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Rings Many notions (linear dependence, McCoy, inner rank, ...),
unknown complexity, above characterisation fails

Groups Undefined

| Question: Is SIV(G) € FP+rk?|




Definability of solvability problems

(1) Inter-definability: ~» natural domain for Slv

Theorem

FP-red.
k-ideal rings — cyclic groups of prime power order.



Definability of solvability problems

(1) Inter-definability: ~ natural domain for Slv

Theorem

k-ideal rings e cyclic groups of prime power order.
(2) Intra-definability: ~ FO extended by Slvg

Theorem
Normal form for FO+slvg.



Definability of solvability problems

(1) Inter-definability: ~ natural domain for Slv

Theorem

k-ideal rings e cyclic groups of prime power order.
(2) Intra-definability: ~ FO extended by Slvg

Theorem
Normal form for FO+slvg.

(3) Supra-definability: ~ reducing Slv to a uniform problem

Theorem Fomed
Slv(*), rk(F) == GM (group membership)
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Inter-definability: a natural class for solvability

SIv(CG): Cyclic groups (Zpe)
SIV(IkR): k-gen. ideal rings (1< R=1=mR+--- + mR)

R = @eep €R, eR local

(A,b) = (A1,b1),..., (Ax,by)

r(R)

(R>+) = eagﬂl’(g)

SIv(R<)

Slv(local-IxR)

Theorem SIv(IR) <[ SIv(CG)

m=RNR*qR
={a:alf/m=q}
NR)> R/myr—>r1+m

i ik
T Y g, TG T

——
el'(R)
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Intra-definability: solvability as a logical operator

SIV(X)gafi)-[(PM(R)gaf% (Pb(i, f)» ((PR» Py (P-)(fhf'Z)f?)) ]

_— / |

coefficient matrix solution vector finite ring

J

FO+slv : First-order logic closed under solvability quantifier

FO+slvg : Solvability quantifier over a fixed finite field F
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siv(x,9).[em(X,7), 1], with ¢z quantifier-free.
Proof illustration: (negation)

—slv(%,9).[ @, 1]

Non-solvability = -3x:Mx=b = Jy: M’y = b’ = Solvability

Gaussian elimination implies:

-3Ix:Mx=b = Jy:y(Mb) = (0,...,0[T).



Intra-definability: solvability as a logical operator

Theorem
Every FO+slvp-formula is equivalent to a formula of the form

siv(x,9).[em(X,7), 1], with ¢z quantifier-free.

Proof illustration: (conjunction)

siv(x,9).[ @, 1] Aslv(x, 7). [, 1]

1
® Vy =
1
1
Il) Vy::



Intra-definability: solvability as a logical operator

Theorem
Every FO+slvp-formula is equivalent to a formula of the form

siv(x,9).[em(X,7), 1], with ¢z quantifier-free.

Proof illustration: (conjunction)

siv(x,9).[ @, 1] Aslv(x, 7). [, 1]

1
% Vy = % ‘ 0
1
~r Vyy =
1
Uf) Vy = || & 0 ‘ 1])



Intra-definability: solvability as a logical operator

Theorem

Every FO+slvp-formula is equivalent to a formula of the form
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Intra-definability: solvability as a logical operator

Theorem

Every FO+slvp-formula is equivalent to a formula of the form

siv(x,9).[em(X,7), 1], with ¢z quantifier-free.

Proof illustration: (universal quantification)

vz (slv(x,9).[0(%,0,2),1])
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Intra-definability: solvability as a logical operator

Theorem
Every FO+slvp-formula is equivalent to a formula of the form

siv(x,9).[em(X,7), 1], with ¢z quantifier-free.
Proof illustration: (nesting of solvability)

slv(7,8). [slv(x 9). [ (7,8 )‘c,g),l],l]

Outer system: S Inner system: I[F, §]
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Proof illustration: (nesting of solvability)
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Intra-definability: solvability as a logical operator

Proof illustration: (nesting of solvability)

slv(f,5).[sv(%, §).[@(F, §,%,0),1],1]

For 7+ g a[T,§]-vs =1 Consistency conditions:
—_—
) > V7,8 =1 = a[f,5] =1
For #: Y5 1-v[T,§] =1 v[F, 8] #V[¥,5] = a[F,§] # a[F,§]

How to formalise: “If v = 1 then A - x = 1 solvable”

-v+1 1

-v+1 1
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From solvability to group membership

Slv(D) ——— GM (e (m,...,m) < Sa?)

Theorem FO
rk(F) ——— #GM(Compute: |(717, ..., 7)|)
s5¢]
linear system is solvable
Tel (g &= x5 | = bf —

be(cs-d: deD,s)< (D,+)!

Cayley’s theorem: FO-definable embedding t: (D,+) - Sp
~ FO-definable embedding 1 : (D, +)! = Sy,p
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From solvability to group membership

Outlook: FP + nice operator for GM

» Extension of FP+rk (strict?)

» All solvability problems for linear equation systems definable
» Graph isomorphism (bounded colour class size, degree)?

» Tractable cases of constraint satisfaction problems?

» Difficulty: What is nice ?



Definability of polynomial-time problems from algebra
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