(ap l dec2)

dec2 (t, mt, v)

eval2 (t, v)
(e intro2)

Again, the equivalence of the two evaluation relations is proved in each di-

rection by induction on derivations of the corresponding decomposing func-

tion. Moreover, for the left-to-right direction we need the auxiliary property:

∀ d, v. iter1 (d, v)→ match dwith

| d val v′ ⇒ decctx2 (mt, v′, v)

| d red (r, c) ⇒ dec2 (r, c, v)

end

3.1.5 The CK abstract machine

The definition from Section 3.1.4 is a relational presentation of an abstract machine.

Another, more traditional presentation is shown below: we arrive at it simply trans-

posing each inference rule described in dec2 and decctx2 into a new relation between

the premise and the conclusion of each rule, giving rise to two kinds of configurations

corresponding to these relations. We also add the initial and final configurations

(and their corresponding transitions), corresponding to loading the machine with a

term to evaluate, and recovering the value, respectively. (These transitions are read

off the eval2 relation.)

t : term

c init t : configuration

t : term c : context

c eval (t, c) : configuration

c : context v : value

c apply (c, v) : configuration

v : value

c finalv : configuration

c init t � c eval (t, mt)

c eval (v, c) � c apply (c, v)

c eval (app (t0, t1), c) � c eval (t0, ap r (t1, c))

c apply (mt, v) � c final v

c apply (ap l (v0, c), v1) � c eval (t, c) if contract (beta (v0, v1)) = Some t

c apply (ap r (t, c), v) � c eval (t, ap l (v, c))

c init t �+ c finalv

eval3 (t, v)
(e intro3)

The transitive closure of transitions �+ is defined in a standard way and is

represented by an inductive predicate transitive closure : configuration →
configuration→ Prop.
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The equivalences are proved as before with an auxiliary property:

∀C0, C1. C0 �+ C1 → matchC0, C1 with

| c eval (t, c), c finalv ⇒ dec2 (t, c, v)

| c apply (c, v′), c final v ⇒ decctx2 (c, v′, v)

| , ⇒ True

end

The resulting abstract machine coincides with Felleisen and Friedman’s canonical

substitution-based abstract machine for evaluating λ-terms under call-by-value, the

CK machine [11].

3.2 The call-by-name λ-calculus with explicit substitutions

In this section we discuss the call-by-name λ-calculus with de Bruijn indices and

with closures (a weak version of explicit substitutions). Due to lack of space, we

only outline the most important differences with respect to the previous section.

3.2.1 A reduction semantics

Let us start with the specification of the language and its reduction semantics. The

terms are defined similarly as for the previous case (see p. 90), but with de Bruijn

indices to represent variables, and we introduce a new syntactic category of closures,

representing terms with delayed substitutions:

t : term s : list closure

pair (t, s) : closure

cl0, cl1 : closure

comp (cl0, cl1) : closure

A value is a closure representing a λ-abstraction paired with an arbitrary delayed

substitution (the type of substitution is defined as a list of closures) and there

are 3 forms of a redex:

t : term s : substitution

v val (t, s) : value

v : value cl : closure

r beta (v, s) : redex

i : nat s : substitution

r get (i, s) : redex

t0, t1 : term s : substitution

r app (t0, t1, s) : redex

All reduction takes place at the level of closures, and not at the level of terms:

contract r = match rwith

| r beta (v val (t, s), cl) ⇒ Some (pair (t, cl :: s))

| r get (i, s) ⇒ nth option (s, i)

| r app (t, s, cl) ⇒ Some (comp (pair (t, cl), pair (s, cl)))

end

.

We define the left-to-right call-by-name reduction strategy as follows, by giving the

grammar of contexts and the function plug:

mt : context

cl : closure c : context

ap r (cl, c) : context
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plug (cl, c) = match cwith

| mt ⇒ cl

| ap r (cl′, c′) ⇒ plug (comp (cl, cl′), c′)
end

The decomposition relation is defined as follows:

decctx (c, v, d)

dec (v, c, d)
(val ctx)

dec (cl0, ap r (cl1, c), d)

dec (comp (cl0, cl1), c, d)
(comp ctx)

dec (pair (n, s), c, d red (r get (n, s), c))
(var ctx)

dec (pair (app (t0, t1), s), c, d red (r app (t0, t1, s), c))
(app ctx)

decctx (mt, v, d val v)
(mt dec)

decctx (ap r (cl, c), v1, d red (r beta (v, cl), c))
(ap r dec)

dec ((t, mt), mt, d)

decmt (t, d)
(d intro)

Next, we define the decompose-contract-plug loop just as in the case of the call-

by-value λ-calculus described in Section 3.1 except that the role of terms is now

played by closures.

All the derivation steps up to the eval/apply machine are performed analogously

to the development in Section 3.1.

3.2.2 A push/enter abstract machine

However, in the case of the calculus of closures our goal is to show how we can

arrive at the Krivine machine, the canonical abstract machine for the call-by-name

evaluation in the λ-calculus that uses environments. First of all, the Krivine machine

is a push/enter machine which means that it has only one kind of configurations. We

obtain a push/enter machine from an eval/apply machine by inlining the definition

of decctx2 in the definition of dec2, and thus obtaining the following specification:

dec3 (v, mt, d val v)
(val ctx mt3)

dec3 (cl0, ap r (cl1, c), d)

dec3 (comp (cl0, cl1), c, d)
(comp ctx3)

dec3 (pair (t, cl :: s), c, v)

dec3 (pair (lam t, s), ap r (cl, c), v)
(val ctx ap3)

contract ((r get (n, s))) = Some cl dec3 (cl, c, v)

dec3 (pair (n, s), c, v)
(var ctx3)

dec3 (comp (pair (t0, s), pair (t1, s)), c, v)

dec3 (pair (app (t0, t1), s), c, v)
(app ctx3)

dec3 (pair (t, nil), mt, v)

eval3 (t, v)
(e intro3)
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The correctness of this step is stated in the expected way and proved by induction

on the derivation dec2 with the auxiliary property:

∀ c, v, v′. decctx2 (c, v, v′)→ match cwith

| mt ⇒ dec3 (v, mt, v′)
| ap r (cl, c) ⇒ dec3 (r beta (v, s), c, v′)
end

3.2.3 An environment abstract machine

The final two steps are performed to get from a machine operating on closures to

a machine operating on terms and substitutions (which become environments). To

this end, we first observe that if we start evaluating a closure which is a pair of a

term and a substitution, then we can bypass the step where the comp constructor

is used, i.e., whenever app ctx3 is used in the derivation, then the next step will

necessary be the application of comp ctx3. Therefore, we can merge the two steps

into one, and in this way we obtain a relation that only operates on closures formed

with the pair constructor. Moreover, all substitutions and contexts occurring in

this new relation also contain only the restricted form of closures. This sublanguage

coincides with Curien’s calculus of closures [8]. We represent it using the datatypes

closureC, substitutionC and contextC, together with their injection functions

into the unrestricted language (treated as coercions whenever possible). The final

relation, obtained by splitting components of the restricted closure is the following:

dec5 (lam t, s, mtC, v val (t, s))
(val ctx mt5)

dec5 (t, cl :: s, c, v)

dec5 (lam t, s, apC r (cl, c), v)
(val ctx ap5)

contract ((r get (n, s))) = Some (pairC (cl, s′)) dec5 (cl, s′, c, v)

dec5 (n, s, c, v)
(var ctx5)

dec5 (t0, s, apC r (pairC (t1, s), c), v)

dec5 (app (t0, t1), s, c, v)
(app ctx5)

dec5 (t, nil, mtC, v)

eval5 (t, v)
(e intro5)

The equivalence between the two evaluation relations holds for restricted closures

only.

3.2.4 The Krivine abstract machine

Transforming the relation from Section 3.2.3 into the usual transition systems yields

the following result, the canonical Krivine machine:

t : term

c init t : configuration

t : term s : substitutionC c : contextC

c eval (t, s, c) : configuration

v : value

c final v : configuration
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c init t � c eval (t, nil, mtC)

c eval (lam t, s, mtC) � c final (v val (t, s))

c eval (lam t, s, apC r (cl, c)) � c eval (t, cl :: s, c)

c eval (var i, s, c) � c eval (t, s′, c)

if nth option (s, i) = Some (pairC (t, s′))

c eval (app (t0, t1), s, c) � c eval (t0, s, apC r (pairC (t1, s), c))

c init t �+ c finalv

eval6 (t, v)
(e intro6)

4 Towards a generic framework

The refocusing method allows one to split the process of writing an abstract machine

into smaller, simpler stages and intuitive proofs of their equivalence, as outlined

in previous sections. These intermediate proofs can be automated: we can write

Coq tactics for proving the equivalence of the pre-abstract machine with the staged

abstract machine, etc., as long as these machines are specified in the way described in

Section 3.1. Furthermore, if the user can provide a decomposition function together

with the proof of the Property 2.1 for this function, we can automate the proof of

unique decomposition for the specified reduction semantics. It seems plausible to

make the development modular, with the use of Coq module types for describing

signatures of reduction semantics and the intermediate steps.

In particular, we can imagine the following signature of a reduction semantics:

Parameters term value redex context : Set.

Parameter plug : term→ context→ term.

Then we can define an eval/apply abstract machine realizing the reduction strategy

specified by this semantics as a transition system, i.e., the transitive closure of a

transition function:

Parameter configuration : Set.

Parameter transition : configuration→ configuration→ Prop.

Parameter transitive closure : configuration→ configuration→ Prop.

and such that the following properties hold:

Axiom search redex :

∀ t, c, c′, r. plug (t, c) = plug (r, c′)→ c eval (t, c) �+ c eval (r, c′).
Axiom search value :

∀ t, c, v. plug (t, c) = plug (v, mt)→ c eval (t, c) �+ c final v.

Axiom decompose redex :

∀ r, t, c. contract (r) = Some t→ c eval (r, c) �+ c eval (t, c).

These properties characterize the correspondence between a reduction semantics

and an abstract machine extensionally. If we can prove that these properties hold

(regardless of the particular implementation of the decomposing function), then we

ensure that the abstract machine—represented by transitive closure—realizes the re-

duction strategy of the given reduction semantics. This issue has been studied also

by Hardin et al. [12] who considered the converse direction and identified the reduc-
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tion strategies “wired” in several virtual machines for the λ-calculus, by establishing

a bisimulation between the machines and the underlying reduction semantics (of

λ-calculi with explicit substitutions), and thus justifying each machine transition

with respect to the underlying reduction semantics. It would also be interesting

to connect our extensional approach to reduction strategies with the intentional,

transition-system-based approach.

Looking at other examples of refocusing, we are able to identify tactics also for

closure unfolding (leading to environment machines) and store unfolding (leading to

store machines), and to extend the method to work for context-sensitive reduction

semantics where contraction rules take into account not only the redex but also its

surrounding context (as found in languages with global effects).

Taking this idea further, we would like to be able to automatically generate

the abstract machine corresponding to a given reduction semantics, together with

the proof of its correctness. To this end, we need to develop a meta-language for

representing such abstract machines and manipulate them as Coq objects.

5 Conclusion

We have described a formalization in Coq of the refocusing method applied to two

prototypical programming languages: the call-by-value λ-calculus, and the call-by-

name calculus of closures. These case studies are to serve as a basis for a general

framework for representing programming languages and their operational semantics

in Coq, and to automate their interderivations, while ensuring their correctness.

A generalized refocusing method has been shown to apply to languages with a

non-standard (context-sensitive) notion of reduction, e.g., languages with control

operators, state, lazy evaluation, etc., as studied by Biernacka and Danvy [6]. Such

languages are in common use, therefore our intended framework seems of significant

practical importance.
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Graph rewriting is being investigated in various areas nowadays (see for instance

[19,11,12]). In this talk, we consider term-graph rewriting as the underlying oper-

ational semantics of rule-based (functional or logic) programming languages (e.g.

[17,8,9]). There are many reasons that motivate the use of term-graphs. They ac-

tually allow sharing of subexpressions which leads to efficient computations [3,2].

They also permit to go beyond the processing of first-order terms by handling effi-

ciently real-world data-structures represented by cyclic graphs such as doubly-linked

list or circular lists, e.g. [6,9].

Using a term-graph rewrite system (tGRS) is not an easy task. Indeed, the clas-

sical properties of term rewriting systems (TRS) cannot be lifted without caution to

tGRSs. One of these properties is confluence. Let us consider the rule F (a, a, x)→ x

where a is a constant and x is a variable. This rule, which constitutes an orthogonal

TRS, generates a confluent rewrite relation over (finite or infinite) terms whereas

it generates a non confluent rewrite relation over term-graphs (see, e.g., [14]). It is

well-known that this source of non-confluence of tGRSs comes from the so-called

“collapsing rules” in orthogonal tGRSs. A rewrite rule is collapsing if its right-hand

side is a variable. However, collapsing rules are very often used in programming and

thus cannot be prohibited in any programming discipline. Most of access functions

are defined by means of collapsing rules such as :

car (cons (x,u)) -> x

cdr (cons (x,u)) -> u

left-tree (bin-tree (l,x,r)) -> l

1 Email:Rachid.Echahed@imag.fr
2 This work has been partly funded by the project ARROWS of the French Agence Nationale de la
Recherche.

mailto:Rachid.Echahed@imag.fr


Echahed

right-tree (bin-tree (l,x,r)) -> r

The term-graphs we consider are supposed to represent data-structures and are

the ones introduced in [4]. We define below such graphs in a mono-sorted setting.

Lifting the presented results to the many-sorted case is straightforward.

Let Ω be a set of operation symbols such that each symbol in Ω, say f , is

provided with a natural number, n, representing its arity. A term-graph G over Ω

is defined by:

• a set of nodes NG,

• a subset of labeled nodes NΩ
G ⊆ NG,

• a labeling function LG : NΩ
G → Ω,

• a successor function SG : NΩ
G → N ∗G,

such that for each labeled node n, the length of the string SG(n) is the arity of the

operation LG(n). A rooted term-graph is a term-graph with a distinguished node:

its root.

There are many ways in the literature to define term-graph rewrite systems

(see,e.g., [18,4]). In this talk we will investigate orthogonal constructor-based tGRSs

consisting of rewrite rules having the following shape :

[L→ R | φ]

where R is a sequence of actions, φ is a node constraint and L is a rooted term-

graph. A node constraint is a (possibly empty) conjunction of disequations between

nodes:
∧n
i=1(αi 6 .= βi). The sequential execution of actions in R aims to rewrite a

term-graph in a stepwise fashion. An action is one of the following forms :

• a node definition or node labeling α : f(α1, . . . , αn) where α, α1, . . . , αn are

nodes and f is a label of arity n. This means that α is (re)labeled by f .

• an edge redirection or local redirection α �i β where α, β are nodes and

i ∈ {1, . . . , ar(L(α))}. This is an edge redirection and means that the target of

the “ith” edge (argument) outgoing α is redirected to point β.

• a global redirection α� β where α and β are nodes. This means that all edges

pointing α are redirected to point β.

The result of applying an action a to a term-graph t is denoted by a[t] and is

defined as the following term-graph s:

• If a = α :f(α1, . . . , αn) then Ns = Nt∪{α, α1, . . . , αn}, Ls(α) = f , Ls(β) = Lt(β)

if β 6= α, and Ss(α) = α1 . . . αn, Ss(β) = St(β) if β 6= α. ∪ denotes classical union.

• If a = α �i β then Ns = Nt, Ls = Lt, and if St(α) = α1 . . . αi . . . αn then

Ss(α) = α1 . . . αi−1 β αi+1 . . . αn and for any node γ we have Ss(γ) = St(γ) iff

γ 6= α.

• If a = α � β then Ns = Nt, Ls = Lt and for all nodes δ such that α occurs in

St(δ), i.e., St(δ) = α1 . . . αi . . . αn then Ss(δ) = α1 . . . αi−1 β αi+1 . . . αn and for

any node γ we have Ss(γ) = St(γ) iff α does not occur in St(γ)

As an example of term-graph rewrite systems, we define below two functions
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length and reverse. The first function computes the length of a circular list, whereas

reverse performs the so-called in-situ list reversal.

Length of a circular list :

r : length(p)→ r : length′(p, p)
r : length′(p1 : cons(n, p2), p2)→ r : s(0)

[r : length′(p1 : cons(n, p2), p3) | p2 6≈ p3]→ r : s(q); q : length′(p2, p3)

In-situ list reversal :

o : reverse(p)→ o : reverse′(p, q : nil)

o : reverse′(p1 : cons(n, q : nil), p2)→ p1 �2 p2; o� p1

o : reverse′(p1 : cons(n, p2 : cons(m, p3), p4)→ p1 �2 p4; o�1 p2; o�2 p1

Let ρ : [L→ R | φ] be a rewrite rule. A ρ-matcher for a term-graph t (at a node

α ∈ Nt) is a homomorphisme σ from L to t satisfying the following conditions :

• σ is a solution of φ.

• α = σ(RootL).

If σ is a ρ-matcher for t at α then t rewrites to the term-graph s s.t. s = σ(R)[t].

we write t→ρ,σ σ(R)[t] or t→ σ(R)[t].

As said earlier, rewrite relations induced by term-graph rewrite systems are not

confluent in general. We shall discuss this issue and define classes of graphs and

rewrite systems for which we can show the confluence of the rewrite relation. The

confluence of a rewrite relation allows one to to evaluate expressions in a determin-

istic and efficient way by using rewrite strategies. Such strategies have been well

investigated in the setting of finite and infinite orthogonal TRSs (e.g., [16,13,15]). In

[1], a strategy that computes outermost needed redexes based on definitional trees

has been designed in the framework of orthogonal constructor-based TRSs. We

will show how Antoy’s strategy can be extended to orthogonal constructor-based

term-graph rewrite systems with the same nice properties. We particularly prove

that the resulting strategy is c-hyper-normalizing on the class of admissible graphs

and develops shortest derivations (see, e.g., [7,8]).

In recent work [5,10], term-graph rewrite strategies based on orderings have been

proposed. The aim of such orderings is to ensure the computation of unique normal

forms. These strategies will be discussed as well as future research directions.
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Abstract

The graph rewriting calculus is an extension of the ρ-calculus, handling graph like structures rather than
simple terms. The calculus over terms is naturally generalized by using unification constraints in addition
to the standard ρ-calculus matching constraints. The transformations are performed by explicit application
of rewrite rules as first class entities. The possibility of expressing sharing and cycles allows one to represent
and compute over regular infinite entities.
We propose in this paper a reduction strategy for the graph rewriting calculus which aims at maintaining
the sharing information as long as possible in the terms. The corresponding reduction relation is shown to
be confluent and complete w.r.t. the small-step semantics of the graph rewriting calculus.

1 Introduction

Main interest for term rewriting stem from functional and rewrite based languages

as well as from theorem proving. In particular, we can describe the behaviour of a

functional or rewrite based program by analyzing some properties of the associated

term rewriting system. In this framework, terms are often seen as trees but in

order to improve the efficiency of the implementation of such languages, it is of

fundamental interest to think and implement terms as graphs [BvEG+87]. In this

case, the possibility of sharing subterms allows to save space (by using multiple

pointers to the same subterm instead of duplicating the subterm) and to save time

(a redex appearing in a shared subterm will be reduced at most once and equality

tests can be done in constant time when the sharing is maximal).

Graph rewriting is a useful technique for the optimization of functional and

declarative languages implementations [PJ87]. Moreover, the possibility to define

cycles leads to an increased expressive power that allows one to represent easily reg-

ular infinite data structures. Cyclic term graph rewriting has been widely studied,

both from an operational [BvEG+87,AK96] and from a categorical/logical point of

view [CG99] (see [SPvE93] for a survey on term graph rewriting).
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The graph rewriting calculus, or ρg-calculus, introduced in [Ber05], is a common

generalization of the cyclic λ-calculus [AK97] and the ρ-calculus [CK01], providing

a framework where pattern matching, graphical structures and higher-order capa-

bilities are primitive. The ρg-calculus deals with cyclic terms with bound variables

and can express vertical sharing as well as horizontal sharing by means of a list

of recursion equations. In the ρg-calculus computations related to the matching

are made explicit and performed at the object-level. The calculus, under suitable

linearity constraints for patterns, has been shown to be confluent [BBCK07] and

expressive enough for simulating cyclic λ-calculus and term-graph rewriting.

In view of a future implementation, we are interested in improving the efficiency

of the ρg-calculus. To this aim we present a reduction strategy aimed at keeping

the sharing information as long as possible in ρg-calculus terms. In the ρg-calculus

the loss of sharing is caused by the application of the substitution rules, which

allow to create copies of (sub)terms of a ρg-calculus term. Indeed, during the

computation, some loss of sharing is unavoidable, for example for making a rule

application explicit or for solving a matching constraint. However, a strategy which

suitably restricts the application of the substitution rules can avoid some useless

loss of sharing, leading to more compact normal forms. The strategy should allow

to perform essentially the same reductions to normal form as in the unconstrained

calculus, in the sense that the normal form of a term with respect to the strategy

(when it exists) should be the same as in the original calculus, up to sharing.

Indeed, we will show that, under suitable linearity constraints, the proposed

strategy is correct and complete with respect to the reduction relation of the

ρg-calculus. Additionally, we will show that the reduction relation of the ρg-calculus

induced by such strategy is confluent.

The paper is organized as follows. In the first section we review the graph

rewriting calculus. Section 3 describes the reduction strategy SharingStrat proposed

for preserving sharing in ρg-calculus terms. In Section 4 we show that SharingStrat

is sound and complete with respect to the small step semantics of the ρg-calculus.

Moreover, along the lines of the proof of confluence for the ρg-calculus, we show

that the ρg-calculus with SharingStrat is confluent. We conclude in Section 5 by

presenting some perspectives of future work.

2 The graph rewriting calculus

The syntax of the ρg-calculus is presented in Fig. 1. As in the plain ρ-calculus,

λ-abstraction is generalized by a rule abstraction P _ G, where P is in general

an arbitrary term. There are two different application operators: the functional

application operator, denoted simply by concatenation, and the constraint appli-

cation operator, denoted by “ [ ]”. Terms can be grouped together into struc-

tures built using the operator “ o ”. This operator is useful for representing the

(non-deterministic) application of a set of rewrite rules and consequently, the non-

deterministic results. For example, the non-deterministic application of one of the

rules in {a _ b, a _ c} to the term a can be written (a _ b o a _ c) a. This

term, as it will become clearer after the formal definition of the semantics of the

calculus (see Figure 2), reduces to (a _ b) a o (a _ c) a and then to b o c. Note
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Terms

G,P ::= X (Variables)

| K (Constants)

| P _ G (Abstraction)

| G G (Functional application)

| G o G (Structure)

| G [C] (Constraint application)

Constraints

C ::= ε (Empty constraint)

| X = G (Recursion equation)

| P � G (Match equation)

| C,C (Conjunction)

Fig. 1. Syntax of the ρg-calculus

that the calculus is untyped, but type systems, in the style of those introduced for

the ρ-calculus in [BCKL03,Wac05], would be conceivable.

In the ρg-calculus constraints are conjunctions (built using the operator “ , ”) of

match equations of the form P � G and recursion equations of the form X = G. The

empty constraint is denoted by ε. The operator “ , ” is supposed to be associative,

commutative, with ε as neutral element.

We assume that the application operator associates to the left, while the other

operators associate to the right. To simplify the syntax, operators have different

priorities. Here are the operators ordered from higher to lower priority: “ ”,

“ _ ”, “ o ”, “ [ ]” , “ � ”, “ = ” and “ , ”.

The symbols G,H,P . . . range over the set G of terms, x, y, . . . range over the

set X of variables, a, b, . . . range over a set K of constants. The symbols E,F, . . .

range over the set C of constraints.

We call algebraic the terms of the form (((f G1) G2) . . .) Gn, with f ∈ K,

Gi ∈ X ∪ K or Gi algebraic for i = 1 . . . n, and we usually denote them by

f(G1, G2, . . . , Gn).

We denote by • (black hole) a constant, already introduced in [AK96] using

the equational approach and also in [Cor93] using the categorical approach, to give

a name to “undefined” terms that correspond to the expression x [x = x] (self-

loop). The notation x =◦ x is an abbreviation for the sequence x = x1, . . . , xn = x.

We use the symbol Ctx[ ] for a context with exactly one hole . We say that a

ρg-term is acyclic if it contains no sequence of constraints of the form Ctx0[x0] �
� Ctx1[x1],Ctx2[x1] �� Ctx3[x2], . . . ,Ctxm[xn] �� Ctxm+1[x0], with n,m ∈ N and

��∈ {=,�}. A sequence of this kind is called a cycle.

For the purposes of this paper we restrict to left-hand sides of abstractions

and match equations that are acyclic, algebraic terms in normal form. The set

of all these terms, called patterns, is denoted by P. For instance, the ρg-term

f(y) [y = g(y)] _ a is not allowed since the abstraction has a cyclic left-hand side.

A ρg-term is called well-formed if each variable occurs at most once as left-

hand side of a recursion equation. All the ρg-terms considered in the sequel will be

implicitly assumed to be well-formed.

The notions of free and bound variables of ρg-terms take into account the three

binders of the calculus: abstraction, recursion and match. Intuitively, variables on

the left hand-side of any of these operators are bound by the operator. As usual, we

work modulo α-conversion. The set of free variables of a ρg-term G is denoted by

FV(G). A variable in a term G is called active, or in active position, if it appears free

in the left-hand side of an application occurring in G. Moreover, given a constraint
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C we will refer to the set DV(C), of variables “defined” in C. This set includes, for

any recursion equation x = G in C, the variable x and for any match P � G in C,
the set of free variables of P . For a formal definition, see [BBCK05].

Finally, in order to ensure the confluence of the calculus, we will assume all

patterns to be linear. Roughly, a pattern is called linear if each variable occurs free

at most once in the pattern.

Definition 2.1 (Linear ρg-calculus) The class of (algebraic) linear patterns is

defined as follows:

L ::= X | K | (((K L0) L1) . . .) Ln | L0 [X1 = L1, . . . ,Xn = Ln]

where we assume that FV(Li) ∩ FV(Lj) = ∅ for i 6= j. A constraint [L1 �
� G1, . . . , Ln �� Gn], where ��∈ {=,�}, is linear if all patterns L1, . . . , Ln are

linear and FV(Li)∩FV(Lj) = ∅, i 6= j. The linear ρg-calculus is the calculus where

all the patterns in the left-hand side of abstractions and all constraints are linear.

In this paper we will focus on the linear ρg-calculus, hence the qualification

“linear” will be often omitted, and the involved patterns and constraints will be

assumed to be linear unless stated otherwise.

We define next an order over variables bound by a match or an equation. This

order will be later used in the definition of the substitution rule of the calculus,

which will allow one only “upward” substitutions, a constraint which is essential for

the confluence of the calculus (see [BBCK07]). We denote by ≤ the least pre-order

on recursion variables such that x ≥ y if x = Ctx[y] appears in the list of constraints

for some context Ctx[ ]. The equivalence induced by the pre-order is denoted ≡ and

we say that x and y are cyclically equivalent (x ≡ y) if x ≥ y ≥ x (they lie on a

common cycle). We write x > y if x ≥ y and x 6≡ y.

Example 2.2 [Some ρg-terms]

(i) In the rule (2 ∗ f(x)) _ ((y + y) [y = f(x)]) the sharing in the right-hand side

avoids the copying of the object instantiating f(x), when the rule is applied to

a ρg-term.

(ii) The ρg-term x [x = cons(0, x)] represents an infinite list of zeros.

(iii) The ρg-term f(x, y) [x = g(y), y = g(x)] is an example of twisted sharing that

can be expressed using mutually recursive constraints (to be read as a letrec

construct). We have that x ≥ y and y ≥ x, hence x ≡ y.

The complete set of evaluation rules of the ρg-calculus is presented in Fig. 2.

As in the plain ρ-calculus, in the ρg-calculus the application of a rewrite rule to a

term is represented as the application of an abstraction. A redex can be activated

using the ρ rule in the Basic rules, which creates the corresponding matching

constraint. The computation of the substitution which solves the matching is then

performed explicitly by the Matching rules and, if the computation is successful,

the result is a recursion equation added to the list of constraints of the term. This

means that the substitution is not applied immediately to the term but it is kept

in the environment for a delayed application or for deletion if useless, as expressed

by the Graph rules.

