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AND THEN...

Programming (Forth, LISP, functional languages etc.)

Computer algebra (Risch formal integration algorithm...)

Proof theory / Semantics
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Hemology, Homotopy and Applications, vol.5(2), 2003, pp.137-209
ON THE GEOMETRY OF INTUITIONISTIC $4 PROOFS
JEAN GOUBAULT-LARRECQ axp ERIC GOUBAULT

(communicated by Gunnar Carlsson)

Abstract
The Curry-Howard correspondence between formulas and
types, proofs and programs, proof simplification and program
execution, also holds for intuitionistic modal logic S4. It turns
out that the $4 modalities translate as a monoidal comonad on
the space of proofs, giving rise to a canonical augmented sim-
plicial structure. We study the geometry of these a
simplicial sets, showing that each type gives rise to an aug-
mented simplicial set which is a disjoint sum of nerves of fi-
nite lattices of points, plus isolated (~1)-dimensional subcom-
plexes. As an application, we give semantics of modal proofs
(ak.a., programs) in categories of augmented simplicial sets
topological spaces, and prove a completeness result in
the style of Friedman: if any two proofs have the same denota-
tions in each augmented simplicial model, then they are con-
vertible. This result rests both on the fine geometric structure
of the constructed spaces of proofs and on properties of sub-
scone cat the categorical generalization of the notion
of logical relations used in lambda-calculus.
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Abstract
The Curry-Howard correspondence between formulas and
types, proofs and programs, proof simplification and program
son, also holds for intuitionistic modal logie S4. It turns
out that the 54 modalities translate as & monoidal comonad on
the space of proofs, giving rise to a canonical augmented sim-
plicial structure. We study the geometry of these a
simplicial sets, showing that each type gives rise to an aug-
‘mented simplicial set which is a disjoint sum of nerves of fi-
nite lattices of points, plus isolated (~1)-dimensional subcorn-
plexes. As an application, we give semantics of modal proofs
e, programs) in categories of augmented il o sets

tions in each a simplicial model, then they are con-
vertible. This result rests both on the fine geometric structure
of the constructed spaces of proofs and on properties of sub-
scone categories—the eategorical generalization of the notion
of logical relations used in lambda-calculus.
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Al ‘We often need to deal with information that contains both interval and
probabilistic uncertainties. P-boxes and Dempster-Shafer structures are models that
unify both kind of information, but they suffer from the main defect of intervals,
the wrapping effect. We present here a new arithmetic that mixes, in a guaranteed
manner, interval uncertainty with probabilities, while using some information about
variable dependencies, hence limiting the loss from not accounting for correlations.

to standard p-box arithmetic.
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CONTENTS OF THE TALK

@ A rush tour of geometric semantics of concurrent programs

e Combinatorics/algorithmics of trace spaces
@ Applications:

o Static analysis...well not enough time!
e Protocol complexes of fault-tolerant distributed
systems...maybe but do not count on it too much!
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GEOMETRIC SEMANTICS

A program

Posx:=1;Vh; Pasy:=2; Vs | Pasy:=3;V,

will be interpreted as a directed space:

o Pp.Vp.PV,

Forbidden regions

E Goubault
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SCHEDULINGS

A scheduling is the homotopy class of a path.

el
P, -

We want to compute a path in every scheduling.
Ppi;x:=1;Vp; Payy:=2; Vs | Pa;y:=3;V, can be scheduled in
three different ways:

y:=3;x:=1;y:=2 x:=1;y:=3;y:=2 x:=1;y:=2;y:=
(x,y) =(1,2) (x,y) =(1,2) (x,y) =(1,3)

E Goubault



EXAMPLES OF GEOMETRIC SEMANTICS

To each program p we associate a d-space (Hp, by, €p):

P, VL|P,.Vy  Pa.Pp. V. V4| Pyp.Py. V.V P5.(Va.P,)*|P5. Vs,

ep ep

LI SR ¥
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EXAMPLES OF GEOME

P,.V5|P,. V4| P53V, P,.V5|P,. V4| Ps. Vs
(ka=12) (ka=1)

t1 t1

to . to
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Px.Py.Pz.Vx.Pw.Vz.Vy.Vw | Pu.Pv.Px.Vu.Pz.Vv.Vx.Vz Py.Pw.Vy.Pu.Vw.Pv.Vu.Vv

POLYTECHNIQUE



DETERMINING TRACE SPACES

The trace space between two points b and e is the space of
directed paths modulo reparameterization, suitably topologized...

