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The existential k-pebble game

TFAE on �nite relational A, B (Kolaitis, Vardi '95; '00):

I Duplicator wins the ex. k-pebble game on A and B.

I CSP(A,B) passes the k-consistency test.

I For all ϕ ∈ ∃-pos FOk: A |= ϕ =⇒ B |= ϕ.
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The existential k-pebble game

Problem
Given two �nite structures, does Duplicator win the existential

k-pebble game on these structures?

Upper bound

I O(|A|k · |B|k) = O(n2k)

Lower bounds

I k part of input: EXPTIME-complete. (Kolaitis, Panttaja '03)

I k �xed: PTIME-complete. (Kolaitis, Panttaja '03)

I k �xed: /∈ DTIME(n
k−3
12 ). (B. '12)

I k parameter: XP-complete. (B. '12)
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Complexity

(Regular) resolution width problem

Given a 3-CNF Γ, does there exist a (regular) resolution refutation

of width k?

Theorem (B. 12)

The resolution width problem is

I k part of input: EXPTIME-complete.

I k �xed: /∈ DTIME(n
k−3
12 ).

The regular resolution width problem is

I k part of input: PSPACE-complete.
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Complexity of the KAI-game

(Acyclic) KAI-game problem

Given a (acyclic) instance of the k-pebble KAI-game, does Player 2

win the game?

Theorem (Kasai, Adachi, Iwata '79; '84)

The KAI-game problem is

I k part of input: EXPTIME-complete.

I k �xed: /∈ DTIME(n
k−2
4 ).

The acyclic KAI-game problem is

I k part of input: PSPACE-complete.
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The reduction

We reduce the k-pebble KAI-game on I to the Boolean existential

(k+2)-pebble game on Γ(I).

I Player 1 wins on I ⇐⇒ Spoiler wins on Γ(I)

I Player 1 wins on acyclic I =⇒ Spoiler wins regular on Γ(I)

Y i
j

Xi
j Y i

j Xi
j Y i

j Xi
j Y i

j Xi
j Y i

jXi
j

Y i
j,1

Y i
j,m

Xi
j Y i

j Xi
j Y i

j Xi
j Y i

j Xi
j Y i

jXi
j

Y i
j,1

Y i
j,m

Is

Sr1 MSr1 Cr1 Dr1 MDr1

Srm MSrm Crm Drm MDrm



The reduction

We reduce the k-pebble KAI-game on I to the Boolean existential

(k+2)-pebble game on Γ(I).

I Player 1 wins on I ⇐⇒ Spoiler wins on Γ(I)

I Player 1 wins on acyclic I =⇒ Spoiler wins regular on Γ(I)

Y i
j

Xi
j Y i

j Xi
j Y i

j Xi
j Y i

j Xi
j Y i

jXi
j

Y i
j,1

Y i
j,m

Xi
j Y i

j Xi
j Y i

j Xi
j Y i

j Xi
j Y i

jXi
j

Y i
j,1

Y i
j,m

Is

Sr1 MSr1 Cr1 Dr1 MDr1

Srm MSrm Crm Drm MDrm



The reduction

We reduce the k-pebble KAI-game on I to the Boolean existential

(k+2)-pebble game on Γ(I).

I Player 1 wins on I ⇐⇒ Spoiler wins on Γ(I)

I Player 1 wins on acyclic I =⇒ Spoiler wins regular on Γ(I)

Y i
j

Xi
j Y i

j Xi
j Y i

j Xi
j Y i

j Xi
j Y i

jXi
j

Y i
j,1

Y i
j,m

Xi
j Y i

j Xi
j Y i

j Xi
j Y i

j Xi
j Y i

jXi
j

Y i
j,1

Y i
j,m

Is

Sr1 MSr1 Cr1 Dr1 MDr1

Srm MSrm Crm Drm MDrm



The reduction

We reduce the k-pebble KAI-game on I to the Boolean existential

(k+2)-pebble game on Γ(I).

I Player 1 wins on I ⇐⇒ Spoiler wins on Γ(I)

I Player 1 wins on acyclic I =⇒ Spoiler wins regular on Γ(I)

Y i
j

Xi
j Y i

j Xi
j Y i

j Xi
j Y i

j Xi
j Y i

jXi
j

Y i
j,1

Y i
j,m

Xi
j Y i

j Xi
j Y i

j Xi
j Y i

j Xi
j Y i

jXi
j

Y i
j,1

Y i
j,m

Is

Sr1 MSr1 Cr1 Dr1 MDr1

Srm MSrm Crm Drm MDrm



Thank you for your attention.
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