More precisely, the first two rules ρ and δ come from the ρ-calculus. For each of

107



Baldan, Bertolissi, Cirstea, Kirchner

Basic rules:
(ρ) (P _ G2) G3 →ρ G2 [P � G3]

(P _ G2) [E]G3 →ρ G2 [P � G3, E]

(δ) (G1 o G2)G3 →δ G1 G3 o G2 G3

(G1 o G2) [E]G3 →δ (G1 G3 o G2 G3) [E]

Matching rules:
(propagate) P � (G [E]) →p P � G,E if P 6= x

(decompose) K(G1, . . . ,Gn)� K(G′1, . . . ,G
′
n) →dk G1 � G′1, . . . , Gn � G′n

with n ≥ 0

(solved) x� G,E →s x = G,E if x 6∈ DV(E)

Graph rules:
(external sub) Ctx[y] [y = G,E] →es Ctx[G] [y = G,E]

(acyclic sub) G [P �� Ctx[y], y = G1, E] →ac G [P �� Ctx[G1], y = G1, E]

if G1 is a variable or (x > y, ∀x ∈ FV(P ))

where��∈ {=,�}
(garbage) G [E,x = G′] →gc G [E]

if x 6∈ FV(E) ∪ FV(G)

G [ε] →gc G

(black hole) Ctx[x] [x =◦ x,E] →bh Ctx[•] [x =◦ x,E]

G [P �� Ctx[y], y =◦ y, E] →bh G [P �� Ctx[•], y =◦ y,E]

if x > y, ∀x ∈ FV(P )

Fig. 2. Small-step semantics of the ρg-calculus

these rules, an additional rule dealing with the presence of constraints is considered.

The Matching rules and in particular the rule decompose are strongly related

to the theory modulo which we want to compute the solutions of the matching. In

this paper we consider the syntactical matching, which is known to be decidable,

but extensions to more elaborated theories are possible.

The Graph rules are inherited from the cyclic λ-calculus [AK97]. The first

two rules make a copy of a ρg-term associated to a recursion variable into a term

that is inside the scope of the corresponding constraint. As already mentioned,

the substitution rule allows one to make the copies only upwards w.r.t. the order

defined on the variables of ρg-terms. Recall that “ , ” is assumed to be associative,

commutative and with ε as neutral element, and thus evaluation steps are performed

modulo the corresponding theory.

We denote by 7→ρg (7→M) and 7→→ρg (7→→M) the relations induced by the set of rules

of Fig. 2 and by the subset of Matching rules, respectively. For any two rules r

and s belonging to this set, we will write 7→→r,s to express the two steps 7→r 7→s.

As mentioned above, the (linear) ρg-calculus, with the rewrite relation 7→ρg, has

been shown to be confluent [BBCK07]. A term G is in normal form if no one of

the reduction rules of Fig. 2 can be applied to G. A reduction of a term H into its

normal form G, when it exists, is denoted by H 7→→ρg !G.

Example 2.3 [A simple reduction]

(f(a, a) _ a) (f(y, y) [y = a])

7→ρ a [f(a, a)� f(y, y) [y = a]] 7→p a [f(a, a)� f(y, y), y = a]

7→dk a [a� y, a� y, y = a] = a [a� y, y = a] (by idempotency)

7→ac a [a� a, y = a] 7→dk a [y = a] 7→→gc a
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Example 2.4 [Reduction to the normal form]

Consider the term G = f(y, y) [y = z f(a), z = f(x) _ x]. We show one of the

possible reductions of G to its normal form.

f(y, y) [y = z f(a), z = f(x) _ x]

7→ac f(y, y) [y = (f(x) _ x) f(a), z = f(x) _ x]

7→ρ f(y, y) [y = x [f(x)� f(a)], z = f(x) _ x]

7→dk f(y, y) [y = x [x� a], z = f(x) _ x]

7→s f(y, y) [y = x [x = a], z = f(x) _ x]

7→es f(y, y) [y = a [x = a], z = f(x) _ x]

7→→gc f(y, y) [y = a, z = f(x) _ x]

7→→es f(a, a) [y = a, z = f(x) _ x] 7→gc f(a, a)

Example 2.5 [Encoding of the Peano addition]

We suppose given the constants 0, S, add and rec. We define the following ρ-term

that computes the addition over Peano integers.

plus , (rec z) _


 (add 0 y) _ y

o(add (S x) y) _ S (z (rec z) (add x y))




The variable z will contain a copy of plus to allow “recursive calls”. If we use the

notations m, m+n and m−n for the terms S(. . . (S 0) . . .) with the right number

of S symbols, then the term plus (rec plus) (addnm) reduces to m+n. Actually,

to obtain this result we also need a way of getting rid of some stuck subterms, in

which matching definitively fails (see [CLW03,CHW06]).

3 A sharing strategy for ρg-calculus

In view of a future efficient implementation of the calculus, we are interested in

studying suitable strategies that aim at keeping the sharing information as long as

possible in ρg-terms.

Intuitively, the strategy should delay as much as possible the application of the

substitution rules, (external sub) and (acyclic sub), which can break the sharing

by duplicating terms. For instance, consider the reduction

f(x, x) [x = (a_ g(b))a]

7→es f((a_ g(b))a, x) [x = (a_ g(b))a]

7→es f((a_ g(b))a, (a _ g(b))a) [x = (a_ g(b))a]

7→→ρ f(g(b) [a� a], g(b) [a� a]) [x = (a_ g(b))a]

7→→p f(g(b) [ε], g(b) [ε]) [x = (a_ g(b))a]

7→→gc f(g(b), g(b))
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The uncontrolled use of substitution induces useless and expensive (both in terms of

time and space) duplications of terms. For instance, in the case above, the following

reduction would be preferable

f(x, x) [x = (a_ g(b))a]

7→ρ f(x, x) [x = g(b) [a� a]]

7→p f(x, x) [x = g(b) [ε]]

7→→gc f(x, x) [x = g(b)]

The idea underlying the proposed strategy is to constrain substitution rules to be

applied only if they are needed for generating new redexes for the basic or matching

rules. Note that, in particular, substitutions which do not contribute to generating

new basic or matching redexes will never be applied. Hence the strategy will enlarge

the class of terms which are in normal form.

For instance, we allow the application of the (external sub) rule to the terms

x a [x = f(x) _ x] or x a [x = a o (a _ b)], since this is useful for creating,

respectively, a new (ρ) redex and a new (δ) redex. Instead, (external sub) cannot be

applied to the terms f(x, x) [x = g(x)] or x [x = f(x)] which are actually considered

in normal form. Note, however, that capturing the notion of “substitution needed

for generating a new redex” is not straightforward since more than one substitution

step can be needed to generate a new redex for the basic or matching rules as it

happens below, where the generated redex is underlined:

y [y = x f(a), x = f(z) _ y] 7→es x f(a) [y = x f(a), x = f(z) _ y]

7→es (f(z) _ y) f(a) [y = x f(a), x = f(z) _ z]

Note that a single step would suffice to generate the redex if we removed the acyclic-

ity constraint for substitutions, allowing the reduction

y [y = x f(a), x = f(z) _ y] 7→ y [y = (f(z) _ y) f(a), x = f(z) _ y]

The definition of the strategy will rely on the fact, formally proved later, that the

above phenomenon is an instance of a completely general case.

There is one more situation in which we want to apply the substitution rules,

that is when we have trivial recursion equations of the kind x = y where both sides

are single variables, like in x ∗ y + x [x = z, y = z, z = 1]. In this case, we may

want to simplify the term to (z ∗ z + z) [z = 1] in which useless names have been

eliminated by garbage collection.

Hereafter, we call basic redex any term which has one of the shapes (P _ G2)G3,

(P _ G2) [E] G3, (G1 o G2) G3 or (G1 o G2) [E] G3, which can be reduced using

the Basic rules in Fig. 2. Similarly, a term of the form P � G is called a matching

redex if it can be reduced by one of the Matching rules.

We define next the reduction strategy we can adopt in the ρg-calculus to maintain

the sharing information during the reduction as long as possible.

Definition 3.1 [Sharing Strategy] The evaluation strategy SharingStrat is defined

as follows.
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(i) All the evaluation rules but (external sub) and (acyclic sub) are applicable

without any restriction.

(ii) The rules (external sub) and (acyclic sub) are applied to a term G only if no

other rule is applicable and if

(a) their application replaces a variable by a variable (renaming), or

(b) their application creates (in one step) a basic or a matching redex, or

(c) the term G has the form G′ [x = Ctx[y], y = Ctx′[z], E], with x ≡ y and

Ctx[Ctx′[x]] includes a basic or a matching redex.

In other words the rules (external sub) and (acyclic sub) are applied when their

application leads to

• the instantiation of a variable by a variable (condition (ii)a);

• the instantiation of an active variable by an abstraction or a structure, which

produces a Basic redex (condition (ii)b);

• the instantiation of a variable in a stuck match equation, which produces a Match-

ing redex, i.e., which enables a decomposition or constraint propagation w.r.t. the

match equation (condition (ii)b).

Additionally, condition (ii)c captures the fact that, given a term G [E] if a cyclic

substitution in E would generate a redex, then one is allowed to apply some external

substitutions in order to reproduce the same redex in G.

Example 3.2 [Multiplication]

Let us use an infix notation for the constant “∗”. The following ρg-term corre-

sponds to the application of the rewrite rule R = x ∗ s(y) _ (x ∗ y+ x) to the term

1 ∗ s(1) where the constant 1 is shared.

(x ∗ s(y) _ (x ∗ y + x)) (z ∗ s(z) [z = 1])

7→ρ x ∗ y + x [x ∗ s(y)� (z ∗ s(z) [z = 1])]

7→p x ∗ y + x [x ∗ s(y)� z ∗ s(z), z = 1]

7→→dk x ∗ y + x [x� z, y � z, z = 1]

7→→s x ∗ y + x [x = z, y = z, z = 1]

7→→es (z ∗ z + z) [x = z, y = z, z = 1] (allowed by Def. 3.1(ii) a))

7→→gc (z ∗ z + z) [z = 1]

Notice that the term (z ∗ z + z) [z = 1] is in normal form w.r.t. the strategy

SharingStrat but can be reduced to (1 ∗ 1 + 1) if no evaluation strategy is used.

Example 3.3 [Reduction to normal form]

We consider the term G of Example 2.4 and we reduce it following the strategy

SharingStrat. We obtain:

f(y, y) [y = z f(a), z = f(x) _ x]

7→ac f(y, y) [y = (f(x) _ x) f(a), z = f(x) _ x] (by Def. 3.1(ii) b))

7→ρ f(y, y) [y = x [f(x)� f(a)], z = f(x) _ x]
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7→dk f(y, y) [y = x [x� a], z = f(x) _ x]

7→→s f(y, y) [y = x [x = a], z = f(x) _ x]

7→gc f(y, y) [y = x [x = a]]

Note that the normal form with respect to SharingStrat, i.e., the term f(y, y) [y =

x [x = a]], represents a graph where the arguments of f are shared. Instead, as

shown in Example 2.4, the reduction in the ρg-calculus with no evaluation strategy

leads to the term f(a, a) where the arguments of f are duplicated.

Example 3.4 Consider the ρg-term G = f(y)[y = x a, x = y o b]. Notice that

x ≡ y, thus the (acyclic sub) rule cannot be applied. We have instead the reduction:

f(y)[y = x a, x = y o b] 7→es f(x a)[y = x a, x = y o b] 7→es

f((y o b) a)[y = x a, x = y o b] 7→δ f((y a o b a))[y = x a, x = y o b]
This derivation is a valid derivation using the strategy SharingStrat. Indeed,

there exists a cyclic substitution step which transforms the pre-redex x a into a

basic redex (y o b) a. Hence, the first (external sub) rule step can be performed

following Def. 3.1(ii) c). The second (external sub) rule step is needed to create

the basic redex (y o b) a, thus it is allowed for Def. 3.1(ii) b).

4 Properties of the sharing strategy

In this section we will show some basic properties of the ρg-calculus with the evalu-

ation strategy SharingStrat. First, we will show the soundness and completeness of

the strategy SharingStrat w.r.t. ρg-calculus (normalising) derivations. In the second

part, we will adapt the proof of confluence described in [BBCK07] in order to prove

that the ρg-calculus with the strategy SharingStrat is still confluent.

4.1 Soundness and completeness

Here we prove that the reduction strategy proposed for the ρg-calculus is sound

and complete with respect to the one step semantics of the ρg-calculus as defined

in Section 2. Actually, while soundness is immediate, completeness will be proved

only for normalising reductions.

Proposition 4.1 (Soundness) Given two ρg-terms G and Gn, if G 7→→ρgGn in the

ρg-calculus with the strategy SharingStrat, then G 7→→ρg Gn in the ρg-calculus.

Proof. Trivial. 2

The completeness result relies on a couple of technical lemmata. In the proofs,

it will be convenient to refer to a notion of cyclic substitution, which consists of the

application of the rule (ac) without any restriction on the order of variables

G [P �� Ctx[y], y = G1, E]→c G [P �� Ctx[G1], y = G1, E]

We will denote by 7→s any application of the substitution rules, i.e. (external sub)

or (acyclic sub), possibly cyclic, if this is specified.
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We remark that these cyclic substitutions are not allowed in the calculus, but

they are just used as a technically convenient tool in proofs. In particular we will

use the following simple fact.

Proposition 4.2 Let G be G′ [x = Ctx[y], y = Ctx′[z], E] with {x, y}∩FV(G′) 6= ∅.
If G 7→c G

′ [x = Ctx[Ctx′[z]], y = Ctx′[z], E] and Ctx[Ctx′[z]] includes a basic or

matching redex, then G is not in normal form with respect to SharingStrat.

Proof. If x ≡ y, then by Definition 3.1(ii)c we can apply an external substitution,

replacing in G′ x or y with their definition. Otherwise, the considered step is a valid

application of rule (ac). 2

Lemma 4.3 Let Ctx[ ],Ctx1[ ] be two ρ-contexts such that Ctx1[x] is neither a free

variable nor a free constrained variable (i.e. neither x nor x [E] with DV(E) ∩
{x} = ∅). Let Ctx[Ctx1[y]] be a ρ-term without redexes and Ctx[Ctx1[G]] be a ρ-

term containing a Basic or Matching redex. Then, Ctx1[G] contains a Basic or

Matching redex.

Proof. [Sketch.] By induction on the form of Ctx[ ]. The interesting cases are the

followings:

• Ctx[ ] is an application. In this case Ctx[ ] = Ctx′[ ] G′ or Ctx[ ] = G′ Ctx′[ ].

If Ctx′[x] is not a free (constrained) variable, then we conclude by inductive hy-

pothesis. Hence, either Ctx[ ] = G′ or Ctx[ ] = G′ .

If Ctx[ ] = G′, note that Ctx1[y] cannot be a variable and it cannot be

an abstraction or a structure (otherwise Ctx[Ctx1[y]] would contain a redex). If

Ctx1[y] is an application the property clearly holds since no new redexes can be

created by instantiation. If Ctx1[y] is a constraint application of the form H [E]

then, again, H cannot be an abstraction or a structure (otherwise Ctx[Ctx1[y]]

would contain a redex). If H = y then it can be instantiated by G and create a

new redex only if y 6∈ DV(E) but this contradicts the hypothesis.

If instead, Ctx[ ] = G′ the property trivially holds.

• Ctx[ ] is a matching equation. Then Ctx[ ] = G′ � Ctx′[ ], and as above, when

Ctx′[ ] is non-empty we conclude by inductive hypothesis. Thus, let Ctx[ ] = G′.
Since the term f(G1, G2, . . . , Gn)� Ctx1[y] contains redexes then Ctx1[y] is not of

the form f(H1,H2, . . . ,Hn) or H [E]. The term f(G1, G2, . . . , Gn)� Ctx1[G] is a

redex only if Ctx1[G] has the form f(H1,H2, . . . ,Hn) or H [E] and this is possible

only if Ctx1[x] is a free (constrained) variable (which contradicts the hypothesis).

2

A key point is that it is not possible to create a Basic or Matching redex by

further reducing a term that is in normal form w.r.t. the reduction strategy. To

prove this result, we use the following lemma.

Lemma 4.4 Let G,G1, G2 be ρg-terms not containing trivial recursion equations,

i.e. equations of the form x = y. Let G 7→s G1 7→s G2 be two (possibly cyclic)

substitution steps such that G and G1 do not contain a Basic or Matching redex

and G2 does. Then, there exists a (possibly cyclic) substitution step G 7→s G
′
2, such

that the Basic or Matching redex is present in G′2.
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Proof.

• Consider the two-steps external sub reduction Ctx[y] [y = Ctx1[z], z = H,E] 7→es

Ctx[Ctx1[z]] [y = Ctx1[z], z = H,E] 7→es Ctx[Ctx1[H]] [y = Ctx1[z], z = H,E]

where only the last term contains a Basic or Matching redex. Since by hy-

pothesis Ctx1[ ] is not empty, by Lemma 4.3, we know that the redex is in the

term Ctx1[H]. Hence we can build the following one-step reduction: Ctx[y] [y =

Ctx1[z], z = H,E] 7→ac Ctx[y] [y = Ctx1[H], z = H,E] Notice that this substitu-

tion step may be cyclic, if y and z are cyclically equivalent.

• For the two-steps acyclic sub reduction x [x = Ctx[y], y = Ctx1[z], z = H,E] 7→ac

x [x = Ctx[Ctx1[z]], y = Ctx1[z], z = H,E] 7→es x [x = Ctx[Ctx1[H]], y = Ctx1[z], z =

H,E] we proceed similarly as in the previous case.

• Consider the two-steps reduction Ctx[y] [y = Ctx1[z], z = H,E] 7→ac Ctx[y] [y =

Ctx1[H], z = H,E] 7→es Ctx[Ctx1[H]] [y = Ctx1[H], z = H,E] Since by hypoth-

esis Ctx1[ ] is not empty, the first acyclic sub step instantiates a variable in the

term Ctx1[z] without changing its structure. Thus, to create a redex, it is suf-

ficient to perform the one-step reduction Ctx[y] [y = Ctx1[z], z = H,E] 7→es

Ctx[Ctx1[z]] [y = Ctx1[z], z = H,E].

• Consider the two-steps reduction Ctx[y] [y = Ctx1[z], z = H,E] 7→es Ctx[Ctx1[z]] [y =

Ctx1[z], z = H,E] 7→ac Ctx[Ctx1[z]] [y = Ctx1[H], z = H,E] The redex is created

in Ctx1[H]. The first external sub step copies a sub-term in the graph but is

without effect w.r.t. redex creation. We thus can build the one-step reduction

Ctx[y] [y = Ctx1[z], z = H,E] 7→ac Ctx[y] [y = Ctx1[H], z = H,E].

2

Corollary 4.5 Let G be a ρg-term with no trivial recursion equations, and let

G 7→→sGn such that Gn contains a Basic or Matching redex and G does not, then

there exists a a (possibly cyclic) substitution step G 7→s G
′
n, such that the Basic or

Matching redex is present in G′n.

Proof. By induction, using Lemma 4.4. 2

Using the above result and exploiting Proposition 4.2 we easily prove the result

below, from which completeness follows.

Corollary 4.6 If a ρg-term G is in normal form with respect to the strategy Shar-

ingStrat and G 7→→es,acGn, then Gn is in normal form with respect to the strategy

SharingStrat.

Theorem 4.7 (Completeness) Given a normalising ρg-term G, if G 7→→ρg !Gn in

the ρg-calculus, then there exists a ρg-term Gm such that G 7→→ρg !Gm in the ρg-calculus

with the strategy SharingStrat and Gm 7→→es,acGn.

Proof. First, notice that in the ρg-calculus with the strategy SharingStrat, the

reduction G 7→→ρg . . . cannot be infinite, otherwise we would have an infinite reduction

also in the ρg-calculus. Thus we have G 7→→ρg !Gm. Moreover, we have Gm 7→→ρg !Gn
in the ρg-calculus, since the calculus is confluent. In order to conclude we have to

prove that Gm 7→→es,acGn (using only substitution steps).

This follows immediately from Corollary 4.6. In fact, by contradiction, if there

114



Baldan, Bertolissi, Cirstea, Kirchner

·_
R

��

�
R

// ·_
R
����· �

R
// // · ∼AC1 ·

·_
R

����

�
R

// // ·_
R
����· �

R
// // · ∼AC1 ·

·_
R1

����

�
R2

// // ·_
R2
����· �

R1

// // · ∼AC1 ·

·_
R

��

∼AC1 ·_
R
��· ∼AC1 ·

Local Confluence Commutation Compatibility
confluence

Fig. 3. Properties of rewriting modulo AC1

were a reduction Gn 7→→es,acG′n 7→M G′′n, then, by Corollary 4.6, Gn would not be in

normal form w.r.t. the strategy SharingStrat. 2

Notice that we cannot expect completeness to hold in general, since “useless”

unsharing followed by the reduction of some basic or matching redexes cannot be

simulated while obeying SharingStrat. For instance, the result in Theorem 4.7 would

not hold for the derivation

f(x, x) [x = (a_ b) a]

7→es f((a_ b) a, x) [x = (a_ b) a]

7→→ρ,dk f(b, x) [x = (a_ b) a]

4.2 Confluence

We will next show that the (linear) ρg-calculus calculus with the evaluation strategy

SharingStrat is confluent. The proof is obtained by adapting the confluence proof

for the ρg-calculus [BBCK07].

As already mentioned, in the ρg-calculus, rewriting can be thought of as acting

over equivalence classes of ρg-graphs with respect to the congruence relation, de-

noted by ∼AC1 or simply AC1 , generated by the associativity, commutativity and

neutral element axioms for the “ , ” operator. The relation induced over AC1 -

equivalence classes is written 7→ρg/AC1 . Concretely, in the proof, the notion of

rewriting modulo AC1 [PS81], denoted 7→ρg ,AC1 , is used.

Figure 4.2 provides a graphical representation of some properties of a relation R

modulo the congruence relation ∼AC1 . A formal definition can be found in [Ohl98].

A key property in the confluence proof is the compatibility of the reduction

relation with respect to the equivalence on terms, that holds for any subset of rules

of the ρg-calculus. This property ensures that the rewrite relation is particularly

well-behaved w.r.t. the congruence relation AC1 .

Clearly, according to the strategy SharingStrat, the order in which constraints

are listed does not influence the applicability of substitution rules. Therefore com-

patibility for the ρg-calculus with strategy SharingStrat can be proved exactly as

for in the unrestricted calculus.

Lemma 4.8 (Compatibility of ρg) Compatibility with AC1 holds for any rule r

of the ρg-calculus with strategy SharingStrat.

←[r,AC1 · ∼AC1 ⊆ ∼AC1 · ←[r,AC1
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Following the proof in [BBCK07], the evaluation rules of the ρg-calculus are

split into two subsets for which confluence is first proved independently. Then,

this intermediate result, together with a commutation lemma, is used for proving

the confluence of the union of the two subsets. Here this proof is adapted to the

ρg-calculus calculus with the strategy SharingStrat, under the same assumptions of

linearity for patterns and constraints.

The first subset of rules, called τ , includes (ρ), (propagate), (decompose), (solved),

(garbage) and (black hole), and the second one, called Σ, consists of the remaining

rules, i.e. (external sub), (acyclic sub) and the (δ). Since only the latter set includes

rules whose application is constrained by the strategy SharingStrat, only the proofs

concerning the relation induced by this set should be adapted w.r.t. to the unre-

stricted version of the calculus. In what follows we detail the corresponding proofs,

while the properties that can be inherited from the unrestricted calculus [BBCK07]

are just stated.

Proposition 4.9 The relation τ is confluent modulo AC1 under the strategy Shar-

ingStrat.

The relation induced by the set of rules Σ is shown to be confluent adapting

the complete development method defined for the λ-calculus: a terminating version

of the relation (the development), denoted Σ, can be defined and its properties

are used for deducing the confluence of the original rewrite relation. Due to space

constraints, the development relation cannot be defined in full details here. Roughly,

a step G→Σ H of such relation consists of the complete development, with respect

to Σ, of a set of redexes selected in the starting term G. The notation Σ arises from

the fact that the selection is done by underlining the redexes.

First of all, notice that since the strategy SharingStrat affects the rewrite relation

by restraining the application of the substitution rules, the relation Σ is clearly still

normalising under this strategy. Hence, for proving its confluence, we simply need

to verify its local confluence [Ohl98].

Lemma 4.10 The relation (es ∪ ac) is locally confluent modulo AC1 under the

strategy SharingStrat:

G_

es,ac

��

�
es,ac

//G1_

es∪ac
��

G2
�

es∪ac
// //G′1 ∼AC1 G′2

Proof. By analysis of the critical pairs. If the terms duplicated by the substitutions

are simply variables, then local confluence follows from the corresponding result for

the ρg-calculus. A non trivial critical pair arises when one of the substitution steps

occurs in the term duplicated by the other substitution. For example, consider

the term G = G0 [y = x a, x = f(z a) o b, z = a _ b] and the two (ac)-steps

leading respectively to G1 = G0 [y = x a, x = f((a _ b) a) o b, z = a _ b]

and G2 = G0 [y = (f(z a) o b) a, x = f(z a) o b, z = a _ b]. We can close the

critical pair since there exist two reductions G1 7→ac G3 and G2 7→→acG3 such that
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G3 = G0 [y = (f((a_ b) a) o b) a, x = f((a_ b) a) o b, z = a_ b].

2

The same arguments as for the unrestricted version of the calculus can be used

to show that the relations (es ∪ ac) and (δ) commute. Using this result and the

compatibility of the two relations we obtain the confluence of the Σ relation and

then of the Σ relation.

Proposition 4.11 The relation Σ is confluent modulo AC1 under the strategy

SharingStrat.

Once having proved the confluence of the two rewrite relation independently, we

prove general confluence of the (ρg,AC1 ) relation by showing the (strong) commu-

tation of the two subsets of rules [Ohl98].

Lemma 4.12 The relations τ and Σ commute modulo AC1 .

Proof. Since the relations τ and Σ are compatible with AC1 , it is enough to show

strong commutation between the two relations instead of general commutation:

G_

Σ

��

�
τ

//G1_

Σ 0/1

��
G2

�
τ

// //G′1 ∼AC1 G′2

If the applied Σ-rule is the (δ) rule, the diagram can be closed as described

in [BBCK07]. We are interested here in the cases where the applied Σ-rule is a

substitution rule. We proceed by analysing the critical pairs. The diagram can

always be closed under the strategy SharingStrat, since the τ -rules do not interfere

with the creation of basic redexes. For example :

P � (Ctx[y] [y = H,E])_

es

��

�
p

//P � Ctx[y], y = H,E_

ac

��
P � (Ctx[H] [y = H,E]) �

p
// //P � Ctx[H], y = H,E

The basic redex Ctx[H] can be created before or after the propagation of the list

of constraints. We can reason similarly for the application of the other τ -rules, like

the (decompose) or the (garbage) rule (in this case we may have zero Σ steps for

closing the diagram). 2

Theorem 4.13 (Confluence of ρg,AC1 ) The rewrite relation ρg,AC1 is conflu-

ent modulo AC1 under the strategy SharingStrat.

Finally, the main theorem states the confluence of the ρg/AC1 relation, by

deducing it from the confluence of the (ρg,AC1 ) relation.

Theorem 4.14 (Confluence) The linear ρg-calculus with the strategy SharingStrat

is confluent modulo AC1 .
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5 Conclusions

In this paper we have proposed a reduction strategy SharingStrat for the ρg-calculus,

an extension of the ρ-calculus able to deal with graph like structures. The strategy

SharingStrat aims at maintaining the sharing information as long as possible in the

ρg-terms and is shown to be sound and complete (for normalising terms). Moreover,

the ρg-calculus with the strategy SharingStrat is shown to be confluent, under some

restrictions of linearity on patterns.

There are several interesting directions for future research. We intend to in-

vestigate the issue of optimality for the reduction strategy, where the notion of

“optimal” has to be formally defined, for example in terms of time, space or sharing

conservation. In this case a natural reference to compare with would be the work on

optimal reduction for lambda calculus. Another matter for future work is to model

the rewrite strategy not at the meta level, but in the calculus itself. Taking inspira-

tion from analogous work in the ρ-calculus [CKLW03], we would like to have rewrite

rules as primal strategies and iterate rewritings on a ρg-term adding a fix-point op-

erator to the calculus. Moreover, to detect failures of rewrite rule application at

some occurrences, we need also to define an exception handling mechanism.
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Abstract
Lazy evaluation (or call-by-need) is widely used and well understood, partly thanks to a clear operational
semantics given by Launchbury. However, modern non-strict functional languages do not use plain call-by-
need evaluation: they also use optimisations like fully lazy λ-lifting or partial evaluation. To ease reasoning,
it would be nice to have all these features in a uniform setting. In this paper, we generalise Launchbury's
semantics in order to capture �complete laziness�, as coined by Holst and Gomard in 1991, which is slightly
more than fully lazy sharing, and closer to on-the-�y needed partial evaluation. This gives a clear, formal
and implementation-independent operational semantics to completely lazy evaluation, in a natural (or big-
step) style similar to Launchbury's. Surprisingly, this requires sharing not only terms, but also contexts, a
property which was thought to characterise optimal reduction.

1 Introduction

Lazy evaluation (also known as call-by-need) is an evaluation strategy for functional

languages providing some notion of sharing. The idea behind lazy evaluation is

intuitive: a subterm should be evaluated only if it is needed, and if so, it should

be evaluated only once. Since its introduction by Wadsworth [23], there have been

several e�orts, on one hand to improve its concrete implementation, e.g. [19], and

on the other, to improve its abstract formalisation: big-step operational semantics

of call-by-need have been given independently in [15] and [20]; small-step presenta-

tions based on contexts have been given in [2,18]. While all these works have their

own merits, Launchbury's natural semantics [15] certainly gives one of the clearest

account of the process of lazy evaluation.

Yet, lazy evaluation captures only the sharing of values. For example, evaluation

of the term (λf.fI(fI))(λw.(II) w) where I = λx.x will reduce the underlined redex

II twice, because the subterm λw.(II) w will be shared, then copied as a whole when

necessary, since it is already a value (the redex II is under a λ-abstraction). This is

indeed what happens in standard implementations of call-by-need [19,11].

This is not usually considered as a problem, because this term can also be trans-

formed into (λf.fI(fI))((λz.(λw.z w))(II)) in which the redex II will be shared

by a lazy interpreter, and evaluated only once, because it is no longer under a λ-
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abstraction. This transformation is called fully lazy λ-lifting and is used at compile-

time in compilers for non-strict languages [11,19].

Implementations allowing to share this kind of redexes are called fully lazy.

Wadsworth was the �rst to de�ne this notion: he noticed that the redex II should

not be copied since no occurrence of the bound variable w occurs in it [23]. But still,

the resulting redex I w will be evaluated twice by a fully lazy implementation, while

its evaluation could have been shared using partial evaluation [12]. In other words,

there is a notion of laziness, beyond full laziness, with the same sharing power as

partial evaluation. This notion has been coined �complete laziness� in [10] (and later

�ultimate sharing� in [1]), but seems to be otherwise unstudied, and in particular

lacks a suitable operational semantics.

Moreover, some recent works [21,22] are likely to implement completely lazy

evaluation, which is left as an open problem in [10], but there is no hope of proving

(or even stating) this formally without a proper operational semantics. This present

work thus also goes one step further in this direction.

In this paper, we de�ne a clear and implementation-independent operational

semantics for completely lazy evaluation. It is a natural (or big-step) semantics, in

a style similar to Launchbury's for lazy evaluation. This is both a formal and e�ective

de�nition of completely lazy evaluation, and a step towards a better understanding

of sharing in the λ-calculus.

2 Launchbury's Semantics

We �rst brie�y review Launchbury's semantics for lazy evaluation, as we will follow

the same approach for completely lazy evaluation in Section 3. It is de�ned on ex-

pressions of a λ-calculus enriched with recursive lets. As pointed out by Launchbury,

lets are useful in the input language as they allow to build explicitly cyclic struc-

tures. Without them, this would be more di�cult and some sharing could be lost.

This is in particular one of Launchbury's criticisms against the semantics of [20].

Lets are also useful in the intermediate language, as they play an important role in

the de�nition of the semantics.

Launchbury splits the presentation of the semantics in two distinct stages: a

static transformation into simpler expression (called normalisation), and a dynamic

semantics de�ned only on normalised expressions.

2.1 Normalising terms

First, every expression e is transformed into an expression ê in which all bound vari-

ables are renamed to completely fresh variables. This amounts to performing enough

α-conversions, so that expressions respect Barendregt's convention. Expressions are

then normalised to obey the following syntax, where arguments of applications are

restricted to variables in order to share arguments with a let construct.

t, u ::= x | λx.t | t x | let x1 = u1, . . . , xn = un in t

v, w ::= λx.t

Values v, w, . . . are not used in this section, but will allow us to characterise
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precisely the result of evaluation in Section 2.2. Launchbury's semantics is only

de�ned on closed terms (or more precisely, on closed pairs of an environment and a

term), and the dynamic rules of Section 2.2 preserve closedness (that is, if the left-

hand side of the conclusion of a rule is closed, the left-hand side of all the premises

of this rule are closed as well). That is why, in Launchbury's semantics, values are

always λ-abstractions (and never of the form x t1 . . . tn).

The restriction on application means that arguments are already explicitly named

closures, ready to be shared. This normalisation stage thus already contributes to

capture sharing. It is de�ned precisely by the following function (·)∗ from standard,

unconstrained λ-terms with recursive lets to terms t, u obeying the syntax above.

x∗ = x

(λx.t)∗ = λx.(t∗)

(t u)∗ =

{
(t∗) u if u is a variable,

let x = u∗ in (t∗) x otherwise (x is a fresh variable).

(let x1 = u1, . . . , xn = un in t)∗ = let x1 = u∗1, . . . , xn = u∗n in t∗

2.2 Dynamic semantics

The semantics is not de�ned on terms alone; some data must be added to actually

represent sharing. Launchbury's choice is to use heaps or environments (written

Γ, ∆, Θ), which are de�ned either as �nite mappings from variables to terms (or

equivalently as unordered association lists binding distinct variable names to values).

Evaluation is only de�ned on closed pairs Γ : t, meaning that the free variables

in t have to be bound in the environment Γ. Evaluation judgements are of the form

Γ : t ⇓L ∆ : v, to be read �the term t in the environment Γ reduces to the value

v together with the new environment ∆�, and are de�ned by the set of deduction

rules in Figure 1.

The only rule where sharing is indeed captured is VarL. To evaluate a variable

x, the heap must contain a binding x 7→ t, otherwise x has a direct dependency on

itself and evaluation should fail. Then t is evaluated to a value v, in a heap where

the binding for x has been removed, in order to avoid direct dependencies. The

binding for x in the environment is then updated with the value v, in order to avoid

a possible recomputation if x is needed several times, and the evaluation returns v̂,

i.e. v with fresh names for all its bound variables. It is the only rule where renaming

occurs and this is su�cient to avoid all unwanted name capture [15]. An example is

given in Figure 4 (An is de�ned in Section 4).

3 Modelling Complete Laziness

In lazy evaluation, only closed terms are shared; e.g., in (λf.fI(fI))(λw.(II) w),
lazy evaluation will share (λw.(II) w), but will reduce II twice. To obtain complete

laziness (and reduce II only once), we need to share the body (II) w as well. In

other words, to realise complete laziness, open terms need to be shared as well. More

precisely, in an abstraction λx.t, we do not want to share t as a whole, because,

when x would be instantiated, the shared representation of t would be updated,
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LamL
Γ : λx.t ⇓L Γ : λx.t

Γ : t ⇓L ∆ : λy.t′ ∆ : t′{y := x} ⇓L Θ : v
AppL

Γ : t x ⇓L Θ : v

Γ : t ⇓L ∆ : v
VarL

(Γ, x 7→ t) : x ⇓L (∆, x 7→ v) : v̂

(Γ, x1 7→ u1, . . . , xn 7→ un) : t ⇓L ∆ : v
LetL

Γ : let x1 = u1, . . . , xn = un in t ⇓L ∆ : v

Fig. 1. Launchbury's semantics

thus preventing x from being instantiated by another argument. In fact, we exactly

want to share the part of t that does not depend on x. In other words, if we write

t = C[x] where x does not appear in the context C[ ] (possibly with several instances

of the same hole), then C[ ] is exactly what should be shared. In the example

above, what should be shared is indeed (II) [ ]. The comparison with contexts is

helpful to emphasise that the free variables are not part of what should be shared,

but is otherwise misleading: there may be several occurrences of the same free

variable (hence the notion of hole is not adequate), and normal capture-avoiding

term-substitution should be used (instead of context-substitution). It is really more

adequate to say that we need to share open terms.

We thus need variables to represent open subterms. Since we may have to deal

with several distinguished variables in these terms, it is just as simple to use the con-

cept and notation of metavariables taken from Combinatory Reduction Systems [13].

In other words, we will write for instance Z(x, y) (and we will call it a metavariable)

for a variable representing an open term in which x and y denote the free variables.

Just any term t can be substituted for Z(x, y), but if x and y appear in t (perhaps

even several times), then the rules will be able to treat them in a special way. It

should also be noted that α-equivalence is extended in the obvious way, with for

instance λx.Z(x) =α λy.Z(y). There is no need for α-equivalence on metavariables.

We follow Launchbury's approach and present the semantics in two phases: a

static transformation into simpler expression (again called normalisation), and a

dynamic semantics for normalised expressions.

3.1 Normalising terms

The normalisation stage has two purposes. The �rst one is to avoid name capture,

by renaming all (λ- and let-) bound variables to fresh variables. The second one is

to name explicitly with a let-construct any subterm that may need to be shared.

For lazy evaluation, it is enough to do this for arguments in applications. Here, for

completely lazy evaluation, we also need to do this for bodies of abstractions. We

will thus assume that expressions t, u, . . . belong to a new set, de�ned as follows,

where we write Z(~x) for Z(x1, . . . , xn). We also de�ne values v, w, . . . in this context,

123



Sinot

which will be used in Section 3.2 to characterise precisely the result of evaluation.

b ::= x | Z(~x)
t, u ::= b | λx.b | t b | let b1 = u1, . . . , bn = un in t

v, w ::= λx.b | x b1 . . . bn

Similarly to Launchbury's semantics, the completely lazy semantics will also

be de�ned only on closed terms. However, in the course of evaluation, we may

have to evaluate an open term (this happens in the �rst premise of rule MVar in

Figure 2, which will be explained later), and this evaluated open term will be used

to update the binding of a metavariable. In other words, it is important to allow

open terms of the form x b1 . . . bn as values, contrarily to Section 2.1. However,

terms of the form Z(~x) b1 . . . bn are not values, for the same reason as x t1 . . . tn was

not a value in Section 2.1: because the completely lazy semantics is only de�ned

on pairs environments/terms which are meta-closed, i.e. in which all metavariables

are bound (either by lets or by the environment), and this property is preserved

by the rules. The situation is really reminiscent of what happens in Combinatory

Reduction Systems, where metavariables essentially play the same role as variables

in �rst-order systems.

Standard λ-expressions with lets can be translated into this form by the follow-

ing normalisation function, which takes an auxiliary list of variables as an extra

argument (written as a subscript). The semantics is only de�ned on closed terms

and this list should initially be empty. The normalisation function takes terms from

an unconstrained λ-calculus with recursive lets and without metavariables to terms

t, u obeying the syntax above.

(x)∗~z = x

(λx.t)∗~z =

{
λx.t if t is a variable,

let Z(~z, x) = (t)∗~z,x in λy.Z(~z, y) otherwise.

(t u)∗~z =

{
(t)∗~z u if u is a variable,

let Z(~z) = (u)∗~z in (t)∗~z Z(~z) otherwise.

(let x1 = u1, . . . , xn = un in t)∗~z
= let Z1(~z) = (u1)∗~z, . . . , Zn(~z) = (un)∗~z,

x1 = Z1(~z), . . . , xn = Zn(~z) in (t)∗~z

All variable and metavariable names created by the function (·)∗ are assumed to

be fresh. The purpose of the auxiliary list ~z is to remember which variables are bound

by outer λ's (and not by let constructs), because these are exactly the variables

that could be instantiated by di�erent terms in di�erent copies. The normalisation

function seems to introduce many indirections, but this is necessary in order to

preserve sharing. For instance, in the case for let expressions, a new binding with

a metavariable Zi(~z) is introduced to share the evaluation of ui when the variables

~z are free (that is, when it is considered as an open term), but it is still necessary

to have a binding for xi (which may appear in t or any uj), in order to share the

evaluation of ui when the variables of ~z are bound to some expressions. When ~z is
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empty, nothing special happens, although we may want to simply write Z instead

of Z(). It is not safe in general to replace such metavariables by normal variables.

This is discussed on an example in Section 4.3. The procedure could be re�ned

to save some indirections and minimise the number of variables bound by the new

metavariables, however the present formulation su�ces for our purpose.

3.2 Dynamic semantics

As in Launchbury's semantics, we use heaps to model sharing. Now heaps specify

bindings from distinct variable or metavariable names to terms. Again, evaluation is

only de�ned for meta-closed (see above) pairs Γ : t in which all bound variables are

distinct, and it is speci�ed by the deduction rules in Figure 2. We observe that the

result of evaluation is a pair ∆ : v where v is a value (a term in weak head normal

form, i.e. of the form λx.b or x b1 . . . bn).

The �rst four rules are exactly those of Launchbury's semantics. The MVar rule

is called when it is needed to evaluate a shared, possibly open subterm. Completely

lazy sharing is obtained here: t is evaluated, and Z(~x) is updated with the result.

There would be a risk that t would be evaluated too much, if the variables in ~x

were instantiated. This does not happen, because of the normalisation procedure,

which ensures that variables bound by λ-abstractions are fresh and do not appear

in let-bindings for metavariables (this property is preserved during evaluation, cf.

Proposition 5.1). Then, the evaluation goes on with the right variable names, thanks

to the substitution of x1 by y1, . . . , xn by yn, written {~x := ~y}, in v̂ (that is, v with

all its bound variables renamed to fresh variables). However, Z(~x) should not be

further updated, since the variables in ~y are likely to be bound in the environment.

In this second phase, we keep the binding for Z(~x) in the environment so that this

shared open term can be used with di�erent instantiations of its free variables. The

last two rules just deal with open terms in a natural way. The same rules would

make sense in Launchbury's semantics to deal with open terms or constants.

Evaluation may fail in rule MVar only, if there is no binding for Z(~x) in the

environment. This happens for example if Z(~x) has a direct dependency on itself.

This allows us to detect some non-terminating programs (but of course not all of

them). The same happens in Launchbury's semantics in the Var rule (here, for a

variable, Var1 or Var2 is always applicable).

4 Examples

In this section, we illustrate the behaviour of the semantics in order to give some

concrete evidence that it indeed captures completely lazy sharing. To make our point

more concrete, we assume given additional rules for the evaluation of arithmetical

expressions, as found in [15], for instance:

Γ : n ⇓ Γ : n

Γ : t1 ⇓ ∆ : n1 ∆ : t2 ⇓ Θ : n2

Γ : t1 + t2 ⇓ Θ : n1 + n2

We will also omit some inessential details, for instance some super�uous bindings,

which could be avoided with a more clever normalisation procedure.
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Lam
Γ : λx.b ⇓ Γ : λx.b

Γ : t ⇓ ∆ : λy.b′ (∆, y 7→ b) : b′ ⇓ Θ : v
App1

Γ : t b ⇓ Θ : v

Γ : t ⇓ ∆ : v
Var1

(Γ, x 7→ t) : x ⇓ (∆, x 7→ v) : v̂

(Γ, b1 7→ u1, . . . , bn 7→ un) : t ⇓ ∆ : v
Let

Γ : let b1 = u1, . . . , bn = un in t ⇓ ∆ : v

Γ : t ⇓ ∆ : v (∆, Z(~x) 7→ v) : v̂{~x := ~y} ⇓ Θ : w
MVar

(Γ, Z(~x) 7→ t) : Z(~y) ⇓ Θ : w

x 6∈ Γ
Var2

Γ : x ⇓ Γ : x

Γ : t ⇓ ∆ : x b1 . . . bn
App2

Γ : t b ⇓ ∆ : x b1 . . . bn b

Fig. 2. Completely lazy semantics

Following the tradition initiated by [15], we lay proofs out vertically, so as to

stress the sequential nature of evaluation. If Γ : t ⇓ ∆ : v, we write:

Γ : t

a sub-proof

another sub-proof

∆ : v

4.1 Simple examples

Let us begin with an example taken from [19]: let f = λx.sqrt 4+x in f 1+f 2. This

�rst example illustrates the sharing of a constant expression inside a λ-abstraction,

which would be achieved by fully lazy λ-lifting, but not by standard lazy evaluation.

For simplicity, let us omit some indirections and assume that it is normalised as:

let Z(x) = sqrt 4 + x, f = λy.Z(y) in f 1 + f 2. The evaluation derivation of this

example is sketched on Figure 3(a). We can observe on line (?) that sqrt 4 is indeed

evaluated only once, and that Z(x) is indeed updated with 2 + x (in particular, we

evaluate sqrt 4 + x �rst, rather than sqrt 4 + y′).

However, such constant subexpressions may also be created dynamically, as in

the following program, taken from [19] as well (the translation is again simpli�ed).
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{ } : let Z(x) = sqrt 4 + x, f = λy.Z(y) in f 1 + f 2

{Z(x) 7→ sqrt 4 + x, f 7→ λy.Z(y)} : f 1 + f 2

{Z(x) 7→ sqrt 4 + x, f 7→ λy.Z(y)} : f 1

{Z(x) 7→ sqrt 4 + x, f 7→ λy.Z(y)} : f

{Z(x) 7→ sqrt 4 + x} : λy.Z(y)

{Z(x) 7→ sqrt 4 + x} : λy.Z(y)

{Z(x) 7→ sqrt 4 + x, f 7→ λy.Z(y)} : λy′.Z(y′)

{Z(x) 7→ sqrt 4 + x, f 7→ λy.Z(y), y′ 7→ 1} : Z(y′)

{f 7→ λy.Z(y), y′ 7→ 1} : sqrt 4 + x

...
{f 7→ λy.Z(y), y′ 7→ 1} : 2 + x

{Z(x) 7→ 2 + x, f 7→ λy.Z(y), y′ 7→ 1} : 2 + y′ (?)

...
{Z(x) 7→ 2 + x, f 7→ λy.Z(y), y′ 7→ 1} : 3

{Z(x) 7→ 2 + x, f 7→ λy.Z(y), y′ 7→ 1} : 3

{Z(x) 7→ 2 + x, f 7→ λy.Z(y), y′ 7→ 1} : 3

{Z(x) 7→ 2 + x, f 7→ λy.Z(y), y′ 7→ 1} : f 2

{Z(x) 7→ 2 + x, f 7→ λy.Z(y), y′ 7→ 1} : f

{Z(x) 7→ 2 + x, y′ 7→ 1} : λy.Z(y)

{Z(x) 7→ 2 + x, y′ 7→ 1} : λy.Z(y)

{. . . , y′ 7→ 1} : λy′′.Z(y′′)

{. . . , y′ 7→ 1, y′′ 7→ 2} : Z(y′′)

{f 7→ λy.Z(y), y′ 7→ 1, y′′ 7→ 2} : 2 + x

...
{f 7→ λy.Z(y), y′ 7→ 1, y′′ 7→ 2} : 2 + x

{. . . , y′ 7→ 1, y′′ 7→ 2} : 2 + y′′

...
{. . . , y′ 7→ 1, y′′ 7→ 2} : 4

{Z(x) 7→ 2 + x, f 7→ λy.Z(y), y′ 7→ 1, y′′ 7→ 2} : 4

{Z(x) 7→ 2 + x, f 7→ λy.Z(y), y′ 7→ 1, y′′ 7→ 2} : 4

{Z(x) 7→ 2 + x, f 7→ λy.Z(y), y′ 7→ 1, y′′ 7→ 2} : 7

{Z(x) 7→ 2 + x, f 7→ λy.Z(y), y′ 7→ 1, y′′ 7→ 2} : 7

(a) Sharing of a constant subexpression

{ } : let f = λu.F (u), F (y) = g y 4,

g = λwv.sqrt v + w

in f 1 + f 2

{F (y) 7→ g y 4} : f 1 + f 2

{F (y) 7→ g y 4} : f 1

{F (y) 7→ g y 4} : f

{F (y) 7→ g y 4} : λu.F (u)

{F (y) 7→ g y 4} : λu.F (u)

{F (y) 7→ g y 4} : λu′.F (u′)

{F (y) 7→ g y 4, u′ 7→ 1} : F (u′)

{u′ 7→ 1} : g y 4

{u′ 7→ 1} : g y

{u′ 7→ 1} : g

{u′ 7→ 1} : λwv.sqrt v + w

{u′ 7→ 1} : λwv.sqrt v + w

{u′ 7→ 1} : λw′v′.sqrt v′ + w′

{u′ 7→ 1, w′ 7→ y} : λv′.sqrt v′ + w′

{u′ 7→ 1, w′ 7→ y} : λv′.sqrt v′ + w′

{u′ 7→ 1, w′ 7→ y} : λv′.sqrt v′ + w′

{u′ 7→ 1, w′ 7→ y, v′ 7→ 4} : sqrt v′ + w′

...
{u′ 7→ 1, w′ 7→ y, v′ 7→ 4} : 2 + y

{u′ 7→ 1, w′ 7→ y, v′ 7→ 4} : 2 + y

{. . . , v′ 7→ 4, F (y) 7→ 2 + y} : 2 + u′ (?)

...
{. . . , v′ 7→ 4, F (y) 7→ 2 + y} : 3

{. . . , v′ 7→ 4, F (y) 7→ 2 + y} : 3

{u′ 7→ 1, w′ 7→ y, v′ 7→ 4, F (y) 7→ 2 + y} : 3

{ . . . , F (y) 7→ 2 + y} : f 2

...

{ . . . , F (y) 7→ 2 + y, u′′ 7→ 2} : F (u′′)

...

{ . . . , F (y) 7→ 2 + y, u′′ 7→ 2} : 4

{ . . . , F (y) 7→ 2 + y, u′′ 7→ 2} : 4

{. . .} : 7

{. . .} : 7

(b) Partial application

Fig. 3. Simple examples

 let f = λy.g y 4,

g = λyx.sqrt x + y

in f 1 + f 2


∗

=
let f = λu.F (u), F (y) = g y 4,

g = λwv.sqrt v + w

in f 1 + f 2

In the evaluation, the bindings for f and g will not be modi�ed, since they

are already bound to values, we thus omit them for conciseness: all environments

implicitly contain f 7→ λu.F (u) and/or g 7→ λwv.sqrt v + w. In this example again,
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shown in Figure 3(b), sqrt 4 is evaluated only once, even though this redex is only

generated on the �y by a partial application. This can be seen from the fact that

F (y) is updated with 2+y on line (?). This example is further discussed in Section 6.

4.2 E�ciency

We can also give a striking example, adapted from [9,8,1], to demonstrate that

completely lazy reduction can perform exponentially better than lazy evaluation.

Consider the family of terms:

A0 = λx.I

An = (λh.(λw.w h (w w))An−1) ≡ let Z(h) = (λw.w h (w w))An−1 in λh′.Z(h′)

An has exactly one redex (λw. . . .) An−1, which is under a λ-abstraction, hence

will not be shared by lazy evaluation. Consequently, evaluation of An I using call-

by-need requires a number of steps in O(2n) [9,8]. In Launchbury's semantics, this

can be seen on the evaluation sketch in Figure 4, where T (n) denotes the number

of steps necessary to evaluate An x (this is indeed independent from x). Overall,

T (n) = O(2n) with standard lazy evaluation. The Ai's are shared, but no signi�cant

update will ever happen since they already are weak head normal forms.

Now, with the completely lazy semantics, reduction will proceed as shown in Fig-

ure 5. The O(T (n−1)) �rst steps in this example are similar to the evaluation using

call-by-need, except that not only w,w′, . . . are updated, but also Z(h), Z ′(h), . . .
corresponding to the body under the outermost λ in w,w′, . . . Then, in the second

phase, almost no computation has to be performed since Z ′(h) is already bound to

the identity (independently of h). Completely lazy evaluation of An is linear in n.

This example shows that, although some bookkeeping (indirections essentially) is

added, completely lazy evaluation may be exponentially better than lazy evaluation,

which is a very strong statement. As a matter of fact, the same improvement can be

obtained by fully lazy λ-lifting on this example, but Section 6 will make clear that

complete laziness has strictly more �sharing power� than full laziness. Note that all

steps are taken into account: the bookkeeping due to the indirections is linear in

n in this example. The exact details of implementations are fortunately not part

of the semantics, but this means that however bad the implementation is, it will

still perform better than any cutting-edge lazy interpreter on certain terms. This

contrasts with optimal reduction, where the cost of bookkeeping ruins the bene�ts

of optimality [16].

This means that completely lazy evaluation, hence the semantics we are putting

forward, should be considered as a promising basis for an implementation: it achieves

much better sharing than call-by-need, yet does not fall into the well-known problems

of optimal reduction.

4.3 Recursion

Finally, with respect to recursion, the situation is very similar to that in Launch-

bury's semantics. For instance, let x = x in x is normalised to let Z = x, x = Z in x.

Evaluation of this programs fails as shown on Figure 6. This illustrates why there
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{ } : An I

{h 7→ I} : (λw.w h (w w)) An−1

{h 7→ I, w 7→ An−1} : w h (w w)

{h 7→ I, w 7→ An−1} : w h

{h 7→ I, w 7→ An−1} : (λw′.w′ h (w′ w′)) An−2

{h 7→ I, w 7→ An−1, w′ 7→ An−2} : w′ h (w′ w′)

...
)

T (n− 2) steps

{. . .} : I

{. . .} : I

{. . .} : I

9>>>>>>>>>>>>>=>>>>>>>>>>>>>;
T (n− 1) steps

{h 7→ I, w 7→ An−1, w′ 7→ An−2, . . .} : w w

...
)

T (n− 1) steps

{. . .} : I

{. . .} : I

{. . .} : I

{. . .} : I

Fig. 4. Call-by-need evaluation of An I

{ } : An I

{h′ 7→ I, Z(h) 7→ (λw.w h (w w)) An−1} : Z(h′)

{h′ 7→ I, w 7→ An−1} : w h (w w)

{h′ 7→ I, w 7→ An−1} : w h

{h′ 7→ I, w 7→ An−1} : w

{h′ 7→ I, w 7→ λh.Z′(h), Z′(h) 7→ (λw′.w′ h (w′ w′)) An−2} : λh′′.Z′(h′′)

{h′ 7→ I, w 7→ λh.Z′(h), Z′(h) 7→ (λw′.w′ h (w′ w′)) An−2} : Z′(h)

{h′ 7→ I, w 7→ λh.Z′(h), w′ 7→ An−2} : w′ h (w′ w′)

...
)

T (n− 2) steps

{h′ 7→ I, w 7→ λh.Z′(h), w′ 7→ λh.Z′′(h), . . . Z′′(h) 7→ I} : I

{h′ 7→ I, w 7→ λh.Z′(h), w′ 7→ λh.Z′′(h), . . . , Z′′(h) 7→ I, Z′(h) 7→ I} : I

{h′ 7→ I, w 7→ λh.Z′(h), w′ 7→ λh.Z′′(h), . . . , Z′′(h) 7→ I, Z′(h) 7→ I} : I

9>>>>>>>>>>>>>>>>>>=>>>>>>>>>>>>>>>>>>;

T (n− 1) steps

{h′ 7→ I, w 7→ λh.Z′(h), w′ 7→ λh.Z′′(h), . . . , Z′′(h) 7→ I, Z′(h) 7→ I} : w w

{h′ 7→ I, w 7→ λh.Z′(h), w′ 7→ λh.Z′′(h), . . . , Z′′(h) 7→ I, Z′(h) 7→ I} : w

{h′ 7→ I, w 7→ λh.Z′(h), w′ 7→ λh.Z′′(h), . . . , Z′′(h) 7→ I, Z′(h) 7→ I} : λh′′.Z′(h′′)

{h′′ 7→ w, h′ 7→ I, w 7→ λh.Z′(h), w′ 7→ λh.Z′′(h), . . . , Z′′(h) 7→ I, Z′(h) 7→ I} : Z′(h′′)

{h′′ 7→ w, h′ 7→ I, w 7→ λh.Z′(h), w′ 7→ λh.Z′′(h), . . . , Z′′(h) 7→ I, Z′(h) 7→ I} : I

{. . .} : I

{. . .} : I

{. . .} : I

{. . .} : I

Fig. 5. Completely lazy evaluation of An I

{ } : let Z = x, x = Z in x

{Z 7→ x, x 7→ Z} : x

{Z 7→ x} : Z

{ } : x

failure

Fig. 6. Recursion with a direct dependency
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is an extra indirection compared to the same program in Launchbury's framework:

evaluation should not fail on a variable (because in completely lazy evaluation we

need to perform reductions on open terms); it may only fail on a metavariable.

If we directly feed this example, without (·)∗-translation, into the completely

lazy semantics, we obtain: { } : let x = x in x ⇓ {x 7→ x} : x. In other words, we

obtain a meaningless value, whereas the right behaviour is to fail. This illustrates

that it is unsafe in general to replace metavariables (even without arguments) by

normal variables. The converse is also unsafe: imagine we want to normalise the

term let x = λy.x in x by replacing the let-bound variable x by a metavariable. The

problem is that x appears both in a context where it is a closed term, and could

be represented by Z, and in a context where it is potentially open, and should be

represented by Z(y).

5 Properties

5.1 Well-formedness

The �rst important property to check is that the semantics is indeed well de�ned.

Since it is de�ned only on terms of a particular form, as produced by the normal-

isation procedure of Section 3.1, we should check that the result of evaluation has

the correct form as well. The property that arguments of applications and bodies of

abstractions are variables or metavariables is clearly preserved, since we only ever

substitute variables for variables. The naming property is also preserved, as we will

now show.

Following [15], we say that Γ : t is distinctly named if all bound variables and

metavariables are distinct. There are three standard types of binding: by a let

construct, by a λ-abstraction, by a top-level binding in the heap. However, there is

a last type of binding here: if Z(~x) 7→ t is a binding (for Z) in Γ, we also consider

that it is a binding for the variables in ~x. In particular, it is crucial that these

variables are distinct from other bound variables in rule MVar.

Proposition 5.1 If Γ : t ⇓ ∆ : v and Γ : t is distinctly named, then every heap/term

pair in the evaluation proof tree is also distinctly named.

Proof. In general, the rules preserve bound variables. Var1 and MVar copy a term,

which may contain binders, but, one of the copies is renamed with fresh variables.2

In other words, it is su�cient to perform α-conversion in rules Var1 and MVar

alone to keep all bound variables distinct. In the remainder of this paper, pairs Γ : t

are always assumed to be distinctly named.

5.2 Correctness

Now that we know that the semantics does nothing wrong syntactically, we should

also prove that it does nothing wrong semantically; in other words that evaluation

preserves the denotational semantics of terms.

We de�ne a readback function (·)◦ from pairs Γ : t to λ-terms (in fact, to po-

tentially in�nite λ-terms in case of cycles, but this is not really important) that
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removes the shared variables and metavariables. For every binding Z(~x) 7→ u or

let Z(~x) = u, the readback substitutes every metavariable Z(~y) by û{~x := ~y}, and
then removes the binding for Z(~x), and similarly for the bindings for variables. This

is possible thanks to the distinct naming.

Lemma 5.2 (i) If Γ : t ⇓ ∆ : u, then (Γ : t)◦ →∗
β (∆ : u)◦.

(ii) When a β-reduction is performed during evaluation, (a copy of) the correspond-

ing redex after readback is the leftmost outermost.

Proof sketch. The rule App1 is the only one where β-reduction is performed. The

other rules do not have any e�ect after readback, in the sense that, for every rule

(exceptMVar), the readback of the left-hand side of each premise is exactly the read-

back of the left-hand side of the conclusion. For MVar, ((Γ, Z(~x) 7→ t) : Z(~y))◦ =
((Γ, Z(~x) 7→ t) : t{~x := ~y})◦ and since the variables in ~x are not bound in the en-

vironment (thanks to Proposition 5.1), the redexes in the readback of the left-hand

side of both premises of the MVar rule are already present in the left hand-side of

its conclusion. Now for rule App1, let us take the notations of Figure 2. The �rst

premise of rule App1 focuses on the left subterm of an application while outermost

β-reduction is performed in the second one: (∆ : (λy.b′) b)◦ →β ((∆, y 7→ b) : b′)◦.2

The previous lemma gives an idea of what happens during evaluation. In partic-

ular evaluation will always terminate on terms which have a weak head normal form.

However the semantics does not exactly coincide with call-by-name (⇓CBN): a redex

shared in our semantics may correspond to two di�erent β-redexes, one evaluated

by call-by-name, and the other not. In a more realistic functional languages with

types and constants, programs are closed terms of base type (e.g. integers). The

semantics coincide on these �basic observables':

Theorem 5.3 If t is a program, then Γ : t ⇓ ∆ : u i� (Γ : t)◦ ⇓CBN (∆ : u)◦.

5.3 Sharing

Now that we know that the operational semantics given in Section 3 is correct with

respect to its result, we should also give some evidence that it captures the sharing

expected from complete laziness, which is de�ned in [10, Section 3.1] as follows:

De�nition 5.4 An evaluation is completely lazy if all needed redexes are evaluated

exactly once.

This sounds very much like optimal reduction, but it is weaker: optimal reduction

also requires that potential redexes [17,14] are evaluated at most once. For instance,

in the term (λx.x I)(λy.∆ (y I)), the subterm y I is not an actual redex, but it is

a potential one since it may (and will) become an actual redex after substitution

of y by I. We think that most of the conceptual and practical di�culty of optimal

reduction comes from the requirement to share such subterms, which justi�es the

interest of complete laziness as a framework with as much sharing as possible, but

excluding potential redexes. This is discussed further in Section 6.

Theorem 5.5 Let r be a β-redex in t. Then in the derivation of Γ : t ⇓ ∆ : v, r is

reduced at most once.
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Proof sketch. The normalisation binds every non-trivial subexpression to a meta-

variable. There is thus a subterm of t of the form let Z(~x) = r∗ in t′. If r is reduced,

rules Let and MVar must have been used, and Z(~x) is indeed updated with a value

where r has been �red. No occurrence of r thus remains in the expression, hence r

cannot be reduced more than once. 2

The proposed semantics thus captures completely lazy sharing, in a more direct

and operational way than in [10], where complete laziness is formalised as a meta-

interpreter implemented in a fully lazy language.

6 Related Work

In the λ-calculus, there is a tension between reduction of the leftmost outermost re-

dex (which is the only normalising choice in general), and reduction of other redexes,

which may endanger termination, but may also lead to shorter reduction paths. In

this last family of strategies, reduction of the outermost argument (call-by-value) is

the most traditional, but some have also studied the impact of performing certain

reductions under λ-abstractions [8,6]. The situation is nicely summed up in [7]:

There is evidently a subtle interplay among the issues of e�ciency, normalizability,

and redex sharing. The quandary is then to �nd a way to edge closer to the brink

of optimality without plunging into the abyss of non-normalizability.

This apparent tension can be resolved by sharing mechanisms: call-by-need resolves

the tension between call-by-name and call-by-value by providing a way to share the

evaluation of arguments. The framework we propose here generalises the approach,

and resolves the tension between call-by-name and strategies which may reduce

under λ's. We thus feel that this present work is a step forward in realising Field's

programme.

There have been some works concerned with formal ways to express more than

usually lazy reduction. One notable attempt is [2, Section 6], where a fully lazy

calculus is given. This calculus can be viewed as a small step semantics for fully

lazy evaluation, where reduction is restricted to some cleverly designed classes of

contexts. However, the semantics performs on-the-�y λ-lifting, with one of the

axioms involving costly conditions about maximal free expressions. It thus seems

reasonable to say that this semantics is not e�ective, unless more details are given

about how to implement these conditions at a reasonable cost. In contrast, our

semantics does not perform any λ-lifting, it just has the right notion of sharing.

Fully lazy evaluation shares only the so-called maximal free expressions (MFE).

This leads to cumbersome situations, as pointed out in [19, pages 398�400]. For

instance, in the program let g = λy.λx.y + sqrt x, f = λy.g y 4 in (f 1) + (f 2),
the computation of sqrt 4 is performed twice, because sqrt x is not an MFE of

any λ-expression. This problem can be avoided with a di�erent ordering of the

parameters of g, but there are terms in which no ordering of the parameters is right.

For instance, if the binding for g was in fact g = λx.λy.sqrt x + sqrt y, then some

sharing will be lost with any order of the arguments. We think that this should be

taken as a hint that full laziness is a too syntactic notion.
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Our semantics indeed allows to share expressions of this kind, as demonstrated

by the second example of Section 4, and thus captures completely, rather than fully,

lazy evaluation. In the case g = λx.λy.sqrt x + sqrt y, our semantics would share a

partial application indi�erently on the �rst or the second argument of g.

We do believe that complete laziness is the rational way to capture the spirit

of full laziness, abstracted away from syntactical consideration. Moreover, some

implementations [21,22] are likely to follow our semantics more faithfully than fully

lazy evaluation. In any case, the present work provides a formal tool to reason more

precisely about �ne issues concerning sharing, which was missing until now.

Another theme highly related to this present work is of course optimality theory,

de�ned in [17] and implemented in [14]. In the introduction of [3], one may read:

Lamping's breakthrough was a technique to share contexts [. . . ]

This is of course true of optimal reduction, but what we learn here is that it is also

true already for completely lazy reduction, which comes as a surprise. In other words,

optimal reduction needs yet something more than the ability to share contexts.

A simple example to show that the present semantics is not optimal is the term

(λx.x I)(λy.∆ (y I)) where I = λw.w and ∆ = λz.z z. The semantics will perform

the reduction ∆ (y I) → (y I) (y I), while the optimal choice is to share the potential

redex y I and reduce it only once when y is instantiated. This present work thus

also paves the way to a better understanding of optimal reduction.

7 Conclusion

In this paper we have presented a natural semantics to model completely lazy eval-

uation. In contrast with Launchbury's work, this is not just a formalisation of a

well-known and commonly implemented evaluation strategy. It is rather one of the

�rst attempts to e�ectively de�ne completely lazy evaluation.

The semantics is not meant to provide a direct speci�cation for an abstract

machine, but rather to be a general framework to reason about laziness and study

various implementations. Since the framework is very simple compared to more

concrete ones, it is also a good basis to study di�erent extensions and properties.

Besides a better understanding of the theoretical issues of sharing and e�ciency

in functional, and more generally declarative programming languages, this work aims

at being used as a foundational basis for implementations. Of course, the legitimacy

of (various degrees of) laziness has been decreasing along the years [16,4] and it may

seem that our work is primarily of theoretical interest. We do not believe this.

First, laziness is not always useless and there are techniques to combine the

advantages of strictness and laziness, such as static analyses [5] and optimistic eval-

uation [4]. There is no reason to think that these techniques cannot be adapted to

our framework. Moreover, laziness may not be useless in all declarative languages,

in particular in proof assistants, where proof terms are built interactively and may

have a very unusual and intricate shape, for which highly lazy strategies may be

well-suited. We believe that the emergence of these new paradigms, with their spe-

ci�c problems, is the occasion to take a fresh look at the theory and practice of the

implementation of programming languages.
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Abstract

In a strategic framework, combinators provide a fundamental mechanism for exercising control over rewrit-
ing. This type of control is based on the observation of the success or failure of strategy application. This
paper describes a framework where information relating to the outcome of strategy application is stored
in two internally maintained stacks. These stacks represent an implicit state which is used to control the
rewriting process.

Keywords: program transformation, strategic programming, TL, HATS

1 Overview

In a strategic framework, combinators provide a fundamental mechanism for ex-

ercising control over rewriting. Such control is based on observing the outcome

of strategy application (i.e., its success or failure). In this paper we describe how

rewriting can be controlled in the strategic language TL [11][9]. TL distinguishes

itself from standard strategic languages in four important ways: First, the behav-

ior of unsuccessful strategy application (i.e., application failure) is an identity on

terms. That is, failure is not communicated at the term level. As a result, we say

that TL is an identity-based system. Second, TL provides a unique set of combina-

tors for controlling strategy application. Third, in TL it is possible for strategies

themselves to change during application through a mechanism known as strategic

reduction. Thus, the result of applying a strategy s to a term t is a tuple (s′, t′) de-

noting the resultant strategy and term. Fourth, TL is higher-order in the sense that

it is possible to dynamically create strategies which, in turn, can then be applied

to terms.

1 Email: vwinter@mail.unomaha.edu
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Winter

1.1 Contribution

There are two primary contributions made in this paper: First, a novel framework is

developed where the operation of strategy application, when viewed abstractly from

the perspective of being either successful or unsuccessful, is stored in a structure

called a control stack. Second, it is shown how control stacks can be used to give

a formal big-step style semantics to a core set of TL combinators. Included in the

core are the combinators

{ transient, opaque, raise, hide, lift }
which are unique to TL. Though informally mentioned in other articles, this article

is the first place where the semantics of { opaque, raise, hide, lift } are formally

defined. Two previously unpublished examples are then presented showing how

these non-standard combinators can be used to realize practical transformation

objectives.

The rest of this paper is organized as follows: Section 2 gives a brief overview

of the basic rewriting framework of TL followed by a big-step style semantics for a

set of core TL combinators. Section 3 gives two examples of how the combinators

of TL can be used to realize solutions to instances of a class of problems having

practical application. Section 4 discusses related work and Section 5 concludes.

2 The Semantics of TL

TL is a language that has been developed exclusively for describing transformation-

based computation [11,8]. The principle artifacts manipulated during the execution

of a TL program are parse trees, which we refer to as terms. TL provides a notation

for describing parse tree structures relative to a given (assumed) grammar G. Trees

expressed using this notation are referred to as patterns.

A pattern is either a subscripted nonterminal (e.g., B1) or an expression of

the form BJα′K. An expression BJα′K is well-formed if and only if the derivation

B
+⇒ α is possible according to the underlying grammar and α′ is obtained from α

by subscripting all nonterminals occurring in α.

Transformation is accomplished through the application of rewrite rules to terms.

In TL, a first-order rewrite rule has the following syntactic structure:

lhs→ rhs [ if condition ]

where [ and ] are syntactic meta symbols indicating that the enclosed section (i.e.,

the conditional portion) of a rule is optional. In order for a first-order rule to be

well-formed it is necessary that lhs be a pattern, that rhs be a strategic expression

(i.e., an expression whose evaluation yields a term), and that condition be an ex-

pression consisting of one or more match expressions combined using the Boolean

connectives: and, or, not.

A match expression is a first-order match between two patterns. Let t1 denote

a pattern, possibly non-ground, and let t2 denote a ground pattern. The expression

t1 � t2 denotes a match expression and evaluates to true if and only if a substitution

σ can be constructed so that σ(t1) = t2.

A basic conditionless n-order rule has the form:
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lhs1 → lhs2 → · · · → lhsn → rhs

The current implementation of TL makes a syntactic distinction between first-

order strategy application and higher-order strategy application. Let s1 and s2

respectively denote a first and second-order strategy and let t denote a term. In

TL, the first-order application is written s1(t) and the second-order application is

written s2[t].

TL provides a rich framework for defining traversals. TL also provides a pre-

defined library of traversals that includes both first-order as well as higher-order

generic traversals. The TL traversal library contains common first-order generic

traversals such as bottom-up left-to-right (BUL), top-down left-to-right (TDL) and

so on. The expression BUL{s} denotes a strategy that when applied to a term t

will traverse t in a bottom-up left-to-right fashion and apply the first-order strategy

s to every term encountered.

TL also provides a predefined top-down (TD) traversal in addition to the top-

down left-to-right (TDL) traversal. The traversal TD is distinctly different from

TDL. In particular, the expression TD{s} denotes a strategy that when applied to

a term t will traverse t in a top-down fashion with the following behavior: Let s ′

denote the strategy that results from applying s to t. Each direct sub-term of t will

be given its own copy of s′ at which point the TD traversal continues. See [8] for a

more detailed discussion of TD.

2.1 The Semantics of the TL Core Combinator Set

There are two fundamental combinator types in TL: those that control strategy

application, and those that control strategic reduction. Examples of the former

include {<+, <;, hide, lift}. Examples of the latter include the unary combinators

{transient, opaque, raise}.
In TL, the behavior of all combinators can be formally described using two

internally maintained stacks: A and R. Strategy application is controlled by the

stack A. Strategic reduction is controlled by the stack R.

In order to abstract away some low-level operational details from our semantics,

a stack is modelled here as an infinite structure whose initial entries are all set to

the Boolean value false. Initial stacks corresponding to A and R are respectively

denoted ⊥A and ⊥R. An element can be pushed onto the top of a stack using a

“dot” constructor. For example, let A denote a stack and let x denote a Boolean

value, then x.A denotes the stack A with the value x pushed on to it. Elements

can be extracted from the top of a stack using pattern matching. For example, in

the pattern x.A, the symbol x denotes the top of the stack and A denotes the rest

of the stack. Similarly, in the pattern x1.x2.R the symbol x1 denotes the top of the

stack, the symbol x2 denotes the second symbol on the stack and R denotes the

rest of the stack.

Lastly, we extend Boolean operations (e.g., ∨) to stacks. For example, let A1

and A2 denote two (infinite) stacks. The Boolean expression A1 ∨ A2 denotes the

stack whose elements are obtained from the element-wise disjunction of A1 and A2.

137



Winter

2.2 Basic Strategy Application

Figure 1 gives a big-step style semantics describing the basic forms of strategy

application. In syntax used, the application of a strategy s to a term t is denoted

s · 〈t〉. The rules E-success and E-failure in Figure 1 make use of a predicate

applies which we do not formally define here. Informally, the predicate applies(r, t)

evaluates to true if the application of the rewrite rule r to the term t is successful;

otherwise it evaluates to false. Recall, that TL models application failure as an

identity on terms. Thus, the term-level value FAIL is not used to communicate

application failure. In the interests of space and to sidestep a digression tangential

to the focus of this paper, we assume that the semantics of the predicate applies(r, t)

is understood.

applies(r, t) t
r→ t′

E-success
r · 〈t〉 ⇓ 〈true.⊥A, true.⊥R, r, t′〉

¬applies(r, t)
E-failure

r · 〈t〉 ⇓ 〈⊥A,⊥R, r, t〉

E-skip
SKIP · 〈t〉 ⇓ 〈⊥A,⊥R,SKIP, t〉

E-id
ID · 〈t〉 ⇓ 〈true.⊥A, true.⊥R, ID, t〉

Fig. 1. Atomic rule application and the strategic constants SKIP and ID

The result of evaluating an application of a strategy s to a term t is a tuple of the

form 〈A,R, s′, t′〉 where (1) A andR respectively denote the control stack restricting

strategic application and the control stack enabling strategic reduction, and (2) s ′

and t′ respectively denote the strategy and term resulting from the application. One

thing to notice is that the result of applying the strategic constant SKIP to a term

t produces the same result as application failure.

2.3 The Strategic Reduction Stack R

Figure 2 gives the semantics for the combinators {transient, opaque, raise}. Infor-

mally stated, a strategy transient(s) will reduce to the strategic constant SKIP

after application if it can be observed (via the topmost element of the stack R)

that the application of the strategy s to a term t has been successful. Note that in

this case, the top of the stack R is popped. As a result, the reduction caused by a

transient is not cascading. To see what we mean by this consider the application

of the strategy transient(transient(s1) <+ s2) to a term t under an assumption

Γ that the application of s1 is successful. Furthermore Γ assumes that after the

application of s1, the strategic reduction stack has the configuration true.⊥R. In

this case, the assumption Γ would entail the strategic reduction shown in Equation
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s · 〈t〉 ⇓ 〈A, true.R, s′, t′〉
E-transient1

transient(s) · 〈t〉 ⇓ 〈A,R,SKIP, t′〉

s · 〈t〉 ⇓ 〈A,⊥R, s′, t′〉
E-transient2

transient(s) · 〈t〉 ⇓ 〈A,R, transient(s′), t′〉

s · 〈t〉 ⇓ 〈A, y.R, s′, t′〉
E-opaque

opaque(s) · 〈t〉 ⇓ 〈A,R, opaque(s′), t′〉

s · 〈t〉 ⇓ 〈A, y.R, s′, t′〉
E-raise

raise(s) · 〈t〉 ⇓ 〈A, y.y.R, raise(s′), t′〉

Fig. 2. The combinators effecting the control stack R

1.

Γ ` transient(transient(s1) <+ s2)
reduce−−−−→ transient(SKIP <+ s2) (1)

The opaque combinator restricts (in a limited fashion) the ability of the transient

combinator to observe that its contents has been successfully applied. This is

accomplished by popping the stack R. Consider the application of the strategy

transient(opaque(s1) <+ s2) to a term t under an assumption Γ that the applica-

tion of s1 is successful. Furthermore, Γ assumes that after the application of s1,

the strategic reduction stack has the configuration true.⊥R and the strategic value

resulting from the application is s′1. In this case, the assumption Γ would entail the

strategic (identity) reduction shown in Equation 2:

Γ ` transient(opaque(s1) <+ s2)
reduce−−−−→ transient(opaque(s′1) <+ s2) (2)

In contrast, the raise combinator enables strategic reduction to propagate up

one level (i.e., to the second enclosing transient if it exists). This is accomplished

by duplicating the top element of the stack R. Consider the application of the

strategy transient(transient(raise(s1)) <+ s2) to a term t under an assumption

Γ that the application of s1 is successful. Furthermore, Γ assumes that after the

application of s1, the strategic reduction stack has the configuration true.⊥R. In

this case, the assumption Γ would entail the strategic reduction shown in Equation

3.

Γ ` transient(transient(raise(s1)) <+ s2)
reduce−−−−→ SKIP (3)

2.4 The Strategy Application Stack A
Figure 3 gives the semantics of the combinators {<+, <;, hide, lift}. Notice that

in the rule E-choice1, the observation of the successful application of s1 propagates
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s1 · 〈t〉 ⇓ 〈true.A,R, s′1, t′〉
E-choice1

(s1 <+ s2) · 〈t〉 ⇓ 〈true.A,R, s′1 <+ s2, t
′〉

s1 · 〈t〉 ⇓ 〈⊥A,R1, s
′
1, t
′〉 s2 · 〈t′〉 ⇓ 〈A2,R2, s

′
2, t
′′〉

E-choice2
(s1 <+ s2) · 〈t〉 ⇓ 〈A2,R1 ∨R2, s

′
1 <+ s′2, t

′′〉

s1 · 〈t〉 ⇓ 〈A1,R1, s
′
1, t
′〉 s2 · 〈t′〉 ⇓ 〈A2,R2, s

′
2, t
′′〉

E-seq
(s1 <; s2) · 〈t〉 ⇓ 〈(A1 ∨A2), (R1 ∨R2), s′1 <; s′2, t

′′〉

s · 〈t〉 ⇓ 〈x.A,R, s′, t′〉
E-hide

hide(s) · 〈t〉 ⇓ 〈A,R, hide(s′), t′〉

s · 〈t〉 ⇓ 〈x.A,R, s′, t′〉
E-lift

lift(s) · 〈t〉 ⇓ 〈x.x.A,R, lift(s′), t′〉

Fig. 3. The combinators effecting the stack A

(i.e., true.A). More importantly notice that in the rule E-choice2, the value (s ′1, t
′)

propagates! This is not as disruptive to the overall semantics as first meets the eye.

Furthermore, it is precisely these kinds of propagations that gives this identity-based

strategic system its power.

The rule E-seq gives the semantics of left-to-right sequential composition. Notice

that in this case the stack information in the resultant tuple corresponds to the

disjunction of the stack information obtained from the application of s1 and the

application of s2. We would like to point out that in a failure-based strategic

framework a conjunction of these two stacks would be more appropriate. TL has a

combinator (<∗) that has precisely such a semantics, but its description has been

omitted from this discussion.

The semantics of the hide combinator is given by the rule E-hide. Informally

speaking, hide restricts the ability of a combinator like <+ to observe whether a

strategy has been successfully applied. This is accomplished by popping the stack

A. Consider the application of the strategy hide(s1) <+ s2 to a term t under an

assumption Γ that application of s1 is successful. Furthermore, Γ assumes that, after

the application of s1, the strategy application stack has the configuration true.⊥A.

In this case, the assumption Γ would entail the behavioral equivalence (from the

perspective of strategic application) shown in Equation 4.

Γ ` hide(s1) <+ s2 ≡ s1<;s2 (4)

The equivalence shown in Equation 4 generally raises an initial reaction prompt-

ing several questions: (1) Does hide do anything new? The answer is yes. (2) Is

the hide combinator simply a derived form? The answer is no. We kindly ask the

reader to suspend judgement on these issues until the end of Section 3. (See [9][10]
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for an additional example of a nontrivial use of hide.)

The lift combinator is given by the rule E-lift. The lift combinator enables the

observation of successful application to propagate past an enclosing hide. This is ac-

complished by duplicating the top element of the stack A. Consider the application

of the strategy hide(lift(s1)) <+ s2 under an assumption Γ where the application

of s1 is successful. Furthermore, Γ assumes that, after the application of s1, the

strategy application stack has the form true.⊥A. In this case, the assumption Γ

would entail the behaviorial equivalence shown in Equation 5.

Γ ` hide(lift(s1)) <+ s2 ≡ s1 (5)

2.5 Iterators

The strategic system presented so far defines the semantics of strategy application

to a single term: s · 〈t〉. Iterators can be introduced into this framework to extend

the notion of strategy application to term sequences.

In this paper, we are interested in iterators only from the perspective of their

interaction with control stacks. This focus suggests viewing an iterator abstractly

(in a non-constructive fashion) as a stream-like entity from which terms can be

extracted in an incremental fashion. We will use the symbol Φ, in subscripted form,

to abstractly denote the term stream produced by an iterator.

Term streams can be deconstructed using standard pattern matching. We write

Φ = ti.Φi+1 to denote a match expression that succeeds if the stream Φi can be de-

construted into the (next) term ti and the rest of the term sequence Φi+1; otherwise

the match fails. Finite term streams are terminated by the special symbol end. For

example, a term stream consisting of a single term has the form: t1.end.

Figure 4 gives the semantics of strategy application over term sequences.

E-iterator1
s · 〈end〉 ⇓ 〈⊥A,⊥R, s, end〉

s · 〈ti〉 ⇓ 〈A1,R1, s
′, t′i〉 s′ · Φi+1 ⇓ 〈A2,R2, s

′′,Φ′i+1〉
E-iterator2

s · 〈ti.Φi+1〉 ⇓ 〈(A1 ∨A2), (R1 ∨R2), s′′, t′i.Φ
′
i+1〉

Fig. 4. The generalization of application to term sequences

In should be noted that in practice, the term sequences produced by iterators

are typically intimately linked to some initial term or set of terms. For example,

a bottom-up traversal will visit all sub-terms of the initial term to which it is

applied. Because of the dependencies that typically exist between the elements in

term sequences, it is helpful to view a term as a mutable value. This helps to

understand the global change brought about by the application of an iterator to a

term.
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3 Applications

This section takes a look at two examples in which the interaction between various

combinators can be used to achieve specific transformational objectives. Additional

examples can be found in [11][8][10][9][7].

3.1 Let-Block Optimization

This example shows how the combinators hide, transient, and lift can be used

together with generic traversal to optimize ML-style let-blocks. An important ca-

pability highlighted by this example is that the notion of conditional control is

extended over the domain of generic traversals. Conceptually speaking, the heart of

this example is a strategy of the form: BUL{s1} <+ s2. In some circumstances, the

application of the traversal BUL{s1} is seen to succeed preventing the application

of s2. In other circumstances the application of BUL{s1} is seen to fail thereby

allowing the application of s2.

The goal of let-block optimization, as described here, is to in-line the expression

bound to the variable declared in a let-block, but only if the declared variable

occurs no more than once in the body of the let-block. The strategy described in

this example assumes that a let-block is an expression having the following form:

let val id = expr in expr end (6)

The strategy also assumes that all identifiers declared in a let-block are unique.

Transformations establishing these two assumptions for arbitrary let-blocks are

straightforward and well known. Therefore, these assumptions do not represent

a loss-of generality. A grammar fragment formalizing the structures of interest,

with respect to this example, is given in Figure 5. A strategic program, written in

TL, realizing let-block optimization is shown in Figure 6, and a concrete example

showing the results of let-block optimization is given in Figure 7.

eval list ::= (dec [ “;” ] | expr “;”) eval list | ε
dec ::= “val” id “=” expr | ...

expr ::= id | let block | ...

let block ::= “let” dec “in” expr “end”

id ::= identifier

Fig. 5. An extended-BNF grammar fragment describing a subset of ML

In this example, the strategy optimize let blocks performs overall let-block op-

timization. The strategy optimize let blocks traverses the term to which it is applied

in a bottom-up left-to-right (BUL) fashion and applies the strategy simplify let <; cleanup

to each term encountered during the traversal. The strategy simplify let <; cleanup

consists of the sequential (left-to-right) composition (<;) of the two strategies sim-

plify let and cleanup.

The strategy simplify let performs the actual optimization of an individual let-

block and the strategy cleanup removes unnecessary top-level parenthesis that may
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optimize let blocks: BUL{simplify let<;cleanup}
simplify let: expr0 → (BUL{check[id1]} <+ unfold)(expr0)

if expr0 � exprJlet val id1 = expr1 in expr2 endK

identity: id1 → exprJid1K→ exprJid1K
check: id1 → hide(transient(identity[id1]) <+ lift(identity[id1]))

unfold: exprJlet val id1 = expr1 in expr2 endK
→
BUL{exprJid1K→ exprJ(expr1)K}(expr2)

cleanup: . . .

Fig. 6. A strategic program for optimizing let-blocks

be introduced during the optimization process. From an operational perspective,

the strategy simplify let is a conditional strategy whose condition assures that sim-

plify let will be applied to an expression expr0 only if expr0 is a let-block 2 . When

a let-block is encountered, an instance of the strategy BUL{check[id1]} <+ unfold

is dynamically created (for a specific value of id1) and this strategy is then applied

to the let-block (i.e., to expr0). The strategy BUL{check[id1]} <+ unfold consists

of the left-to-right conditional composition (<+) of the strategy BUL{check[id1]}
and unfold.

When applied to an expression that is a let-block, the strategy unfold will remove

the let-block and return an expression corresponding to an instance of the body of

the let-block in which the expression (expr1) bound to the declared variable (id1)

is substituted for all occurrences of the declared variable. This substitution is

accomplished by traversing the body of the let-block (expr2) and suitably rewriting

all occurrences of the declared variable.

The strategy BUL{check[id1]} serves as a filter that, due to its conditional com-

position with unfold, only passes control to unfold (i.e., only permits the application

of unfold) under suitable circumstances. Specifically, the application of unfold is

permitted only to let-blocks whose bodies contain no more than one occurrence of

their declared variable.

When applied to a specific identifier id1, the higher-order strategy check will

return the following strategy:

hide(transient(identity[id1 ]) <+ lift(identity[id1])) (7)

Here, the strategic expression identity[id1] has been added for readability and eval-

uates to the first-order identity strategy 3 on the expression id1.

2 The conditional portion of this strategy is added only for readability. Technically speaking, the pattern
exprJlet val id1 = expr1 in expr2 endK could have been in-lined for all occurrences of expr0 in which case
the conditional portion of the strategy could be removed.
3 It should be noted that the pattern exprJid1K will not match with left-hand side of a val declaration,
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When viewed externally (e.g., from the context of the enclosing BUL traversal),

the strategy hide(transient(identity[id1 ]) <+ lift(identity[id1])) is seen to success-

fully apply if and only if the strategy lift(identity[id1]) is successfully applied. In

this case, since the transient and lift combinators are applied to the same strategy,

it follows that the strategy enclosed by lift can only be applied after the strategy

enclosed by transient has been applied 4 . Furthermore, since these strategies are

conditionally composed, we can infer that the term to which the lift strategy is ap-

plied must have a position that is different, in the term sequence resulting from the

BUL traversal, than the position of term to which the transient strategy is applied.

Specifically, this implies that there are two or more occurrences of terms matching

exprJid1K. When this arises, control is not passed to the unfold strategy; otherwise

control is passed to the unfold strategy.

Figure 7 is a concrete example showing let-block optimization. Note that this

example contains instances of the three cases that must be accounted for by this

optimization. Case 1 arises when there are no occurrences of the declared variable

in the body of the let-block. Case 2 arises when there is exactly one occurrence of

the declared variable in the body of the let-block. Case 3 arises when there are two

(or more) occurrences of the declared variable in the body of the let-block.

let
val x = let

val y = 2
in

5 + 4
end

in
let

val z = x * 3
in

z + z
end

end;

=⇒

let
val z = ( 5 + 4 ) * 3

in
z + z

end;

Fig. 7. A concrete example of let-block optimization

3.2 Contextual Renaming

In this example, we take a look at how the combinators transient, raise, and opaque

can be combined to control renaming within a block-structured class hierarchy.

The goal here is to implement a renaming policy that only renames variables within

classes having specific structural properties. We consider two policies: (1) rename

all occurrences of a specific variable within a particular (sub)class, and (2) rename

all occurrences of a specific variable in all classes that are subclasses of a given class.

It should be noted that the kind of renaming policies considered here can be

adapted to a variety of weaving tasks that often arise within an aspect-oriented

which is precisely what is needed.
4 Recall that a transient enclosed strategy reduces to skip after its successful application.
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framework. For example, the transformation in this example can be (and has been)

adapted to implement the semantics of a variety of pointcut expressions that de-

scribe static contexts.

It is important to note that the renaming contexts in this example are “hard-

wired” into the strategies themselves. This is done to allow the discussion to focus

on control issues. Since TL supports higher-order strategies, only a minor mod-

ification is needed to remove such hardwiring and instead parameterize renaming

contexts with respect to expressions arising within the source program itself (e.g.,

pointcuts associated with advice).

class list ::= class def class list | ε
class def ::= “class” id “{” dec list “}”
dec list ::= dec [ “;” ] dec list | ε
dec ::= class def | field def | . . .
field def ::= type id [ “=” expr ]

expr ::= id | . . .

Fig. 8. An extended-BNF grammar fragment for contextual renaming

A grammar fragment formalizing the structures of interest, with respect to this

example, is given in Figure 8. A strategic program, written in TL, realizing contex-

tual renaming is shown in Figure 9, and a concrete example showing the results of

contextual renaming is given in Figure 10.

In this example, the strategy contextual rename performs the overall renaming.

This is accomplished by applying, to the input term, the strategy rename henceforth

<; rename here using the traversal TD. The strategy rename henceforth <; re-

name here is the sequential left-to-right composition (<;) of the strategy rename henceforth

and rename here.

The strategy rename henceforth implements a hardwired renaming policy in

which the rewrite rule r1 is used to rewrite occurrences of the term exprJhenceforthK
to exprJHENCEFORTHK. Control is only passed to r1 provided the subject term

occurs (1) in the context of a class B which is the (immediate) inner class of class

A, or (2) in any inner class extending the context class B <: class A, where <:

denotes the standard subtype relation; otherwise the application of r1 is prevented.

Within the strategy rename henceforth control over the application of r1 is

exercised by the strategic expression filter[idJAK] <+ filter[idJBK]. When evaluated,

rename henceforth has the form

transient(ε1 <+ ε2 <+ r1) (8)

where ε1 has the form:
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contextual rename: TD{rename henceforth<;rename here}

r1: exprJhenceforthK→ exprJHENCEFORTHK
rename henceforth: transient(filter[idJAK] <+ filter[idJBK] <+ r1)

r2: exprJhereK→ exprJHEREK
rename here:

transient(filter[idJAK] <+ filter[idJBK] <+ bad context <+ r2)

bad context:

class defJclass id1{dec list1}K→ class defJclass id1{dec list1}K
filter: id1

→
transient(

class defJclass id1{dec list1}K
→
class defJclass id1{dec list1}K
<+
raise(bad context)
<+
opaque(ID)

)

Fig. 9. A strategic program for contextual renaming

transient(

(* — Case 1: Positive Match — *)

class defJclass A {dec list1}K→ class defJclass A {dec list1}K
<+

(* — Case 2: Negative Match — *)

raise(bad context)

<+

(* — Case 3: Short-circuit — *)

opaque(ID)

)

It should be noted that the strategy ε1 is a transient enclosed strategy whose

body, as the comments suggest, consists of three cases. Case 1 arises when a term

t corresponding to class A is encountered. When this occurs the rewrite associated

with case 1 applies and, due to the fact that the body of ε1 is enclosed in a transient,

the entire strategy ε1 is reduced to the strategy SKIP.

Case 2 arises when a term t corresponding to a class other than class A is
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encountered (i.e., we are in the wrong context). When this occurs the strategy

associated with case 2 applies. Since this strategy involves the combinator raise,

its successful application to t will cause the contents of the two enclosing transients

to reduce to SKIP. In other words, the strategy rename henceforth which has the

form transient(ε1 <+ ε2 <+ r1) will be reduced to SKIP. Thus, no renaming of

any sub-term of t, visited by the traversal TD, will take place.

Case 3 applies to all terms t that do not correspond to a class definition (e.g.,

expr, field def, etc.). In this case, we would like our strategy ε1 to ignore such terms

since they are of the wrong type. However, we also simultaneously want to prevent

the application of rewrite r1 with which ε1 <+ ε2 is conditionally composed. To

prevent an application of r1, the <+ combinator must perceive the application of

ε1 as succeeding. This is accomplished by the strategic constant ID. In contrast,

the transient combinator must perceive the application of ε1 as failing. This is

accomplished by applying the opaque combinator to the strategic constant ID.

The description of the strategy ε2 is similar to ε1. The only difference is that ε2

involves the class id B whereas ε1 involves the class id A.

The behavior of the strategy rename here is similar to that of the strategy

rename henceforth. The only difference is that, after evaluation, the strategy re-

name here will have the form:

transient(ε1 <+ ε2 <+ bad context <+ r1) (9)

The addition of of the strategy bad context assures that renaming will only occur

within a designated class. In particular, renaming will not continue on into the inner

classes of the designated class.

Figure 10 is a concrete example showing the results of contextual renaming.

Notice that there are two occurrences of class B but the rewrite here→ HERE only

occurs in the class B which is an (immediate) inner class of class A. Furthermore,

note that the strategy rename henceforth also avoids rewriting the occurrence of

the identifier henceforth in the occurrence of class B which is an inner class of class

D.

4 Related Work

In TL, the raise/opaque and hide/lift combinators provide an exception-like mech-

anism for communicating information pertaining to strategy application between

combinators within a strategy. Similarly, virtually all programming languages offer

some mechanisms to describe nonstandard control flows that can be used to escape

from nested computations. Basic mechanisms found in early programming lan-

guages include goto, break, continue, and return. Modern programming languages

support more sophisticated abstractions that enable nonstandard flow of control

via the throwing and catching of exceptions. Scheme takes this idea further and of-

fers exotic control abstractions such as call-with-current-continuation (call/cc) and

dynamic-wind.

Stratego [6] is a first-order strategic programming language providing a rich set

of primitives for controlling the application of rewrite rules. In Stratego, dynamic

rules can be created at run-time [2]. Such rules inherit information from the context
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class A {
int x = henceforth;
int y = here;

class B {
int x = henceforth;
int y = here;

class C {
int x = henceforth;
int y = here;

}
}
class D {

int x = henceforth;
int y = here;

class B {
int x = henceforth;
int y = here;

}
}

}

=⇒

class A {
int x = henceforth;
int y = here;

class B {
int x = HENCEFORTH;
int y = HERE;

class C {
int x = HENCEFORTH;
int y = here;

}
}
class D {

int x = henceforth;
int y = here;

class B {
int x = henceforth;
int y = here;

}
}

}

Fig. 10. A concrete example of contextual renaming

in which they are created and are analogous to the higher-order rules of TL. Stratego

also provides a transient-like ability supporting “the application of dynamic rules

only once” [2].

TOM [1] is a system that extends an imperative language (e.g., Java) with

matching primitives. TOM supports a standard set of strategic constructs including

Choice, Sequence, All, and One. In TOM, all strategies are seen as an extension

of either the Identity strategy or the Fail strategy. In [1], it is shown how TOM’s

strategic primitives together with a generalized recursion operator µ can be used to

express computational tree logic (CTL) formulae.

In [4], conditional transformations are defined within a logic-based framework.

Transformations can be composed into OR-sequences as well as AND-sequences.

The behavior of OR-sequences has similarities with the identity-based semantics of

TL.

In [5], an extension to the first-order (identity-based) rewriting system ASF+SDF

is described in which one can combine parameterized rewrite rules with a fixed set

of generic traversals.

The ρ-calculus [3] provides a fully general (higher-order) framework in which

strategies can be applied to other strategies and yield strategy sets as their results.
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5 Conclusion

TL provides a rich environment in which the interplay between dynamic strategy

creation and strategic reduction (via the transient combinator) are brought together

in an identity-based framework. The identity-based nature of TL enables the notion

of conditional application to be seamlessly extended over the domain of iterators.

The more exotic combinators of TL (hide, opaque, etc.) greatly enhance the control

that can be embedded within strategies. This kind of control is especially useful in

the context of dynamic strategy generation.

References

[1] E. Balland, P.-E. Moreau, and A. Reilles. Bytecode rewriting in Tom. In Second Workshop on Bytecode
Semantics, Verification, Analysis and Transformation (Bytecode 07), Braga/Portugal, 2007.

[2] M. Bravenboer, A. van Dam, K. Olmos, and E. Visser. Program transformation with scoped dynamic
rewrite rules. Fundamenta Informaticae, 69:1–56, 2005.

[3] Cirstea, Horatiu and Kirchner, Claude. An introduction to the rewriting calculus. Research Report
RR-3818, INRIA, Dec. 1999.

[4] G. Kniesel. A Logic Foundation for Conditional Program Transformations. Technical Report IAI-TR-
2006-1, Computer Science Department III, University of Bonn, January 2006. ISSN 0944-8535.

[5] M. G. J. van den Brand, P. Klint, and J. J. Vinju. Term rewriting with traversal functions. ACM
Trans. Softw. Eng. Methodol., 12(2):152–190, 2003.

[6] E. Visser, Z. el Abidine Benaissa, and A. Tolmach. Building program optimizers with rewriting
strategies. In ICFP ’98: Proc. of the third ACM SIGPLAN international conference on Functional
programming, pages 13–26. ACM Press, 1998.

[7] V. Winter. Model-driven Transformation-based Generation of Java Stress Tests. Electronic Notes in
Theoretical Computer Science (ENTCS).

[8] V. Winter. Strategy Construction in the Higher-Order Framework of TL. Electronic Notes in
Theoretical Computer Science (ENTCS), 124, 2004.

[9] V. Winter and J. Beranek. Program Transformation Using HATS 1.84. In R. Lämmel, J. Saraiva, and
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Abstract

The paper presents a calculus of recursively-scoped records: a two-level calculus with a traditional call-by-
name λ-calculus at a lower level and unordered collections of labeled λ-calculus terms at a higher level.
Terms in records may reference each other, possibly in a mutually recursive manner, by means of labels. We
define two relations: a rewriting relation that models program transformations and an evaluation relation
that defines a small-step operational semantics of records. Both relations follow a call-by-name strategy.
We use a special symbol called a black hole to model cyclic dependencies that lead to infinite substitution.
Computational soundness is a property of a calculus that connects the rewriting relation and the evaluation
relation: it states that any sequence of rewriting steps (in either direction) preserves the meaning of a
record as defined by the evaluation relation. The computational soundness property implies that any
program transformation that can be represented as a sequence of forward and backward rewriting steps
preserves the meaning of a record as defined by the small step operational semantics.
In this paper we describe the computational soundness framework and prove computational soundness of
the calculus. The proof is based on a novel inductive context-based argument for meaning preservation of
substituting one component into another.

Keywords: Calculus, call-by-name, computational soundness, recursively-scoped records

1 Introduction

In this work we present an untyped call-by-name calculus of recursively-scoped

records. Recursively-scoped records (called records for the remainder of the paper)

are unordered collections of labeled components that may reference each other, pos-

sibly in a mutually recursive manner. Representation of mutual dependencies arises

in many calculi that model separate compilation, modules and linking, e.g. [1,15],

dynamic code manipulation, e.g. [6], letrec, e.g. [13]. While our system has a

much more modest set of features, it captures the essence of mutual dependencies

– substitution with a possibility of cyclic dependencies.

We use a common approach pioneered by G. Plotkin in [11] of defining two rela-

tions in a system: a rewriting relation that represents program transformations and

1 Email: elenam@morris.umn.edu

mailto:elenam@morris.umn.edu
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an evaluation relation that defines the meaning of a term via small-step operational

semantics. Computational soundness connects the two relations: it implies that any

two terms that are equivalent with respect to the rewriting relation have the same

meaning as defined by the evaluation relation. Thus any program transformation

that can be constructed as a sequence of rewriting steps (forward and/or backward)

preserves the meaning of a term.

In our work both the rewriting relation and the evaluation follow the call-by-

name strategy. Since this strategy allows β-reduction and substitution of unevalu-

ated terms, the repertoire of transformations represented by the rewriting relation is

greatly expanded to include unrestricted common subexpression elimination within

a record, specialization, etc. The computational soundness result implies that all

such transformations on mutually dependent components are meaning preserving,

and thus can be used in a variety of systems modeling modules and linking, mutual

dependencies in a letrec binding, etc. Our future plan is to investigate whether the

meaning preservation result holds if the evaluation is restricted to a more efficient

call-by-value strategy, while transformations follow a more liberal call-by-name one.

As demonstrated in section 5.2, our calculus fails to satisfy properties required

for some previously known proof methods for computational soundness: it lacks

confluence of the rewriting relation required for Plotkin’s original proof method and

it fails to satisfy lift and project properties required for the approach in [10]. We use a

novel context-based approach to complete the proof. It is an open question whether

the proof can also be completed using an alternative diagram-based approach in [14].

The main contribution of the paper is the computational soundness proof of

a call-by-name calculus of mutually dependent components in the framework of

term meaning defined via a small-step operational semantics. For more detailed

presentation of this work, including proofs omitted here, see [8].

2 Related Work

G. Plotkin in [11] has proven a property equivalent to computational soundness

for the call-by-name and the call-by-value term calculi. Z. M. Ariola and J. W.

Klop studied issues of confluence and meaning preservation in similar systems of

mutually dependent components. The straightforward definition of such a system

breaks confluence (see [3]). In [4], in order to achieve confluence, substitution on

cycles is disallowed. In [2] Z. M. Ariola and S. Blom show that unrestricted cyclic

substitution is meaning preserving up to infinite unwindings of terms; their proof

uses an approach that they call “skew-confluence”.

In our earlier work [10,7], we proved computational soundness of a non-confluent

call-by-value calculus of records similar to the one considered here. We developed

and used a diagram-based proof method based on properties that we called lift and

project. This approach has been further extended and generalized to a collection

of abstract diagram-based proof methods in [14]. However, the system considered

here does not meet the requirements of the lift and project method (see Section 5.2)

and it is unclear whether it can be handled using diagram-based methods presented

in [14]. Nevertheless, the novel inductive context-based method presented here

allows us to prove computational soundness of the call-by-name system.
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A recent independent work [12] by M. Schmidt-Schauß presents a proof of cor-

rectness of a copy rule (analogous to our substitution rule) in a call-by-need and a

call-by-name settings. The proof approach uses the machinery of infinite trees and

is significantly different from our context-based approach. The relation between the

applicability of two proof methods is a subject of future research.

3 Call-by-Name Calculus of Records

Records are unordered collections of labeled terms. Terms are elements of the

traditional call-by-name λ-calculus [5], extended with constants, operations, and

special symbols that represent interdependencies between terms. Each term in a

record is marked by its unique label. The system can be viewed as a two-level

calculus, with regular terms at the lower level and records at the upper level.

The term level of the calculus is defined below. We use prefix T for sets at the

term level (such as TTerm), R is used at the level of records.

Definition 3.1 (Term-Level Calculus Syntax)

M,N ∈ TTerm ::= c | x | l | • | λx.M |M1 @ M2 |M1 + M2

C ∈ TContext ::= 2 | λx.C | C @ M |M @ C | C + M |M + C

E ∈ TEvalContext ::= 2 | E @ M | E + M | c + E

N ∈ TNonEvalCntxt N ∈ TContext,N 6∈ TEvalContext

M,N denote terms, c stands for constants (such as numbers 1, 2, etc.), x, y, z are

variables (distinct from constants), l stands for labels (distinct from variables and

constants), • is a special symbol that denotes a black hole, i.e. a cyclic dependency

of a record component on itself, λx.M is a lambda abstraction, M1 @ M2 is an

application, + is a binary operation on terms. For simplicity we use only addition

in our examples, but other operations can be added. The scope of a lambda binding

extends as far to the right as possible, unless limited by parentheses. It is straight-

forward to extend the calculus with booleans, conditionals, and other features, but

for simplicity they are not considered here.

The set FV (M) of free variables of a term M is defined as usual. Labels are

distinct from variables, and are not included in FV (M). Syntactic equivalence of

terms is defined in [8] and follows the standard approach (see [5]). We use = to

denote equality up to α-renaming.

Contexts are used as a way of specifying a particular subterm in a term. We use

C as a metavariable for a term context, E as a metavariable for a subset of general

contexts called evaluation contexts, and N for the complement of this subset called

non-evaluation contexts. The symbol 2 denotes a context hole. As an example, in

the term 2 + λx.3 the subterm 2 appears in the context 2 + λx.3 (an evaluation

context) and 3 appears in 2 + λx.2 (a non-evaluation context, since 2 is under

a λ). Definition 3.3 uses evaluation contexts as means to specify a subterm to

be evaluated according to the evaluation relation. If a subterm appears in a non-

evaluation context, it will not be reduced by evaluation.
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C{M} denotes the result of filling the hole in the context C with the term M

(we use the notation C{M} instead of the traditional C[M ] to avoid confusion with

record delimiters). For instance, if C = λx.2 and M = x+2 then C{M} = λx.x+2.

The notations for filling an evaluation context E and a non-evaluation context N
are analogous. We can also fill a hole in a context with another context (denoted as

C1{C2}), the result is a context. Note that it is possible to capture free variables of

M when filling a context hole. Thus we do not introduce α-renaming of contexts.

Definition 5.6 introduces contexts with multiple holes.

Definition 3.2 (Record-Level Calculus)

D ∈ RTerm ::= [l1 7→M1, ..., ln 7→Mn], li 6= lj for i 6= j

D ∈ RContext ::= [l 7→ C, l1 7→M1, . . . , ln 7→Mn],C ∈ TContext
G ∈ REvalContext ::= [l 7→ E, l1 7→M1, . . . , ln 7→Mn],E ∈ TEvalContext

D denotes a record with bindings of the form li 7→ Mi. If l 7→ M occurs in a

record, we say the term M is bound to the label l. We use notation l 7→ M ∈ D
to indicate that the binding l 7→ M occurs in D. L(D) denotes the set of all

labels of D. We assume that all terms in a record are closed, i.e. for any record

D = [l1 7→ M1, ..., ln 7→ Mn] we have ∪ni=1FV (Mi) = ∅. Recall that labels are

separate from variables and are not included in FV (M).

The following is an example of a record: [l1 7→ 2 + 3, l2 7→ λx.x, l3 7→ l2 @ l1].

It has three components, labeled by l1, l2, and l3, respectively. The term 2 + 3 is

bound to l1, λx.x is bound to l2, and the component bound to l3 references the first

two by applying one to the other.

Definition 3.2 also introduces two record-level contexts: a general record context

D and record evaluation context G. For instance, [l1 7→ 2 + 2, l2 7→ λx.x] is a record-

level evaluation context (and also a general record context since evaluation contexts

are a subset of general contexts). Record-level contexts are filled with terms, not

with records. For instance, one may fill the above context with a term 3 obtaining

the record [l1 7→ 2 + 3, l2 7→ λx.x].

Record components are unordered, i.e two records that differ only in the order

of their components are considered equivalent. We define α-renaming of records as

α-renaming of bound variables in their components (recall that records consist of

closed terms). Since records are intended to be embedded in larger systems, such as

program modules, record components may be referenced from outside of a record.

Thus there is no label renaming analogous to α-renaming of terms 2 .

3.1 Calculus Relations

Both levels of the calculus follow the call-by-name reduction strategy. We define

a rewriting relation → (which we also call reduction) and evaluation relation ⇒
at the two levels of the calculus in definitions 3.3 and 3.5 respectively. Intuitively,

2 It is possible to add hidden components to records that cannot be referenced from outside of a record (see
[10]). Records then are identified up to renaming of hidden labels. However, here we focus on computational
soundness of mutually recursive components which is independent from the issue of hidden labels.
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the reduction relation represents transformations (i.e. “optimizations”) of terms and

records, and the evaluation relation represents the way records are evaluated at run-

time by an evaluation engine (such as an interpreter). As discussed in section 5.1,

the meaning of a record is defined by the result (called the outcome) of its evaluation.

At a more technical level, the difference between the two relations is that the

rewriting relation reduces a redex in any context, while the evaluation reduces a

redex in an evaluation context.

Definition 3.3 (Relations at the Term Level) The rewriting relation → and

the evaluation relation ⇒ at the term level are defined as follows:

(λx.M) @ N  M [x := N ] (β)

c1 + c2  c3 where c3 is the result of the operation + (op)

E{R} ⇒ E{Q} where R Q

C{R} → C{Q} where R Q

The  arrow denotes the “elementary” reduction, i.e. the basic operations at the

term level of the calculus: a call-by-name β-reduction (M [x := N ] stands for the

result of the capture-free substitution of N for x in M) and an operation (op)

that replaces an operation on two constants by their result, also a constant. The

rewriting relation → can perform an elementary reduction in any context C, i.e.

anywhere inside a term. The evaluation step ⇒ performs the same operations but

only in an evaluation context. TEvalContext ⊆ TContext implies ⇒ ⊆→.

The term that is α-equivalent to the left-hand side of an elementary reduction

rule is called a term redex. R denotes redexes. Intuitively, a redex is the subterm

that gets reduced by the reduction. The redex is enclosed in a context that remains

unchanged by the reduction 3 . As an example, in the reduction λx.2+3→ λx.5 the

redex is 2+3 and the context is λx.2. In the evaluation step 1+(λx.x) @ 3⇒ 1+3

the redex is (λx.x) @ 3 and the context is 1 + 2.

When writing C1{M1} = C2{M2} we assume that we chose syntactically equiv-

alent representatives of the α-equivalence classes of C1{M1} and C2{M2}. See [8]

for details.

Lemma 3.4 states that a term may have at most one redex in an evaluation

context or at most one label in such a context, but not both.

Lemma 3.4 If E1{R1} = E2{R2}, where R1, R2 are redexes, then E1 = E2 and

R1 = R2. If M = E1{l1} = E2{l2} then E1 = E2 and l1 = l2 and M 6= E{R} for

any E and R.

3.1.1 Relations at the level of records.

Following the call-by-name strategy, both a reduction of a record component and a

substitution from one component into another one may copy an unevaluated term.

3 More precisely, it is possible to find such representatives M,N in the two respective α-equivalence classes
that M → N by reducing the given redex in the given context, and the context remains unchanged.
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Definition 3.5 (Relations at the Level of Records)

D{R} → D{Q} where R Q (T )

D{l} → D{N} where l 7→ N ∈ D{l}, D 6= [l 7→ E, . . . ] (S)

G{R} ⇒ G{Q} where R Q (TE)

G{l} ⇒ G{N} where l 7→ N ∈ G{l}, G 6= [l 7→ E, . . . ] (SE)

[l1 7→ E{l1}, ...] ⇒ [l1 7→ •, ...] (B1)

[l1 7→ E{•}, ...] ⇒ [l1 7→ •, ...] (B2)

Definition 3.5 gives three kinds of reductions on records, two of which have an

evaluation and a rewriting version. A term reduction simply reduces a term redex

in one of the record’s components. It is a rewriting step (see rule T) when it happens

in a general context and an evaluation step (rule TE) when it is in an evaluation

context. For example, [l1 7→ λx.2 + 3]→ [l1 7→ λx.5] is a rewriting step, but not an

evaluation step. Such steps are called non-evaluation steps (see Definition 3.6).

Substitution replaces a label occurring in a component of a record by the term

bound to that label in the record. Analogously to the term reduction, the substi-

tution is a rewriting step (rule S) if the label occurs in a general context, and an

evaluation step (rule SE) if it occurs in an evaluation context.

For example, [l1 7→ 2 + 3, l2 7→ l1 + 1] ⇒ [l1 7→ 2 + 3, l2 7→ (2 + 3) + 1] is an

evaluation step since 2 + 1 is an evaluation context. The following substitution is

a reduction, but not an evaluation step, since l1 appears under a lambda: [l1 7→
2 + 3, l2 7→ λx.l1] → [l1 7→ 2 + 3, l2 7→ λx.(2 + 3)]. Note that, just like a term

reduction, the substitution is call-by-name: the term that gets substituted does not

have to be evaluated first.

The side conditions D,G 6= [l 7→ E, . . . ] eliminate an ambiguity between substi-

tution and the black hole rule (B1) by preventing a substitution into a label that

directly depends on itself in an evaluation context. For instance, the following sub-

stitution is not allowed: [l1 7→ l1 + 1] ⇒ [l1 7→ l1 + 1 + 1], the rule (B1) is applied

instead (see below).

A black hole symbol • denotes apparent infinite substitution cycles that cannot be

meaningfully evaluated. The rule (B1) introduces a black hole to replace a label that

depends on itself in an evaluation context. For instance, [l1 7→ l1 + 1] ⇒ [l1 7→ •]
instead of an infinite substitution [l1 7→ l1 + 1] ⇒ [l1 7→ l1 + 1 + 1] ⇒ . . . The

notion of a black hole was first introduced in [3]. In this work it is essential for

confluence of ⇒ on records.

The rule (B2) turns a component that depends on a black hole into a black hole:

[l1 7→ •, l2 7→ l1 + 1]
S

=⇒ [l1 7→ •, l2 7→ •+ 1]
B2

=⇒ [l1 7→ •, l2 7→ •].
The black hole rules do not have analogous non-evaluation rules since a self-

dependency in a non-evaluation context may be a legitimate recursion and does not

always lead to infinite substitution cycle or it may be eliminated during evaluation.

Definition 3.6 (Non-evaluation Relation and Closures) The following nota-

tions are used at both the term and the record level:
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(i) A non-evaluation relation ↪→ is defined as ↪→ =→ \ ⇒.

(ii) −→∗, =⇒∗, ↪→∗ denote reflexive transitive closures of the respective relations;

↔,
n↔ denote the reflexive symmetric transitive closures of → and ↪→, respec-

tively.

The non-evaluation relation ↪→ can be equivalently defined as a reduction in a non-

evaluation context.

A normal form of a term with respect to a relation R is an object that cannot

be further reduced by R. The definition is applicable to both terms and records.

Definition 3.7 (Normal Form) Given a relation R on a set of terms, a normal

form with respect to (w.r.t.) R is a term M for which there is no M ′ such that

MRM ′. The predicate nfR(M) is true if M is a normal form w.r.t. R and false

otherwise. A term N is an R-normal form of M if MR∗N and nfR(N).

4 Confluence of Evaluation

It follows from Lemma 3.4 that there is at most one evaluation step in any record

component. For instance, if a component is of the form E{R}, i.e. it has a term

evaluation redex, it may not have a label in an evaluation context.

However, there is no ordering on components in a record, so any component that

has a term or a substitution redex may be evaluated. Thus it is possible to have

multiple evaluation steps originating at the same record:

[l1 7→ 2 + 3, l2 7→ l1 + 1] ⇒ [l1 7→ 5, l2 7→ l1 + 1]

[l1 7→ 2 + 3, l2 7→ l1 + 1] ⇒ [l1 7→ 2 + 3, l2 7→ 2 + 3 + 1]

This flexibility opens a way for modeling separate compilation and evaluation of

modules: evaluation of known components may start before the entire record be-

comes available.

Lemma 4.1 (Confluence of Evaluation) ⇒ is confluent on records.

Proof. Case analysis on pairs of evaluation redexes shows that evaluation satisfies

the strip lemma (see [5], Ch. 11) which implies confluence. See [9] for details 4 . 2

The presence of a black hole in the calculus is essential for confluence of eval-

uation. Consider the following record: [l1 7→ 2 + l2, l2 7→ l1 + 1]. Note that both

labels are in evaluation contexts in both components. Without a black hole the

substitution into the first component would yield [l1 7→ 2 + l1 + 1, l2 7→ l1 + 1], sub-

stitution into the second component gives [l1 7→ 2 + l2, l2 7→ 2 + l2 + 1]. In the first

resulting record both components reference l1, in the second one they both reference

l2, and any subsequent substitutions preserve these properties. This is a variation

of a famous non-confluence example introduced in [3].

However, a black hole allows us to bring these two records together by a sequence

of evaluation steps since both labels appear in an evaluation context, and thus

4 The black hole rules in the system in [9] differ slightly from the rules presented here. However, the
difference does not affect the essence of the proof.
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represent an infinite cycle of substitutions:

[l1 7→ 2 + l1 + 1, l2 7→ l1 + 1] ⇒
[l1 7→ •, l2 7→ l1 + 1] ⇒
[l1 7→ •, l2 7→ •+ 1] ⇒
[l1 7→ •, l2 7→ •]

The record [l1 7→ 2 + l2, l2 7→ 2 + l2 + 1] also evaluates to [l1 7→ •, l2 7→ •].
Confluence of evaluation guarantees uniqueness of a normal form w.r.t. ⇒ if

a term has one. We also prove that a record may not have a normal form and

diverge at the same time (this property, also known as uniform normalization, is

not automatically implied by confluence).

Lemma 4.2 If D =⇒∗ D′, nf⇒(D′), and no component in D′ is bound to •, then

there is no infinite sequence D ⇒ D1 ⇒ D2 . . . .

4.1 An Efficient Evaluation Strategy

Confluence of evaluation guarantees that no matter what path an evaluation of a

record takes, all of the resulting records can be evaluated to the same record. We

do not want to fix the order of evaluating components since we would like to leave

the flexibility of modeling systems where progress can be made on evaluating a

record before all of its components become available or where components may be

evaluated in parallel.

However, for proving properties of our calculus it is convenient to impose a

particular order of evaluation that we call efficient evaluation strategy. Intuitively,

this strategy requires that if a component bound to l1 needs a component bound

to l2 (i.e. the component bound to l1 is of the form E{l2}) then the term bound to

l2 must be completely evaluated (i.e. not have either term redexes or substitution

redexes) before the substitution into the component bound to l1 is made. This

strategy imposes a partial order on components. The process stops if it discovers a

cycle of mutual evaluation dependencies.

The formal definition depends on the partial function next(D, l) that defines the

label of the component in which the next evaluation step takes place in order to

make progress on evaluation of the component bound to l in D.

Definition 4.3 (Next Component To Be Evaluated) Let l 7→ M ∈ D. A

function next(D, l) : RTerm× L(D)→ L(D) ∪ {•} is defined as follows:

(i) If M = E{R} then next(D, l) = l,

(ii) If M = E{•} or M = E{l} then next(D, l) = •,
(iii) If M = E{l′} then:

(a) If next(D, l′) is undefined, next(D, l) = l,

(b) If next(D, l′) = • or l′ is bound to E′{l} or there is a sequence of labels

l1, . . . , ln ∈ L(D), n ≥ 1, such that D is of the form

[l 7→ E{l′}, l′ 7→ E1{l1}, . . . , li 7→ Ei{li+1}, . . . , ln 7→ En{l}, . . . ]
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then next(D, l) = •,
(c) Otherwise next(D, l) = next(D, l′).

(iv) Otherwise next(D, l) is undefined.

If next(D, l) is undefined then the component bound to l is fully evaluated.

Let L to denote an ordered sequence of distinct labels; L1 � L2 means that L1

is a prefix of L2 or L1 = L2. An efficient evaluation strategy follows the sequence

of labels in L as a sequence of “goals”.

Definition 4.4 (Efficient Evaluation Strategy) Given a record D and a label

l, an efficient evaluation strategy starting at l is a sequence of evaluation steps

D1 ⇒ D2 ⇒ . . . ⇒ Dn s.t. for all i < n next(Di, l) is defined and not equal to •
and an evaluation step Di ⇒ Di+1 evaluates the component bound to next(Di, l).

We denote this sequence as D
l

=⇒∗
e

Dn.

Given a sequence L = l1, l2, . . . ln s.t. li ∈ L(D) for all i, an efficient strategy

w.r.t. L is a sequence D
l1

=⇒∗
e

D1

l2
=⇒∗
e

. . .
ln

=⇒∗
e

Dn s.t. next(Di, lj) is undefined

for all j < i for 1 ≤ i ≤ n (i.e. each component lj in L is fully evaluated before

evaluation of li starts). Note that it is possible that next(Dn, ln) is not undefined.

An efficient strategy w.r.t. L is denoted
L

=⇒∗
e

.

The efficient evaluation strategy stops if it discovers that a record component eval-

uates to a black hole since such records represent divergence (see Definition 5.2).

Thus, if next(D, l) = •, no evaluation takes place.

The strategy is called “efficient” because it evaluates a component only once - the

first time it is needed. Since no unevaluated components are copied, no computation

is duplicated. This is similar to a call-by-value or a call-by-need strategy. However,

unlike the call-by-value strategy, it does not require that a component evaluates

to a value before it can be substituted (traditionally only constants, variables, and

λ-abstractions are considered values), only to a substitution-free normal form. If

a record D evaluates to a normal form D ′ then efficient evaluation strategy with

any choice of L that includes all labels in L(D) reaches D ′. The strategy detects

cycles of substitution as early as possible since the evaluation follows component

dependencies as far as possible before evaluating any of them.

Below is an evaluation sequence that follows the efficient strategy w.r.t. l1. On

the left on line i we show the value of next(Di, l1). For simplicity we write just

next(l) instead of next(D, l) since the record on each line is obvious.

next(l1) = l3 [l1 7→ l2, l2 7→ l3 + 2, l3 7→ 1 + 3] ⇒
next(l1) = l2 [l1 7→ l2, l2 7→ l3 + 2, l3 7→ 4] ⇒
next(l1) = l2 [l1 7→ l2, l2 7→ 4 + 2, l3 7→ 4] ⇒
next(l1) = l1 [l1 7→ l2, l2 7→ 6, l3 7→ 4] ⇒
next(l1) is undefined [l1 7→ 6, l2 7→ 6, l3 7→ 4]

In contrast the step below does not follow the efficient strategy: the redex l3 + 2 is
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duplicated so it will have to be evaluated twice, possibly duplicating evaluation of

1 + 3 as well. Note, however, that the record eventually evaluates to the same one

as in the efficient evaluation sequence above.

[l1 7→ l2, l2 7→ l3 + 2, l3 7→ 1 + 3] ⇒
[l1 7→ l3 + 2, l2 7→ l3 + 2, l3 7→ 1 + 3] ⇒ . . .

If a record D has a normal form without black-hole-bound components, it is

possible to reach that normal form using the efficient evaluation strategy with any

sequence L that includes all labels in L(D) (see [8] for the proof).

5 Computational Soundness of the Calculus

5.1 Definition of Computational Soundness

Computational soundness states that rewriting relation in the calculus preserves the

meaning of terms. A term’s meaning is given by its normal form w.r.t. evaluation

relation if such a normal form exists, otherwise the “meaning” is divergence. The

notion of outcome in Definition 5.2 formalizes this idea. Some normal forms may

be syntactically different, but have the same “meaning”. The classification function

(Definition 5.1) groups terms based on their “meaning”.

5.1.1 Classification function.

In order to define a term’s meaning, we partition all terms into equivalence classes.

The function that assigns a class to a term is called a classification (the term first

introduced in [7]). Two elements of the same class have the same meaning (however,

they may be further distinguished by supplying a context that uses them). For

instance, at the term level it is reasonable to make constants 2 and 3 be in different

classes since their meaning is clearly different. However, it is common to group all

lambda abstractions in the same class since a function by itself is not distinguishable

from any other function until it is applied.

It is possible to define different classification functions for the same calculus. For

instance, one may wish to distinguish between different types of errors by further

subdividing the error class. On the other hand, if one is only concerned with prov-

ing termination equivalence then all normal forms may be placed into one class 5 . A

calculus may be computationally sound for one choice of classification and unsound

for another.

The classification function used in this work is defined in Definition 5.1. For

simplicity we use the same notation Cl for the classification function at both levels

of the calculus. This function is very similar to the one used in [7], except for the

inclusion of a black hole. Since record components contain only closed terms, we

do not have term-level classes for variables: a label bound to a variable would be

considered an error. The function is well-defined on α-equivalence classes both at

the term and at the record level.

5 Records with at least one component bound to a black hole should be classified as diverging
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Definition 5.1 (Classification) The classification function Cl : TTerm ∪
RTerm→ S, where S is a set of equivalence classes, is defined as follows:

• Cl(M) = eval if M = E{R}, R is a redex. Such terms are called evaluatable.

• Cl(c) = const(c), where const(c1) = const(c2) if and only if c1 = c2

• Cl(•) = •
• Cl(λx.N) = abs

• Cl(E{l}) = stuck(l), where stuck(l1) = stuck(l2) if and only if l1 = l2

• Cl(M) = error if M does not belong to any of the above categories

• Cl([l1 7→M1, . . . ln 7→Mn]) = [l1 7→ Cl(M1), . . . ln 7→ Cl(Mn)] if Cl(Mi) 6= • for

all i s.t. 1 ≤ i ≤ n
• Cl([ . . . , li 7→ •, . . . ]) = ⊥
An equivalence class of a record D with no label bound to a black hole is an

unordered collection of labeled term-level classes corresponding to components of

D. For instance, Cl([l1 7→ λx.x, l2 7→ l1 @ 1]) = [l1 7→ abs, l2 7→ stuck(l1)].

Since a black hole represents an infinite substitution, the class of a record with

a black-hole-bound component is ⊥. Note that a record with a black hole in a

non-evaluation context does not necessarily diverge, and thus is not classified as ⊥:

consider [l 7→ (λx.1) @ •]⇒ [l 7→ 1], the latter record is a normal form.

The following property, called class preservation, is important for proving com-

putational soundness: if D1 ↪→ D2 (recall Definition 3.6) then Cl(D1) = Cl(D2).

5.1.2 Outcome and Computational Soundness.

Classification characterizes a record at a given moment, while outcome characterizes

its “ultimate fate” - what happens to it if it gets evaluated as far as possible.

Definition 5.2 (Outcome) The outcome of a record D, denoted Outcome(D), is

Cl(D′) where D′ is the normal form of D w.r.t. ⇒ if D has a normal form or a

symbol ⊥ if evaluation of D diverges.

Lemmas 4.1 and 4.2 guarantee that the outcome is well-defined since every record

either has a unique normal form or diverges on all evaluation paths (we identify a

label bound to a black hole with divergence). The outcome formalizes the notion

that the meaning of a term is the result of its evaluation.

Definition 5.3 (Meaning Preservation and Computational Soundness) A

relation R is meaning preserving if MRN implies that Outcome(M) = Outcome(N).

A calculus is computationally sound if ↔ is meaning preserving.

The evaluation ⇒ is meaning preserving since it is confluent (see Lemma 4.1).

The above classification groups all abstractions in one class. However, this does

not mean that replacing an abstraction by any other one may be considered mean-

ing preserving. One can always distinguish two semantically different abstractions

by considering them in a record with a term that applies the abstraction to an ar-

gument. A transformation is provably meaning preserving if its results are the same

no matter what other components appear in a record. Since we can assume that

any abstraction bound to a label is applied to arbitrary terms in other components,
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Fig. 1. Lift and Project properties.

transformations must preserve the actual behavior of abstractions. [7] formalizes

this notion via record contexts which we do not present here due to lack of space.

5.2 Proof Methods and Their Applicability

Historically various methods have been used for proving computational soundness.

Plotkin’s method in [11] requires confluence of the rewriting relation in the calcu-

lus. However, many recently developed calculi model such inherently non-confluent

features of programming languages as mutually dependent components. The reper-

toire of proof methods has been expanded to relax requirements on the calculus. In

this section we review some of these proof methods and show that our calculus fails

to satisfy their requirements.

Failure of Confluence and Standardization Method. The traditional

method for computational soundness proofs has three requirements: confluence of

the rewriting relation, standardization (a property that relates the rewriting rela-

tion and the evaluation relation), and the class preservation property defined in

Section 5.1.1 (see [7] for detailed discussion). However, in our system → is non-

confluent. The non-confluence example below is based on that in [3]. It also appears

in the call-by-value version of our calculus described in [7,10]. Recall that confluence

is preserved when both reductions are evaluation steps, see section 4.

Example 5.4 Consider a record [l1 7→ λx.l2, l2 7→ λy.l1]. By reducing each of the

two redexes we obtain these two records: [l1 7→ λx.λy.l1, l2 7→ λy.l1] and [l1 7→
λx.l2, l2 7→ λy.λx.l2]. The only reductions that can originate from these records

are substitutions. No matter what substitutions we perform on the records, they

cannot be reduced to a common one since in the first one both components always

reference l1, and in the second record they reference l2.

Failure of Lift and Project Method. In [7,10] we use an approach based

on three properties of the calculus: the lift, and project properties defined in Def-

inition 5.5, and the class preservation property in Section 5.1.1 to prove compu-

tational soundness of a call-by-value calculus of recursively-scoped records. The

project property “projects” a given evaluation sequence down, and the lift property

“lifts” a given sequence up; see Figure 1 6 .

Definition 5.5 (Lift and Project) A calculus has the lift property if, given

D1 ↪→ D2 =⇒∗ D3, there exists D4 s.t. D1 =⇒∗ D4 ↪→∗ D3. A calculus has

the project property if, given D1 =⇒∗ D2 and D1 ↪→ D3, there exist D4, D5 s.t.

D2 =⇒∗ D4 ↪→∗ D5 and D3 =⇒∗ D5.

6 In diagrams double arrows represent ⇒, single arrows →, arrows with a hook are ↪→. Solid arrows are
the given relations, dashed arrows are those claimed to exist by the property. See Definition 3.6 for closure
notations.
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Even though the current system is very similar to the one considered in [7,10],

the call-by-name nature of substitution breaks the lift and the project properties, as

shown by the following counterexample. The right hand side non-evaluation arrow

pointing up contradicts the properties.

[l1 7→ 2 + 3, l2 7→ λx.l1] +3
_�

[l1 7→ 5, l2 7→ λx.l1]
_�

��

��
]l1 7→ 5, l2 7→ λx.5]

[l1 7→ 2 + 3, l2 7→ λx.2 + 3] +3 [l1 7→ 5, l2 7→ λx.2 + 3]
?�
OO

Applicability of Other Diagram-Based Methods. The lift and project

method has been extended and generalized in [14]. While it is possible that a form

of the approach presented there, known as lift/project when terminating (or LPT),

is applicable, we have not been able to construct such a proof.

A black hole, which is technically a normal form, may require a modification

of the LPT approach. In our system a non-evaluation step may convert a record

with a component evaluating to black hole to a diverging record, as shown below.

Diagram-based methods generally do not equate diverging terms with normal forms.

Note that the outcome of both records is ⊥ so the meaning is preserved.

[l1 7→ l2 @ 2, l2 7→ λx.l1] ⇒ [l1 7→ (λx.l1) @ 2, l2 7→ λx.l1] ⇒
[l1 7→ l1, l2 7→ λx.l1] =⇒∗ [l1 7→ •, l2 7→ λx.•]
[l1 7→ l2 @ 2, l2 7→ λx.l2 @ 2] ⇒ [l1 7→ (λx.l2 @ 2) @ 2, l2 7→ λx.l2 @ 2] ⇒
[l1 7→ l2 @ 2, l2 7→ λx.l2 @ 2] ⇒ . . .

5.3 Context-Based Proof of Computational Soundness

Meaning Preservation of the Term Reduction. The meaning preservation

property of a term reduction can be proven using the lift and project approach with

the machinery of marked redexes and residuals. The proof is similar to that for the

call-by-value calculus in [7]. See [8] for details.

Meaning Preservation of Substitution. We show that substitution pre-

serves the outcome of a record. A key idea of the proof is to use the efficient

evaluation strategy (see Definition 4.4) to guarantee that each component is only

evaluated once, the first time it is needed.

Definition 5.6 (Multi-hole contexts) A multi-hole context M is defined as

M ::= 2 |M | λx.M | M+M |M @ M

Contexts M are filled with terms in the same manner as single-hole contexts.

Multi-hole contexts allow us to formalize the notion that two records differ only

by replacing some occurrences of a term M1 by M2.

Definition 5.7 A record D1 is called (M1,M2)-similar to a record D2 (denoted
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Fig. 2. Lemma 5.8: (l,M)-similarity (denoted by a wave-like line) preserved by ⇒

D1 ∼M1
M2

D2) if there exist multi-hole contexts M1, . . . ,Mn s.t.

D1 = [l1 7→M1{M1, . . . ,M1}, . . . , ln 7→Mn{M1, . . . ,M1}],
D2 = [l1 7→M1{M2, . . . ,M2}, . . . , ln 7→Mn{M2, . . . ,M2}].

Lemma 5.8 (see Figure 2) Let D1 = [l 7→ M, l′ 7→ N{l}, . . . ] S
↪→ [l 7→ M, l′ 7→

N{M}, . . . ] = D2 and D1 =⇒∗ D′1 (recall that N is a non-evaluation context) and

let L � l, l′, l1, . . . , ln, where l1 . . . ln is a sequence of labels in L(D1), n ≥ 0, and

l 6= li, l
′ 6= li for all 1 ≤ i ≤ n. It is possible that l = l′. Then

• If D1

L
=⇒∗
e

D′1 then there exists D′2 s.t. D2

L
=⇒∗
e

D′2, D′1 ∼lM D′2, and

Outcome(D′1) = ⊥ if and only if Outcome(D′2) = ⊥.

• If D2

L
=⇒∗
e

D′2 then there exist D′1, D
′′
2 s.t. D1

L
=⇒∗
e

D′1 and D′2
ln

=⇒∗
e

D′′2 , D′′2 ∼lM
D′1, and Outcome(D′1) = ⊥ if and only if Outcome(D′2) = ⊥.

Lemma 5.8 states the key property for meaning preservation of a substitution

step: the original and the transformed records remain (l,M)-similar after any num-

ber of steps in the evaluation sequence that follows the efficient strategy with the

sequence of labels given in the lemma.

The efficient evaluation strategy guarantees that every component gets evaluated

to a normal form before it gets substituted into any other component. The strategy

attempts to evaluate the term M (bound to l) in both records. By Lemma 5.8 if

such an evaluation terminates with a black-hole-free term in one record, it does so in

the other. In this case all components needed for evaluating M have been evaluated

as well, so future evaluation of M gives the same result. In an example below

the initial substitution occurs in the second component, and evaluating l requires

evaluating l′′; the corresponding records in the two sequences are (l, l ′′ + 2)-similar:

[l 7→ l′′ + 2, l′ 7→ (λx.l) @ 1, l′′ 7→ 3 + 1] =⇒∗ [l 7→ 6, l′ 7→ (λx.l) @ 1, l′′ 7→ 4]

[l 7→ l′′ + 2, l′ 7→ (λx.l′′ + 2) @ 1, l′′ 7→ 3 + 1] =⇒∗ [l 7→ 6, l′ 7→ (λx.l′′ + 2) @ 1, l′′ 7→ 4]

The sequences continue with (l, l′′+2)-similar records until both arrive at an identi-

cal result [l 7→ 6, l′ 7→ 6, l′′ 7→ 4]. See [8] for other cases of component dependencies.

We show that if two normal forms D1, D2 are (l,M)-similar then Cl(D1) =

Cl(D2). Thus non-evaluation substitution preserves the outcome.

Evaluation steps preserve the outcome since ⇒ is confluent. We have shown

that both a term reduction non-evaluation step and a non-evaluation substitution

preserve the outcome. Thus we have the desired computational soundness result:
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Theorem 5.9 If D1 ↔ D2 then Outcome(D1) = Outcome(D2).

6 Conclusions and Future Work

We have proven that the call-by-name calculus of recursively-scoped records is com-

putationally sound. Our system captures the essential features of mutually recursive

components. We plan to study applicability of our proof method to more complex

systems with possible cyclic dependencies, such as letrec calculi and more sophis-

ticated systems that model modules and linking. We will also investigate how the

context method compares to other methods of proving computational soundness.
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Abstract

System L is a linear version of Gödel’s System T , where the λ-calculus is replaced with a linear calculus; or
alternatively a linear λ-calculus enriched with some constructs including an iterator. There is thus at the
same time in this system a lot of freedom in reduction and a lot of information about resources, which makes
it an ideal framework to start a fresh attempt at studying reduction strategies in λ-calculi. In particular, we
show that call-by-need, the standard strategy of functional languages, can be defined directly and effectively
in System L, and can be shown minimal among weak strategies.

1 Introduction

Gödel’s System T is an extremely powerful calculus: essentially anything that we

want to compute can be expressed [8]. A linear variant of this well-known calculus,

called System L, was introduced in [1], and shown to be every bit as expressive as

System T . The novelty of System L is that it is based on the linear λ-calculus, and

all duplication and erasing can be done through an encoding using the iterator.

There are many well-known, and well-understood, strategies for reduction in

the (pure) λ-calculus. When investigating deeper into the structure of terms, we

get a deeper understanding of reduction. For instance, calculi with explicit resource

management or explicit substitution allow a finer control over reduction. In a similar

way, System L splits the usual λ in two different constructs: a binder, able to

generate a substitution, and an iterator able to erase or copy its argument. This

entails a finer control of these fundamentally different issues, which are intertwined

in the λ-calculus. Having a calculus which offers at the same time a lot of freedom

in reduction and a lot of information about resources makes it an ideal framework

to start a fresh attempt at studying reduction strategies in λ-calculi.

This paper is a first step towards a thorough study of reduction strategies for

System L. The main contributions of this paper are:
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(i) we present, and compare, different ways of writing the reduction rules associ-

ated to iterators;

(ii) we define a weak reduction relation for System L (we call this new system weak

System L) similar to weak reduction used in the implementation of functional

programming languages, where reduction is forbidden inside abstractions;

(iii) we present reduction strategies for the weak reduction relation: call-by-name,

call-by-value, and call-by-need (emphasising this last one), proving that they

are indeed strategies in a technical sense. Since neededness is usually undecid-

able, extra features (like sharing graphs, environments, explicit substitutions)

are generally added to actually implement call-by-need. In contrast, for System

L, we can define call-by-need within the calculus in an effective way.

(iv) we give a proof of minimality of the call-by-need strategy. It is well-known

that there exists no computable minimal strategy for the λ-calculus [3]. One

of the main contributions in this paper is a (family of) computable minimal

strategies for weak System L.

The rest of this paper is structured as follows. In the next section we present

some related work. In Section 3, we recall some background on rewriting and System

L. In Section 4 we discuss the issues about strategies and choices. In Section 5 we

define weak reduction in System L, and study different weak strategies in Section 6.

Finally, Section 7 concludes the paper.

2 Related Work

In [3, Chapter 13], Barendregt defined the notion of L-1-optimal (or minimal, in

this paper) strategy for the λ-calculus as a normalising strategy, minimal with

respect to the length of paths in the terms reduction graph. In [3] it was shown

that there exists no computable optimal L-1-strategy for the λ-calculus. One of the

main contributions in this paper is a set of computable minimal strategies for weak

System L (a version of System L where reduction is forbidden inside abstractions).

Weak System L is very much inspired in weak λ-calculi [11,12,2], weak reductions

for functional programming languages [14] and lazy evaluation models [9,19]. In

all these works reduction is forbidden inside abstractions and lazy evaluation is

achieved by enlarging the calculus with extra syntax (graph reductions [19], explicit

let bindings [2,11] or explicit heap [9]) to express sharing of subterm evaluation. In

this paper we present a set of minimal strategies for weak System L with the same

features as lazy evaluation: there is no loss of sharing except inside abstractions,

and we only reduce terms that are actually used, but we insist that our definition

is effective, within the calculus. This is possible due to the finer control of linear

substitution and copying using the iterator, as opposed to the λ-calculus where

these different issues are mixed up.

The notion of reduction in System L, called closed reduction, is already weak

in the sense that it imposes strong constraints on the application of reduction rules

(see [7]). In this paper we define a weaker form of reduction: closed reduction with-

out reduction inside abstractions. The main motivation for this further constraint

is to define a simple computable minimal strategy for weak System L.
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Some previous works studied the relation between recursion and iteration in

System T [13,4,15] showing that, in many cases, recursion is more efficient than

iteration. We choose to use iteration in System L because it avoids the duplication

of a variable, and it is then more suitable within a linear setting, such as System

L. Thus, in this paper, efficiency should be understood in this setting: a linear

calculus with iteration. Another reason why we insist on using a linear discipline

(and thus an iterator instead of a recursor) is that efficiency in a linear calculus, such

as System L, can be measured by the number of steps to normalise terms, because

each reduction either decreases the size of the term (by β-reduction) or increases it

by adding the size of the iterated function (applying the iteration reduction rule).

This is no longer true in a non-linear setting, such as System T , where the number

of reduction steps cannot be used as a measure of efficiency (see [5] for a detailed

discussion about the problems of naively using reduction steps as a measure of

efficiency in a non-linear calculus).

In general, call-by-need (and even minimal strategies) may copy expressions

in some situations (for example inside abstractions). Sharing of subterms across

different instantiations of bound variables is addressed by optimal reduction strate-

gies [10]. Although this line of research applied to System L is a promising one,

optimal reduction in this sense is not an issue in this paper: here we follow the

weak reduction approach, as is standard in the implementation of functional lan-

guages [14].

3 Background

3.1 Rewriting

Here we briefly recall some definitions, and refer the reader to [16] for more details.

Definition 3.1 An abstract reduction system (ARS) is a pair (A,→) where A is

a set and → a binary relation on A. We write t → u if (t, u) ∈ →. The reflexive

transitive closure of → is →∗, and ← is the inverse relation of →. A normal form

is a t ∈ A such that there exists no u such that t → u. We also note t →n u if

t→ · · · →︸ ︷︷ ︸
n

u.

Definition 3.2 → is said to have the diamond property 1 if, whenever u1 ← t→ u2

with u1 6= u2, there exists a v such that u1 → v ← u2. → is said to be confluent if

→∗ has the diamond property. → is said to be strongly normalising if there is no

object admitting an infinite →-reduction path.

Definition 3.3 A strategy for an ARS (A,→) is a sub-ARS (A,_) of (A,→) (i.e.

such that _ ⊆ →) with the same normal forms.

Note that this definition is more liberal than others (e.g. [3]), in the sense that

a strategy is not required to be deterministic.

Definition 3.4 A →-strategy _ is normalising if all _-reduction paths starting

from an object, which admits a finite →-reduction path to normal form, are finite.

1 This property is called CR1 in [16, Ex. 1.3.18], where “diamond property” means something else.
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It is minimal 2 if the length of any _-reduction from an object a to a normal form

b is minimal among all possible →-reductions from a to b.

Definition 3.5 A redex is needed if some residual of it must be fired in any reduc-

tion to normal form.

In [18], van Oostrom gives a method to reduce the global problem of proving

that a strategy is minimal (or maximal), to a verification of certain properties of

local reduction diagrams. To avoid recalling all that work here, we combine some

parts of Theorems 1 and 2 of [18], as the following theorem, which will be used to

show the minimality of call-by-need among weak strategies (Theorem 6.8).

Theorem 3.6 Let _ be a →-strategy. If, whenever s^ t→ u, either u admits an

infinite _-reduction or there exists an r such that s→n r ^m u with n ≤ m, then

_ is normalising and minimal.

3.2 System L
In this section we recall the syntax and reduction rules of System L [1]. Table 1 gives

the syntax of System L. The set of linear λ-terms is built from: variables x, y, . . .;

linear abstraction λx.t, where x ∈ fv(t); and application t u, where fv(t)∩ fv(u) = ∅.

Here fv(t) denotes the set of free variables of t. These conditions ensure that terms

are syntactically linear (variables occur exactly once in each term).

Since we are in a linear calculus, we cannot have the usual notion of pairs and

projections; instead, we have pairs and splitters which use both projections, as

shown on Table 1. A simple example is the swapping function (see below).

Finally, we have booleans true and false, with a linear conditional; and numbers

(built from 0 and S), with a linear iterator. Sn0 denotes n applications of S to 0. 3

The dynamics of the system is given by the set of conditional reduction rules in

Table 2 (which can be seen as a higher-order membership conditional rewrite system,

see [17,20]). The conditions on the rewrite rules ensure that Beta only applies to

redexes where the argument is a closed term (which implies that α-conversion is not

needed to implement substitution), and only closed functions are iterated. Table 2

gives the reduction rules for System L, substitution is a meta-operation defined as

usual. Reductions can take place in any context where the conditions are satisfied.

We give some examples to illustrate the system:

• Swapping: swap = λx.let 〈y, z〉 = x in 〈z, y〉.
• Erasing numbers: although we are in a linear system, we can erase numbers by

using them in iterators.

fst = λx.let 〈t, u〉 = x in iter u t (λz.z)

snd = λx.let 〈t, u〉 = x in iter t u (λz.z)

• Copying numbers: C = λx.iter x 〈0, 0〉 (λx.let 〈a, b〉 = x in 〈S a,S b〉) takes a

number n and returns a pair 〈n, n〉.
2 Minimality is called L-1-optimality in [3] and simply optimality in [21].
3 Throughout this paper we use the notation tnu to denote (t · · · (t| {z }

n

u) · · · ).
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Construction Variable Constraint Free Variables (fv)

0, true, false − ∅
S t − fv(t)

iter t u w fv(t) ∩ fv(u) = fv(u) ∩ fv(w) = ∅ fv(t) ∪ fv(u) ∪ fv(w)

fv(t) ∩ fv(w) = ∅
x − {x}
tu fv(t) ∩ fv(u) = ∅ fv(t) ∪ fv(u)

λx.t x ∈ fv(t) fv(t)r {x}
〈t, u〉 fv(t) ∩ fv(u) = ∅ fv(t) ∪ fv(u)

let 〈x, y〉 = t in u fv(t) ∩ fv(u) = ∅, x, y ∈ fv(u) fv(t) ∪ (fv(u)r {x, y})
cond t u w fv(u) = fv(w), fv(t) ∩ fv(u) = ∅ fv(t) ∪ fv(u)

Table 1
Terms

Name Reduction Condition

Beta (λx.t)u −→ t[u/x] fv(u) = ∅
Let let 〈x, y〉 = 〈t, u〉 in w −→ (w[t/x])[u/y] fv(t) = fv(u) = ∅
Cond cond true u w −→ u

Cond cond false u w −→ w

Iter iter 0 u w −→ u fv(w) = ∅
Iter iter (S t) u w −→ w(iter t u w) fv(t) = fv(w) = ∅

Table 2
Closed reduction

• Addition: add = λmn.iter m n (λx.S x)

• Multiplication: λmn.iter m 0 (add n)

• Predecessor: λn.fst(iter n 〈0, 0〉 (λx.let 〈t, u〉 = C(snd x) in 〈t,S u〉))
• Ackermann: ack(m,n) = (iter m (λx.S x) (λgu.iter (S u) (S 0) g)) n

System L is essentially a typed calculus, and most of the properties stated in

the remainder of this paper rely on this in a crucial way, although some properties

are also valid in the untyped calculus (this will always be stated explicitly). We

write Γ `L t : A if the term t has type A in the environment Γ, where A is a linear

type: A,B ::= Nat | Bool | A −◦ B | A ⊗ B where Nat and Bool are the types of

numbers and booleans. The full details of the type system are not essential for the

remainder of this paper and are thus omitted. We recall from [1] that System L is

confluent, reduction preserves types, typable terms are strongly normalising, and:

Theorem 3.7 (Adequacy) If t is closed and typable, then one of the following

holds:

• `L t : Nat and t→∗ Sn 0 for some integer n;

• `L t : Bool and either t→∗ true or t→∗ false;

• `L t : A−◦B and t→∗ λx.u for some term u;

• `L t : A⊗B and t→∗ 〈u,w〉 for some terms u,w.
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4 Intuitions and choices

Here we emphasise what the exact choices are when defining reduction strategies in

System L, in particular, from an efficiency point of view.

Efficiency.

Semantically, we have: iter (Sn0) u w = wn(u) (i.e. n copies of w applied to u).

However as shown in the given rewrite rules, we actually make use of n+ 1 occur-

rences of w, and then throw one away. To circumvent this defect we change the

definition in order to stop at S 0 rather than 0:

iter 0 u w → u fv(w) = ∅
iter (S 0) u w → w u fv(w) = ∅
iter (S(S t)) u w → w(iter (S t) u w) fv(t) = fv(w) = ∅

There is no strong motivation behind the condition on the second rule, except to

ensure the conservativity of the new rules with respect to System L. It is clear that

the last two rules split the previous one, and because there are only two cases to

consider in the pattern matching (S and 0) then this will not have any consequences

on any of the results of System L, which can be stated as follows:

Proposition 4.1 Let us call
old−−→ the reduction relation defined in Section 3.2 and

new−−→ the reduction relation with the modified rules for iter above. Then:

(i) if t
new−−→ u, then t

old−−→n u with n = 1 or n = 2;

(ii) if t
old−−→ u, then there exists a w such that t

old−−→∗ new−−→ w and u
old−−→∗ w;

(iii) v is a
new−−→-normal form if and only if v is a

old−−→-normal form;

(iv)
new−−→ is strongly normalising;

(v) if v is a normal form (for
old−−→ and

new−−→), then t
new−−→∗ v if and only if t

old−−→∗ v;

(vi)
new−−→ is confluent.

Proof.

(i) Straightforward.

(ii) The problem in this case is that a
old−−→-redex is not necessarily a

new−−→-redex:

if we have iter (St) u w
old−−→ w(iter t u w), we know that t is closed, and

by adequacy (Theorem 3.7), t
old−−→∗ Sn 0 for some n ≥ 0, so that, in the

case n ≥ 1, iter (St) u w
old−−→∗ iter (Sn+1 0) u w

new−−→ w(iter (Sn 0) u w) and

w(iter t u w)
old−−→∗ w(iter (Sn 0) u w), and similarly in the case n = 0.

(iii) Consequence of Points i and ii.

(iv) Consequence of Point i and strong normalisation: suppose we have an infinite
new−−→-reduction, then we obtain an infinite

old−−→-reduction.

(v) The “only if” part is a consequence of Point i. For the “if” part, assume

t
old−−→∗ v with v a normal form. Using Point iv, consider w such that t

new−−→∗ w
and w is a normal form. By the “only if” part of this point, we know that

t
old−−→∗ w, thus v = w by the unicity of normal forms in System L (consequence
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of the confluence of System L).

(vi) Assume t
new−−→∗ u1 and t

new−−→∗ u2. By Point i, we also have t
old−−→∗ u1 and

t
old−−→∗ u2. By confluence, there is a w such that u1

old−−→∗ w and u2
old−−→∗ w.

Using strong normalisation, let v be the
old−−→-normal form of w. Then, using

Point v, u1
new−−→∗ v and u2

new−−→∗ v.

2

Of course, if we are considering an untyped calculus, where non-terminating

computations can be represented, then
old−−→ and

new−−→ are not equivalent as we now

require forcing more evaluation to complete the pattern matching: let ∆ be the

term (λx.iter (S20) (λx1x2.x1x2) (λz.zx)) and Ω be the non-terminating (untyped)

term ∆∆. Then iter (S Ω) I (λx.iter 0 I x) will terminate with the old system but

not with the new. In other words, iter is now more strict in its first argument. We

use this version, because efficiency is now an issue. From now on, → means
new−−→.

Alternative iteration.

There are two ways of writing the rules for an iterator. The one given above (both
old−−→ and

new−−→) which we shall call outer-iter (and denote →out) and also this one,

which we shall call inner-iter :

iter 0 u w →in u fv(w) = ∅
iter (S 0) u w →in wu fv(w) = ∅
iter (S(S t)) u w →in iter (S t) (wu) w fv(t) = fv(w) = ∅

We remark the relation with fold right and fold left for lists in functional program-

ming. These operators encapsulate recursion patterns on lists, in the same way as

an iterator on numbers encapsulates recursion patterns on numbers. The difference

between foldl and foldr is simply the order in which the elements of the lists are

accessed: left-to-right, or right-to-left. A left-to-right approach can start working

on elements of lists, even infinite lists, whereas the right-to-left approach works well

in the finite case (i.e. it is strict in the list). The same reasoning applies to our

iterator. Of course, the origins of these operators on lists are indeed iterators on

numbers (primitive recursive schemes).

With the inner-iter reduction policy, iter is strict in its first argument. For

example, in an untyped calculus, if the number is not terminating, then neither

is the iter (irrespectively of the evaluation order). This will not be a problem in

System L because it is a strongly normalising calculus.

Now we have a whole collection of strategies to look at: leftmost and outermost

with each of the alternatives gives different strategies. For instance, if we use inner-

iter with leftmost reduction, then we get iter evaluated first. If we have outermost

with outer-iter, then we compute the applications first, etc. And of course, we are

interested in finding the “best” combination.

The next results show on one hand, that extending System L with this new form

of iteration does not change the calculus itself (although it gives one more way to

reduce iterators), and on the other, that both ways of reducing iterators essentially

use the same number of steps when the number of iterations is known.
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Lemma 4.2 For any number n ≥ 1, any term u and any closed term w, we have:

iter (Sn 0) u w
out−−→n wn(u) n

in←− iter (Sn 0) u w.

Proof. Straightforward by induction on n. 2

Theorem 4.3 If we add the rules corresponding to inner-iteration (→ in) to reduc-

tion rules of System L (→out), we get a new system (→i+o=→out ∪ →in) with the

following properties:

(i) subject reduction;

(ii) strong normalisation;

(iii) confluence;

(iv) the normal form of a term is the same using →out, →in or →i+o.

Proof.

(i) Subject reduction: Straightforward.

(ii) Strong normalisation: Adapt the proof for System T based on reducibility [8].

Let ν(t) bound the length of every normalisation sequence beginning with t,

and let l(t) be the number of symbols in the normal form of t. We prove

that if t, u and w are reducible, then iter t u w is reducible, by induction on

ν(t) + ν(wn(u)) + ν(w) + l(t), where Sn(0) is the normal form of t.

(iii) Confluence: Let us first note that, because of inner-iter, we lose confluence of

the untyped calculus. For example

w(iter true u w)
out←−− iter S(true) u w

in−→ iter true (wu) w.

Now for typed terms (System L), let us consider the only critical pair:

w(iter t u w)
out←−− iter S(t) u w

in−→ iter t (wu) v

Since t is closed and typable, then t→∗ (Sn0), therefore

w(iter t u w) iter t (wu) w

w(iter (Sn0) u w)

∗ ?
iter (Sn0) (wu) w

∗ ?

w(wn(u))

∗ ?
= wn(wu)

∗ ?

The result follows using Newman’s Lemma.

(iv) Normal forms: →out and→in can be seen as strategies of→i+o, i.e. the notion

of normal form is the same for the three reductions. For instance, consider a

term t, v a →i+o-normal form of t and w a →in-normal form of t (both exist

because →i+o is strongly normalising and →in ⊂ →i+o). But w is also a →i+o-

normal form of t, hence v = w since →i+o is confluent (unicity of normal

forms).

2
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Iteration vs. β-reduction.

In the linear λ-calculus, it is known that all computation is useful and is used exactly

once. In System L, this is true at the level of abstraction, but we have the power

of copying and erasing at the level of the iterators. We therefore claim that the

choice at the level of β-reduction is inessential; what only matters is the choice in

the iterator.

Here we present several reduction strategies for iterators, following their coun-

terpart definitions for β-reductions in the λ-calculus and functional programming

languages. These reduction strategies are defined for System L (where every term

is linear), thus the only problematic reductions are in the iterator case.

Basically, we have the choice to reduce as much as possible inside iterators before

firing them, or not. But we also have the choice to give the preference to outer-iter

or to inner-iter. In fact, since the inner-iter reduction policy makes iter strict, it

makes a lot more sense to use on one hand call-by-name and outer-iter together,

and on the other call-by-value and inner-iter.

Below, we present the reduction for the iterator rule, assuming that it is properly

lifted to any context.

Outer iteration by name.

Iteration by name reduces the leftmost outermost iterator first. It is closely related

to Engelfriet and Schmidt’s outside-in derivation for context-free grammars or first-

order recursion equations [6].

iter 0 u w → u fv(w) = ∅
iter (S 0) u w → wu fv(w) = ∅
iter (S(S t)) u w → w(iter (S t) u w) fv(t) = fv(w) = ∅

There is no syntactical constraint on w, so that outermost reduction is possible.

Inner iteration by value.

Iteration by value reduces leftmost innermost iterators first. It is closely related to

Engelfriet and Schmidt’s inside-out derivations.

iter 0 u v → u fv(v) = ∅
iter (S 0) u v → vu fv(v) = ∅
iter (S(S t)) u v → iter (S t) (vu) v fv(t) = fv(v) = ∅

v is some notion of normal form (in the sequel, this notion will be that of value).

5 The Weak System L
5.1 Weakness of System L reduction

Although reduction in System L is allowed in any context, in particular under

λ-abstractions, it is already somehow weaker than usual strong reduction for the

λ-calculus, due to the use of closed reduction (free variable conditions on the rules).
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In particular, normal forms may still contain iterators. Note that we can however

always compute the weak head normal forms of closed terms (see [1]).

We note the following:

• Normal forms of closed terms of functional type may contain iterators. For in-

stance, T = λx.iter (S20) I x is a normal form.

• We also remark that T could be an argument to a function, and thus values are

not the normal forms we could think of, even if we allow reduction under an

abstraction. In other words, there is no strategy that will always allow us to

avoid copying an iterator. For instance, in iter (S20) (λx.x) (λx.iter (S20) I x),

the argument λx.iter (S20) I x is a normal form, so it will be copied by the other

iterator no matter which strategy we are using.

5.2 Weak System L

In the λ-calculus, two views of the notion of function coexist. One of them is that

functions are ordinary syntactic objects, on which we can compute. The other sees

functions as abstract objects inside which it is not sensible to compute; as pieces of

programs which have to wait for their argument before executing. This opposition

can be seen in the following rule:

t→ v
(ξ)

λx.t→ λx.v

This rule is part of the λ-calculus, but a strategy of the λ-calculus is free to

contain it or not: in the first case, the strategy is said to be strong, in the second, it

is weak. In general, weak strategies cannot reduce beyond weak head normal form,

thus they are not strategies of the λ-calculus in the sense of Definition 3.3.

Weak strategies are the reductions used in functional programming languages [14].

In fact, it is more convenient to see weak strategies of the λ-calculus as strategies

of a weak λ-calculus, along the lines presented in [12].

Here we present a weak version of System L, which we call weak System L with

the same restriction as in ordinary weak reduction: do not reduce under abstrac-

tions, i.e. we remove the (ξ) rule. For the same reason, reduction in the second

argument of let constructs should also be prohibited. We also forbid reduction in-

side pairs, so as to avoid computations in the first argument of let constructs that

are not needed in order to reach a pair. We do allow reduction under a S, though,

as well as under cond and iter. The new calculus is defined as:

Definition 5.1 The weak System L is the calculus with reduction →w, defined by

allowing System L reduction → in any weak evaluation context W [ ], defined as

follows:

W [ ] ::= [ ] | W [ ] t | tW [ ] | SW [ ] | let 〈x, y〉 = W [ ] in t

| cond W [ ] u w | cond t W [ ] w | cond t u W [ ]

| iter W [ ] u w | iter t W [ ] w | iter t u W [ ]
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There is still a lot of freedom to define strategies, in particular in the iter case.

5.3 Confluence

In the λ-calculus, it is well-known that removing the (ξ) rule leads to a non-confluent

calculus, as evidenced by the following diverging pair (see e.g. [12]):

λy.y (I I)← (λxy.y x) (I I)→ (λxy.y x) I → λy.y I

where I = λx.x. This has led to the introduction or use of frameworks such as

supercombinators or explicit substitutions [12], which is not completely satisfactory

either. This is a true problem, and we do have the same problem here. The notion

of function is the same in System L as in the λ-calculus, hence we also obtain a

non-confluent weak calculus. Thus non-confluence of weak System L is expected.

However weak System L is confluent for programs: closed terms of base type.

Definition 5.2 A program is a closed System L term of type Nat or Bool.

Definition 5.3 We call values the normal forms for →w.

Proposition 5.4 Closed values are the closed terms of this form:

v ::= Sn 0 | true | false | 〈t, u〉 | λx.t

Proof. By adapting the proof of adequacy (again, this result is not valid in the

untyped calculus). 2

In the following, a term denoted by v will always be assumed to be a value.

Proposition 5.5 →w is confluent on programs.

Proof. Assume t→∗w u1 and t→∗w u2, where t is of base type. Consider v1 and v2

the →w-normal forms of u1 and u2 respectively. v1 and v2 are values of base types,

hence are also normal forms for → (using Proposition 5.4). But → is confluent,

thus has the property of unicity of normal forms. We conclude v1 = v2. 2

6 Weak Strategies

We are now in a position to define reduction strategies for the weak System L similar

to known strategies for the weak λ-calculus. In this section, all strategies are weak:

they perform no reduction under abstraction, and, consistently, they are defined

only on closed terms. We essentially just mention call-by-name and call-by-value,

while we will give more details on call-by-need, which can interestingly be defined

directly in the calculus, in an operational way.

6.1 Call-by-name and call-by-value

Definition 6.1 Call-by-name reduction is leftmost outermost weak reduction. In

particular, iteration is by name. Call-by-value differs from call-by-name by reducing

the argument of an application (t u) before contracting the redex and by using

iteration by value instead of iteration by name.
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Proposition 6.2 Call-by-name and call-by-value are strategies of weak System L.

Moreover, call-by-name is normalising (in the untyped weak System L).

Proof. They are clearly strategies. In weak System L, the leftmost outermost

redex is always needed. Call-by-name reduces only needed redexes, thus it is nor-

malising. 2

Remark 6.3 Call-by-value is not normalising in the untyped calculus: recall Ω, a

(untypable) term without weak head normal form. Then iter 0 (λx.x) Ω starts an

infinite reduction although the term has normal form λx.x.

6.2 Call-by-need

Under call-by-need (or lazy evaluation), an iterated term, not in normal form, is

evaluated at most once, regardless of how many times the term is iterated. Thus

such an iterated term may not be duplicated (by another iterator) before it has

been reduced and may be reduced only if actually used.

The standard, non operational, definition of call-by-need is: reduce the argu-

ment first (i.e. use call-by-value) if it will be needed, do not reduce it otherwise (i.e.

use call-by-name). In general, it is difficult to decide if an argument will be needed

or not in the syntax of the λ-calculus, and extra features are added to actually im-

plement call-by-need (sharing graphs, environments, explicit substitutions). Here,

the interesting point is that we can characterise call-by-need within the calculus.

Definition 6.4 Call-by-need is defined by the weak strategy (still with the liberal

meaning) →l. See Table 3.

Lazy evaluation contexts:

L[ ] ::= [ ] | L[ ] t | SL[ ] | let 〈x, y〉 = L[ ] in t

| cond L[ ] u w | cond true L[ ] w | cond false u L[ ]

| iter L[ ] u w | iter 0 L[ ] w | iter (S t) u L[ ]

Base cases:

(λx.t)u→l t[u/x] fv(u) = ∅
let 〈x, y〉 = 〈t, t′〉 in u→l u[t/x][t′/y] fv(t) = fv(t′) = ∅

cond true u w→l u

cond false u w→l w

iter 0 u w→l u fv(w) = ∅
iter (S 0) u w→l w u fv(w) = ∅

iter (S(S t)) u v →l v (iter (S t) u v) fv(t) = fv(v) = ∅, v is a value

Context rule:
t→l v

L[t]→l L[v]
Table 3

Call-by-need
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Proposition 6.5 →l is a strategy for →w.

Proof. It is clear that→l ⊂ →w. Moreover, the normal forms for→w are values in

the sense of Proposition 5.4, as we can replace →w by →l in the proof of Adequacy

(Theorem 3.7). 2

Proposition 6.6 →l reduces only needed redexes. Hence →l is normalising and it

has the same normal forms as →w (see Proposition 5.4).

Proof. Say that a position is needed if it is the position of a needed redex or if

it is above a needed position. By induction, it is easy to see that L[ ] only defines

contexts where the hole [ ] is in a needed position. 2

Proposition 6.7 →l has the diamond property.

Proof. In this proof, we simply write → for →l, and we assume that there are

diverging reductions t1 ←p t→q t2 at positions p and q respectively. If p and q are

disjoint, the pair is joined in one step on each side by applying the other rule at the

corresponding position. Otherwise, one of the position is the outermost, let’s say p

and write q = p · q′. We look at all possible cases for the subterm t′ at position p.

• t′ = uw: by definition of L[ ], u →q′ u
′ so u 6= λx.s (by Proposition 5.4), and no

rule is applicable at the root of t′; this case thus does not happen.

• Similar argument for t′ = let 〈x, y〉 = w in u.

• t′ = cond true u w: u← t′ →q′ cond true u′ w, then u→u′, cond true u′ f→u′.

• Similar argument for t′ = cond false u w and t′ = iter 0 u w.

• t′ = iter (S 0) u w: straightforward.

• t′ = iter (S(S s)) u w: reduction at the root is allowed only when w is a value,

thus the only possible innermost reduction is in s, and it is straightforward to

conclude.

2

6.3 Minimality

Efficiency is a very pragmatic notion. In many cases, there is no better argument

to demonstrate the efficiency of a strategy than a benchmark. On the contrary,

here, System L gives us enough grip to actually give a proof of the efficiency of

call-by-need. To measure efficiency, we just count the number of reduction steps;

hence minimality (Definition 3.4) corresponds to the most efficient strategy. This

is a more realistic notion here than in the λ-calculus, because when substitution is

used, it is always linearly.

Theorem 6.8 (Minimality) →l is minimal, i.e. if t is a closed term, t→m
w v and

t→n
l v where v is a value, then n ≤ m.

Proof. We use Theorem 3.6 (see [18] for more details on these techniques). Through-

out this proof, we write _ instead of →l and → instead of →w to improve read-

ability. Assume t1 ^p t →q t2. We want to show that there exists t3 such that

t1 →m t3 ^n t2 with m ≤ n. If the reductions are disjoint, this is easy because

redexes are preserved by disjoint reductions.

177



Alves, Florido, Mackie and Sinot

If q is above p, then the →q step is also a _q step (definition of L[ ] and _) and

we may use the diamond property for _, except in the case iter (S(S t)) u w ′ ^
iter (S(S t)) u w→ w (iter (S t) u w) where t and w are closed and w is not a value.

This case requires some more work. First iter (S(S t)) u w ′ → w′ (iter (S t) u w′)
and w (iter (S t) u w) _ w′ (iter (S t) u w). Using Propositions 6.6 and 5.4, and

the fact that w′ is closed, we have w′ _k λx.w′′, hence w′ (iter (S t) u w′) →k+1

w′′[iter (S t) u w′/x] and w′ (iter (S t) u w) _k+1 w′′[iter (S t) u w/x]. Again,

w′′[iter (S t) u w/x] _n v, where v is a value. If w is not at a needed position in

w′′[iter (S t) u w/x], then the same reduction can be mimicked on w ′′[iter (S t) u w′/x].

Otherwise, this reduction can be decomposed as w ′′[iter (S t) u w/x] _n1 C[w] _
C[w′] _n2 v with n = n1 + n2 + 1, for some context C[], and we can mimick this

reduction on w′′[iter (S t) u w′/x], omitting one step: w′′[iter (S t) u w′/x] _n1

C[w′] _n2 v. In both cases, we indeed have w′′[iter (S t) u w′/x] →m v ^n

w′′[iter (S t) u w/x] with m ≤ n. This concludes this case.

If q is below p and the →q step is not also a _q step (otherwise, use Proposi-

tion 6.7), we look at all possible cases. There are three (by looking at the definition

of L[ ] and _). For instance, u ^ cond true u w → cond true u w ′ _ u. The

cases for cond false u w and iter 0 u w are similar. The important point is that

w (iter t u v) ^ iter (S t) u v → iter (S t) u v ′ is not a case to consider (v is a normal

form for →w). 2

Hence, thanks to Proposition 6.7, any sub-strategy (in particular any deter-

ministic one) of →l will also be minimal. It is already known that call-by-need is

optimal in a large class of rewrite systems, including weak λ-calculi [12]. However,

our present statement is much stronger because the notion of optimality in [12] takes

into account parallel reduction of family of redexes. In other words, it is assumed

that there is some adequate sharing mechanism that will allow all redexes of the

same family to be reduced at the same time. We should also mention that this

proof is a nice illustration of using the techniques of [18]. The call-by-need strategy

presented here is an effective approximation of the internal needed strategy (whose

minimality for orthogonal TRSs is reproved in [18]), which retains minimality (in

our system; there is no hope of a similar result in general for orthogonal TRSs).

Each iterated term is evaluated at most once and it is reduced only if actu-

ally used. It is remarkable that call-by-need is easily implementable without any

syntactic extension to the calculus. Note that this does not happen with standard

call-by-need, which is not expressible within the syntax of the λ-calculus: one has to

extend it with some explicit binding syntax (Wadsworth graph reductions, explicitly

let bindings or explicit heap) to express sharing of subterm evaluation.

7 Conclusion

System L is a calculus that isolates the linear and non-linear components of a

computation. We have used this calculus to make a study of evaluation strategies in

this context, where it is precisely the non-linear aspects of the computation that we

need to control. This leads to a simple description of strategies and to a definition of

minimal strategies within the calculus. Moreover, We anticipate that we can make

heavy use of these results in current implementation work based around System L.
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Abstract

Token-passing nets were proposed by Sinot as a simple mechanism for encoding evaluation strategies for the
λ-calculus in interaction nets. This work extends token-passing nets to cover a typed functional language
equipped with structured types and unrestricted recursion. The resulting interaction system is derived
systematically from the chosen big-step operational semantics.
Along the way, we actually characterize and discuss several design decisions of token-passing nets and extend
them in order to achieve simpler interaction net systems with a higher degree of embedded parallelism.

Keywords: Interaction nets, reduction strategies, λ-calculus, recursion.

1 Introduction

Interaction nets [7] constitute a Turing-complete computational paradigm, where
computation is purely local, and thus (strong) confluence is obtained for free.

The linear λ-calculus can be very naturally encoded in interaction nets with
just two symbols. When one drops the linearity restriction however, things become
more subtle: since variable substitution is implemented within the formalism, and
not as an external meta-operation, copying and erasure of terms must be dealt with
explicitly. Many encodings have been studied (e.g. [9,10,8]), some of which allow
for a great degree of sharing of computations.

Token-passing nets [11] were proposed as a simple mechanism for encoding λ-
calculus evaluation strategies in the interaction net framework. One of the most
attractive features is their simplicity, allowing computations to be easily traced
in the term syntax. This makes them particularly well suited for debugging or
educational purposes.

The purpose of this paper is on one hand to attempt to characterize token-
passing nets as a specific class of interaction nets, and on the other hand to study
their relation with the big-step operational semantics of the λ-calculus. This study
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will then allows us to extend the token-passing encoding to a typed functional
language with structured types and arbitrary recursion.

The paper is structured as follows: Section 2 reviews basic notions of interaction
nets and encodings of λ-calculi. Section 3 is devoted to the characterization of token-
passing nets. We proceed to give in Section 4 an encoding of a small functional
language, and conclude with some remarks and pointers to further work.

2 Interaction Nets and λ-Calculi Encodings

An interaction net system [7] is specified by giving a set Σ of symbols, and a set
R of interaction rules. Each symbol α ∈ Σ has an associated (fixed) arity. An
occurrence of a symbol α ∈ Σ will be called an agent. If the arity of α is n, then the
agent has n + 1 ports: a distinguished one called the principal port, and n auxiliary
ports labelled x1, . . . , xn.

A net built on Σ is a graph (not necessarily connected) where the nodes are
agents. The edges between nodes of the graph are connected to ports in the agents,
such that there is at most one edge connected to every port in the net. Edges may
be connected to two ports of the same agent. Principal ports of agents are depicted
by an arrow.

The ports of agents where there is no edge connected are called the free ports of
the net. The set of free ports define the interface of the net.

There are two special instances of a net: a wiring (a net containing no agents,
only edges between free ports), and the empty net (containing no agents and no
edges). The dynamics of Interaction Nets are based on the notion of active pair :
any pair of agents (α, β) in a net, with an edge connecting together their principal
ports. An interaction rule ((α, β) → N) ∈ R replaces an occurrence of the active
pair (α, β) by the net N . Rules must satisfy two conditions: the interfaces of the
left-hand side and right-hand side are equal (this implies that the free ports are
preserved during reduction), and there is at most one rule for each pair of agents,
so there is no ambiguity regarding which rule to apply.

If a net does not contain any active pairs then we say that it is in normal form.
We use the notation → for one-step reduction and →∗ for its transitive reflexive
closure. Additionally, we write N →→ N ′ if there is a sequence of interaction steps
N →∗ N ′, such that N ′ is a net in normal form. The strong constraints on the
definition of interaction rules imply that reduction is strongly commutative (the one-
step diamond property holds), and thus confluence is easily obtained. Consequently,
any normalizing interaction net is strongly normalizing.

λ-calculi encodings

The linear λ-calculus possesses a natural encoding in interaction systems. We con-
sider two symbols λ and @ with arity 2. Principal ports for these agents are chosen
in such a way that a β-redex will correspond to an active pair in the interaction
system. Figure 1 presents the term to net translation of the encoding. In short,
variables become wires: a bound variable is connected to the corresponding binder
(backpointer in the syntax tree), and free variables are left dangling as free ports of
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λ

@@
λ

λx.t

tx t1 t2

t1 t2

.... ....

Fig. 1. Linear λ-calculus: Encoding and reduction rule

the net. The reduction rule between these two agents corresponds to β-reduction
(or substitution). It is captured by a proper rewiring of the free ports of the rule
(also shown in Figure 1).

The simplicity of the encoding is certainly attractive and intuitive. However,
when we leave the linearity assumption, things become considerably more subtle.
In fact, interaction nets force an explicit treatment of the copying and erasing
operations required by the non-linear use of variables. This is often accomplished
by using specific agent symbols (usually denoted δ and ε) that implement these
operations through sequences of local interactions. It is not however trivial to
regulate this process in order to prevent different copying processes from interfering
with each other in an unsound way.

The above mentioned difficulty motivated the proposal of complex encodings
of λ-calculi in interaction nets (e.g. [1,10]). These encodings typically provide a
setting were it is possible to delimit the scope of δs – the so called boxes (due to
their close relationship to exponential boxes from Linear Logic proof-nets [4]).

3 Token-based Evaluation

It is fairly obvious how to define an interaction net system capable of performing
duplication of (syntactical representations of) λ-terms. The problem is that, in such
a system, redexes no longer correspond to active pairs, since syntactical represen-
tations now correspond to trees of agents (principal ports on the roots), which does
not match the definition of the application agent given above. Thus the system
does not capture β-reduction as interaction.

Token passing nets were introduced by Sinot [11] as a simple mechanism to
encode strategies in interaction nets. The main insight behind them is that the
above mentioned difficulties may be overcome as long as duplication is restricted to
nets that correspond to syntactical representations of terms. Reduction strategies
are encoded through the use of an evaluation token that traverses the syntactical
representation of the term under consideration, in order to trigger computational
steps in a controlled manner.

In order to make the preceding sentence meaningful, we must characterize:

(i) A well-behaved class of nets that act as “syntactic entities”;

(ii) The notion of “computational step” that evaluation will trigger;

(iii) The traversal strategy for the evaluation token.

In what follows, we will provide our own characterization of token-passing nets, and
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treat each of the above points in turn (to some extent, we take the opposite route
from Sinot, who avoids giving an explicit characterization of this class of interaction
nets). We then extend our characterization to cover different language constructs
and evaluation strategies. Even though our presentation diverges in several aspects
from Sinot’s, we believe we remain faithful to the underlying intuitions.

Let us start by putting forward some observations:

• Token-passing nets usually restrict evaluation to closed terms. This means that
evaluation never occurs under a binder (λ, for the simple λ-calculus). Note that
it is easier to give an appropriate definition of syntactic-nets under the closed
evaluation assumption. In this paper we restrict our attention to closed evalua-
tion.

• Sinot imposes a linearity restriction on the evaluation token, which forces evalua-
tion to proceed sequentially (but note that copying and erasing are not restricted
in this way). We will not take sequentiality as a defining attribute of token-passing
nets, since we believe that relaxing the sequentiality constraint gives rise to more
natural (and also considerably simpler) encodings for the strategies considered.

3.1 Syntactical Nets

We start with a characterization of syntactical nets, used to represent the syntax
of a language of terms with binders. Syntactical nets are essentially syntax trees
with backpointers that associate bound variables with their corresponding binding
constructors. In the following, this class of nets will be defined as the image of a
translation function from terms to interaction nets.

For concreteness, we adopt a term syntax inspired by the Combinatory Reduc-
tion Systems (CRS) [6], which introduces an abstraction [x]t denoting the binding
of variable x in t. Taking the pure lambda-calculus as an example, we consider a
binary constructor @ that makes no binding in its arguments, and a unary construc-
tor λ that binds a variable in its argument (in higher-order abstract syntax, this
constructor has type (Term->Term)->Term). For instance, the lambda-term λx.xx

will be represented as λ([x]@(x, x)).
We assume the standard definitions for free and bound variables, α-equivalence

and substitution. Namely (assuming Barendregt’s variable convention [2]):

FV (ci(t1, . . . , tn)) = FV (t1) ∪ . . . ∪ FV (tn)
FV ([x]t) = FV (t) \ {x}

ci(t1, . . . , tn){u/x} = ci(t1{u/x}, . . . , tn{u/x})
([y]t){u/x} = [y](t{u/x}).

The translation from terms to interaction nets is fairly obvious. To each term
constructor ci with arity n we associate an interaction net symbol with arity n + b,
where b is the number of variables bound by ci. The constructor ci in the term
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Ci

T(t1) T(tn)
..... .....T(t)

x
....

C
....

C

.........

....

... ...
....

x

T(t)x

....ε

, if x ∈ FV(t)

, if x ∉ FV(t)

Fig. 2. Term translation

ci(t1, . . . , [x1, . . .]tn) will be represented graphically as

Ci

....... ....

t1 tn

x1

where the root port (shown at the top) is the principal port of the agent, and
variables bound in a term are explicitly identified graphically. This will be useful
in the definition of the translation, shown in Figure 2.

Some remarks follow.

• Agents ε and c are introduced to account for non-linearity in terms.
• Free variables shared between arguments of term constructors are glued together

with spines of c agents. Note that principal ports of these agents are oriented
downwards.

• All principal ports are connected to auxiliary ports. That means that syntactical
nets are in normal form.

Definition 3.1 A syntactical net is a net N such that N = T (t) for some term t.

The dynamics of agents ε and c is given in Figure 3, corresponding to manage-
ment operations on syntactical nets: ε is used for erasing and c for copying. δ is
a variant of c used for copying inside binders. The following properties justify the
claim that syntactical nets are amenable to being manipulated by ε, δ and c.
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α

δ
δ

Ci

....... ....
α

Ci Ci

.... ....

....

.......
.......

.......

α=C,δ

δ

C δ δ

C C

δ

δ

ε

α

ε ε ε

ε

ε

ε
ε

Ci

....... ....

ε
...........

α=C,δ

Fig. 3. Rules for agents ε, c and δ

Lemma 3.2 For every open term t, the following reduction sequence exists:

T (t)

δ
T (t) T (t)*δ δ

.......

....

.... ....

.......

T (t)

ε

*ε ε
.......

....

Proof. By induction on the structure of t. 2

Proposition 3.3 For every closed term t, the following reduction sequence exists:

T (t)

c

T (t) T (t)
*

ε

T (t)

*

Proof. By induction on the structure of t and the previous result. 2

As a consequence of these properties, we establish the justification of the “sub-
stitution as rewiring” slogan.

Corollary 3.4 For every term t and closed term u we have the following.

T (t)

T (u)

.... ....
* T(t{u/x})

........

Proof. Direct from the definition of substitution and the previous result. 2
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Note that the previous proposition does not hold if u is an open term, due to a
mismatch between δ and c agents that occurs when open abstractions are copied.
This is a manifestation of the above mentioned interference between sharing and
copying.

3.2 Computational Steps

Redexes in the term language should correspond to active pairs between two term
constructor agents at the level of nets .

Clearly, in order for such active pairs to occur, syntactical nets must be aban-
doned and a different set of agents needs to be considered for the external term
constructors in the redexes.

Let us take the pure λ-calculus again as an example. The rewriting rule associ-
ated with the redex is (again adopting the syntax of CRS meta-terms):

@(λ([x]Z(x)), u) ⇒ Z(u)

The appropriate reduction rule is of course the standard encoding of β-reduction in
interaction nets, which uses an agent for @ that can be seen as a computational,
or activated, version of its syntactical counterpart, in the sense that it is ready for
reduction.

λ

@

Note that we choose to graphically represent the syntactical and the computa-
tional variants as agents with different shapes.

An important feature of the activated agents is that they are ephemeral, in the
sense that they vanish after a single reduction (i.e. the right-hand side of these
computational rules does not introduce activated agents).

3.3 Evaluation Strategies

We now turn our attention to the evaluation process. This will be triggered by
interaction with a special agent called a token, denoted as ⇓, with arity 1. The
token has its principal port oriented downwards (ready to interact with syntactical
nets). The interaction rules involving the token ⇓ will determine how evaluation is
performed through the syntax.

To specify an evaluation order at the term level, the so-called big-step style of
operational semantics (originally proposed under the name of natural semantics [5])
is particularly well-suited, since it is essentially syntax-directed.

Let us illustrate with the call-by-value reduction strategy for the λ-calculus.
The corresponding big-step rules are (where the symbol ⇒ denotes the evaluates-to
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relation):

λx.t ⇒ λx.t

u ⇒ λx.t v ⇒ v′ t{v′/x} ⇒ z

u v ⇒ z

The first rule tells us that abstractions are canonical forms. For applications, the
rule becomes more interesting. We should perform evaluation on both arguments;
apply a β-reduction step on these results; and finally evaluate the outcome. It is
instructive to make the contraction of the β-redex (u′ v′) explicit in the rule:

u ⇒ u′ v ⇒ v′ u′ v′
β→ t t ⇒ z

u v ⇒ z

It becomes clear that the rule actually performs two different actions: recursive
calls to the evaluation relation, and a β-reduction step. As β-reduction is treated
by separate rules, we only need to handle the recursion pattern of the rule. The
evaluation semantics can also be expressed as term rewriting rules by introducing
in our syntax a new unary constructor ⇓(·) (for evaluation) and binary constructor
a(·, ·) (for ‘syntactical’ application):

⇓(λ([x]Z(x))) → λ([x]Z(x))
⇓(a(u, v)) → ⇓(@(⇓(u),⇓(v)))

These, in turn, translate directly to interaction rules. We call these token-passing
or evaluation rules:

λ
λ

@
@

Some comments are in order here:

• Evaluation is triggered by connecting the principal port of the token ⇓ to the root
of the translation of a closed term. We will denote this net by ⇓(T (t)).

• Evaluation rules do not perform computational steps on their own. They just
activate the syntactic agent in order to make these steps possible, and send a new
⇓ token along the principal port of the activated agent. This guarantees that a
computational active pair will eventually be created.

• There should exist an evaluation rule for each term constructor. This guarantees
that normal forms are syntactical nets.

• ⇓ agents are never introduced under a binding constructor, following the assump-
tion that these terms are always canonical forms (we are thus considering weak
notions of reduction).
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Γ, x : τ ` x : τ

Γ, x : σ ` t : τ

Γ ` λx.t : σ → τ

Γ ` t : σ → τ Γ ` u : σ

Γ ` t u : τ

Γ ` true : B Γ ` false : B

Γ ` b : B Γ ` e1 : τ Γ ` e2 : τ

Γ ` if b then e1 else e2 : τ

Γ ` [] : [τ ]

Γ ` e1 : τ Γ ` e2 : [τ ]

Γ ` (e1::e2) : [τ ]

Γ ` t : [τ ] Γ ` e1 : σ Γ, x : τ, y : [τ ] ` e2 : σ

Γ ` (Case t of [] → e1 ; (x::y) → e2) : σ

Γ, y : τ ` t : τ

Γ ` (Rec y.t) : τ

Fig. 4. Typing rules for BLR

V ⇒ V
V ∈ {true, false, [], λx.t}

e1 ⇒ w e2 ⇒ z

e1::e2 ⇒ w::z

t ⇒ true e1 ⇒ z

if t then e1 else e2 ⇒ z

t ⇒ false e2 ⇒ z

if t then e1 else e2 ⇒ z

l ⇒ [] e1 ⇒ z

Case l of [] → e1 ; (h::t) → e2 ⇒ z

l ⇒ w::y e2{w/h, y/t} ⇒ z

Case l of [] → e1 ; (h::t) → e2 ⇒ z

u ⇒ λx.t v ⇒ z t{z/x} ⇒ w

t u ⇒ w

f{Rec y.f/y} ⇒ z

Rec y.f ⇒ z

Fig. 5. Evaluation rules for BLR

4 Encoding of a Functional Language

We present now the encoding of a complete typed functional language. For the sake
of simplicity, we choose to keep the language rather minimal – it includes types for
booleans and lists, pattern-matching and general recursion (hence its name BLR).
However, it should be fairly evident that the proposed encoding extends smoothly
to additional types or type constructors.

Terms and types for the language are given by the following grammar:

T = V | λV.T | T T |
true | false | if T then T else T |
[] | T ::T | Case T of [] → T ; (V::V) → T |
Rec V.T

Tp = B | [Tp] | Tp → Tp

where V denotes a set of variables. Type assignment and evaluation rules for the
language are given in Figures 4 and 5. The evaluation strategy shown is call by
value, as visible in the application or the list-cons rule. Note however that pattern
matching (if-then-else and list-case expressions) has as usual a call by name flavour
to allow for an effective use of recursion (see, e.g. [14]).

We will now design a token-passing system for this language by addressing each
of the points identified in the previous section. To encode the syntax, we shall
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consider an agent for each term constructor of the language. Observe that the
language includes additional binding constructors besides λ. In fact, the typing
rules clearly state that the third argument of the list-case constructor binds two
variables, and the single argument of the rec constructor binds one variable. Taking
this into account, we are led to the following choice of syntactical agents:

niltruea cons lcλ rec false if

Turning now to the dynamics of the system, we start by writing a set of term-
rewriting rules corresponding to the evaluation semantics given.

The evaluation rules for lists are directly translated as

⇓(nil) → nil

⇓(cons(x, y)) → cons(⇓(x),⇓(y))
⇓(lc(l, e1, e2)) → ⇓(LC(⇓(l), e1, e2))

LC(nil, x, [a, b]Z(a, b)) → x

LC(cons(x, y), z, [a, b]Z(a, b)) → Z(x, y)

Note that, in conformance with the discussion in the previous section on the
application rule, the agents lc and LC are two variants of the list-case constructor:
the former is the syntactical term constructor agent and the latter is its activated
computational version. The same applies to the encoding of if-then-else (although
this is simpler since no binding happens).

The full set of activated computational agents is thus:

@ LCIF

The recursion rule translates directly to a rewriting rule as

⇓(rec([y]Z(y))) → ⇓(Z(rec([y]Z(y))))

The presentation of these rules in the interaction net formalism is given in Fig-
ure 6. Observe that non-linear uses of variables or meta-variables in the rules are
explicitly handled in the interaction net rules by the use of the agents ε, c and
δ. More precisely, erasing and copying of variables are handled by ε and c agents
respectively (Lemma 3.3), and of meta-variables by ε and δ agents (Lemma 3.2).

The correctness of the encoding is stated in the following proposition.

Proposition 4.1 For every closed term t,

t ⇒ z iff ⇓ (T (t)) →∗ T (z)

Proof.

(⇒) By induction on the length of the derivation of t ⇒ z:
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λ

@

true

IF ε

α
α

::

::

λ
λ

a
@

lc

LC

rec

rec

δ δ

if

IF

nil

LC ε ε

ε

LC

ε
cons

false

IF ε

α= true, false, nil

Fig. 6. Reduction rules for BLR

• If t ∈ {λx.t′, true, false, []}, then t ⇒ t. On the other hand, ⇓(T (t)) = T (t) (by
the corresponding interaction rules).

• If t = h :: u then t ⇒ w :: v where h ⇒ w and u ⇒ v. On the other
hand, ⇓(T (h :: u)) → (⇓(T (h)) :: ⇓(T (u))) by (⇓, cons)-rule which reduces to
(T (w) :: T (v)) = T (h : u) by induction hypothesis.

• If t = (u v) then t ⇒ z where u ⇒ λx.t′, v ⇒ v′ and t′{v′/x} ⇒ z. By (⇓, a)-
rule, we have that ⇓(T (t)) → ⇓(@(⇓(u),⇓(v))) which, by induction hypothesis,
reduces to ⇓(@(λx.t′, v′). Applying (@, λ)-rule and Corollary 3.4, it reduces to
⇓(t′{v′/x}) that reduces to T (z) (again by induction hypothesis).

• If t is a pattern-matching construct: we illustrate for the case where t =
Case l of [] → e1 ; (x::y) → e2 and l ⇒ u::v (other cases are similar).
We have t ⇒ z′ where e2{u/x, v/y} ⇒ z. Applying (⇓, lc)-rule and in-
duction hypothesis we get ⇓ (T (t)) → ⇓ (LC(⇓ (l), T (e1), [x, y]T (e2))) →∗ ⇓
(LC(cons(T (u), T (v)), T (e1), [x, y]T (e2)). By (LC, cons)-rule and Corollary 3.4
it reduces to ⇓(e2{u/x, u/y}) which, by induction hypothesis reduces to T (z).

• If t = Rec y.f then t ⇒ z where f{Rec y.f/y} ⇒ z. Applying (⇓, rec)-rule,
Lemma 3.2 and Corollary 3.4 it reduces to ⇓(T (f{Rec y.f/y}) which, by induc-
tion hypothesis, reduces to T (z).

(⇐) We have that ⇓(T (t)) →∗ T (z). Let us start assuming that the rules involving
agents @, IF and LC) are applied only when these agents have their arguments
in normal form. Such a reduction sequence always exists since we end up with
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a normal form. The result for an arbitrary reduction sequence follows from the
confluence property of interaction nets.

The proof proceeds by induction on the length of the reduction sequence and
case analysis:
• If t ∈ {λx.t′, true, false, []} then ⇓(T (t)) = T (t). On the other hand t ⇒ t.
• If t = h :: u then ⇓ (T (t)) → (⇓ (T (h)) :: ⇓ (T (u))). Since we end up with

a normal form, we must have that ⇓ (T (h)) →∗ w and ⇓ (T (u)) →∗ v. By
induction hypothesis and applying the appropriate evaluation rule we finally
get that T (t) ⇒ z.

• If t = (u v) then ⇓(T (t)) → (@(⇓(T (u)),⇓(T (u))). By assumption, we get
⇓(T (u)) →∗ T (u′) and ⇓(T (v)) →∗ T (v′). By induction hypothesis T (u) ⇒ u′

and T (v) ⇒ (v′). Well-typedness of t allow us to conclude that z′ = λx.t′

and, by (@, λ)-rule and Corollary 3.4 we get ⇓(T (t′){T (v′)/x}) →∗ T (z) which,
again by induction hypothesis and evaluation rule, allow us to conclude that
T (t) ⇒ T (z).

• If t is a pattern-matching construct: we illustrate for the case where t =
Case l of [] → e1 ; (x::y) → e2 and l ⇒ u::v (the other cases are similar). We
have that ⇓((lc(T (l), T (e1), [x, y]T (e2)))) → ⇓(LC(⇓(T (l)), T (e1), [x, y]T (e2))).
By assumption, ⇓(T (l)) →∗ T (l′) and by induction hypothesis T (l) ⇒ T (l′) (by
well-typedness we know that l′ must by either [] or u::v – we are now considering
the second alternative). By (LC, cons)-rule, Lemma 3.3 and Corollary 3.4 we
get ⇓(T (e2){T (u)/x, T (v)/y}) →∗ T (z) which, again by induction hypothesis
and the corresponding evaluation rule give T (t) ⇒ T (z).

• If t = Rec y.T (f), then by (⇓, rec)-rule, Lemma 3.2 and Corollary 3.4 we have
that ⇓(T (t)) → ⇓(T (f){T (Rec y.f)/y}). By induction hypothesis and applying
the appropriate evaluation rule we get T (t) ⇒ T (z).

2

5 Extensions and Variations

5.1 Sequentiality

As mentioned, the original presentation of token-passing nets [11] imposes sequential
evaluation, with a linearity restriction on the appearance of ⇓ in the interaction
rules. Let us illustrate how this approach might be incorporated in our framework.

Consider the evaluation rule for application:

u ⇒ λx.t v ⇒ v′ t{v′/x} ⇒ z

u v ⇒ z

We have seen that the corresponding interaction rule introduces three evaluation
agents ⇓. In order to satisfy the linearity restriction, one should decompose the rule
in several, each introducing a ⇓ in turn.

191



Bacelar Almeida, Sousa Pinto and Vilaça

a

 a1  a1

α

 a2

 a2

.......

α
.......

@

α
.......

α
.......

In these rules, α denotes an arbitrary agent. Note the need for additional agents
(a1 and a2) that are analogous to a but with a different choice of principal port.
These agents are responsible for scheduling the application of the several steps.

5.2 Other Evaluation Strategies

In our presentation we adopt the call-by-value strategy. It should be emphasized
that this setting equally applies if the choice was a call-by-name strategy. In fact,
it would be slightly simpler, as its evaluation rules are also simpler.

More refined evaluation strategies such as call-by-need do require additional ef-
fort. The problem lies on the fact that the corresponding big-step rules are no
longer purely syntactic oriented (e.g. they incorporate evaluation contexts or side
conditions). In order to capture these extended rules, we might either extend the
language syntax to internalize these features, or adapt the “internals” of the in-
teraction system to capture the intended semantics. In what follows, we show an
instance of the second approach: we describe how Sinot’s approach for handling call
by need might be considered in our setting.

In [13], Sinot extends the token-passing approach to handle the call by need
evaluation strategy. We may summarize his approach as follows:

• The translation of terms replaces the agent c by a new agent s, used to signal
sharing.

• This new agent s is not a pure interaction-net agent – it possesses two principal
ports and only one auxiliary port.

• The reduction rules for the new agent are given in Figure 7.

S

C C

S

Fig. 7. Evaluation rules for the call by need strategy

Once again, the presented system is considerably simpler than the one presented
in [13] due to the omission of the linearity restriction on the evaluation token. We
omit a detailed proof of the correctness of this encoding (and some technicalities
involving the interaction of s with δ) due to space restrictions. However, a reader
familiar with [13] should have no difficulty in adapting it to this setting.
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As noted in [13], the departure from the interaction net formalism does have an
associated cost – confluence is no longer immediate from the locality/independence
of interaction. In fact, the system actually fails to be confluent, which is harmless
since non-confluence is limited to non-normalizing terms interacting with ε.

At this point we should also mention that the present work suggests alternatives
to the handling of sharing that do not force to leave the interaction net formalism.
One might replace the sharing agent s by a proper syntax constructor dup that
duplicates a free occurrence of a variable x by two fresh ones y, z. Figure 8 shows
an example of use of this agent and the corresponding evaluation rule.

dup

λ

@

dup

C

Fig. 8. Encoding of λx.x x with dup and its evaluation rule

Of course, evaluation is triggered by duplication, and we do not have any guar-
antees that the result will actually be required by the computation. But even if
the resultant strategy is “more eager” than call by need, the more structured na-
ture of syntactical nets might lead to greater flexibility in the encoding of complex
strategies. It would be interesting to explore the applicability of this idea to encode
closed reduction as defined by Fernández et al. [3].

6 Discussion and Further Work

In this paper we have studied a new system for token-passing by extending the
encoding of the λ−calculus in this paradigm to a richer language, much more suited
for real world programming. Although only a small fragment is presented in this
paper, several other extensions have already been coded, and their great simplicity
and usefulness have been proved.

The approach to token-passing nets differs in several aspects from their original
presentation. Namely,

• We relax the sequential impositions of the original presentation, corresponding to
a linearity constraint on the evaluation token. Sequentiality forces the existence
of agents that are small variations on other agents. Removing this constraint we
are led to considerably smaller and simpler interaction systems, which do without
the extra agents required by the initial formulation. Since the bureaucracy of the
system is removed, this formulation is also more intuitive.

• This approach also minimizes the differences between strategies; Call-by-Value
and Call-by-Name systems are easily obtained from each other just by changing
a few rules.

• From the methodological point of view, we avoid the “small step semantics” used
in [11,13] as an intermediate step in the conversion from big-step rules to token-
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passing nets, since it did not allow us to reason about management (copying and
erasing) operations.

• In [12], the author deliberately avoids a characterization of token-passing nets.
Here we have attempted precisely to give a characterization of these nets.

Additional features for the language and/or different evaluation strategies may
be incorporated in a fairly structured manner, as shown for the case of sequential
evaluation or the call-by-need strategy.
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