To determine it (its connected components?), the main (naive?)
idea is to extend the forbidden cubes downwards in various
directions and look whether there is a path from b to e.

t1 t1 ty
N H N
| | |
to to to

By combining those information, we will be able to compute traces
modulo homotopy.

The directions in which to extend the holes will be coded bﬁea

boolean matrices M.
E Goubault
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THE INDEX POSET

M n: boolean matrices with / rows and n columns.

Xu: space obtained by extending
for every (/,j) such that M(i,j) =1
the forbidden cube / downwards
in every direction other than j
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THE INDEX POSET

M, »: boolean matrices with / rows and n columns.

to to

(o 2)

(o)

alive alive dead

(o)

VM, — {0,1}:
e V(M) =0 if there is a path b — e: M is alive

e V(M) =1 if there is no path b — e: M is dead
€S
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THE INDEX POSET

P.VaPpVy | PaVaPuViy | PaVaPp.V

(ka =2, kp =2)
t1 . t1
(5] . to
to
0 0O 1 00
0 0O 0 01
alive alive

E Goubault

[59) [59)

0 01
1 00

alive dead
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THE INDEX POSET

ALIVE AND DEAD?

Important matrices are
o the dead poset D(X) = {M e M[ / W(M)=1}.

o the index poset C(X) = {M € Mﬁn / V(M) = 0} (the alive
matrices).

e consider the entrywise ordering (0 < 1) on matrices.

General results:
D(X) ~» C(X) ~ trace spaces, up to homotopy equivalence

(hence at least homotopy classes of traces...)

=p
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THE DEAD POSET

PROPOSITION
A matrix M € ME, is in D(X) iff it satisfies

V(i,j) € [0: [x[0: n, M@, j)=1 = Xj<i/er’r’1?i(r}w)yj’

where R(M): indexes of non-null rows of M.

\

EXAMPLE

t1

Yi
xi 1 M — <O 1) XX =1<2=min(y?, yi)

0 1 S0 1
yi 1 0) xp=2<3=min(yy,Ys)
X? - 0 070

01 o1 [0
X0 X0 Yo Yo

E Goubault
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THE INDEX POSET

PROPOSITION
A matrix M is in C(X) iff for every N € D(X), N £ M.

N £ M: there exists (i,j) s.t. N(i,j) =1 and M(i,j) = 0.

Since C(X) is downward closed it will be enough to compute the
set Cmax(X) of maximal alive matrices.
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CONNECTED COMPONENTS

M A N: pointwise min of M and N

Two matrices M and N are connected when M A N does not
contain any null row.

PROPOSITION

The connected components of C(X) are in bijection with
homotopy classes of traces b — e in X.
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First dead matrix:
t1

to
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Second dead matrix:
t1

to
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Third and last (minimal) dead

matrix:
t1

AN

to
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First (maximal) alive matrix:
t1

to
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Second alive matrix:
51

to

POLYTECHNIQUE




Co

Third (and last) maximal alive

matrix:
(51

AN

to
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COMBINATORICS

HYPERGRAPH TRANSVERSAL

e An hypergraph H = (V, E) consists of a set V of vertices and
a set E of edges, where an edge is a subset of V/

o A transversal T of H is a subset of V such that T Ne # () for
every edge e € E.

D(X) = hypergraph H:
e vertices: [0: /[x[0: n|
e hyperedges: {(i,j) / D(i,j) = 1} (D is a matrix in D(X))

The sets {(i,j) / M(i,j) = 0}, where M is a maximal matrix
of C(X), correspond to minimal transversals/ hitting sets
(wrt inclusion order) of H.

E Goubault



MINIMAL TRANSVERSAL HYPERGRAPH

...is itself an hypergraph (same vertices, but hitting sets as
hyper-edges):

™ Go) (1) (o)

My Mz M My M, Ms

and they are all disconnected.
(linked with Herlihy/Rajsbaum protocol complex...)
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JUST THE BEGINNING...ON THE PRACTICAL SIDE

@ Recent algorithmical advances in algorithmics of hypergraph
transversals (although NP-complete...)

o Link SAT /hypergraph transversals...
0

X 2
. S
to X 7

o lots of experimentations to do...

(51

o Refined algorithmics

=
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JUST THE BEGINNING...ON THE PRACTICAL SIDE

@ Recent algorithmical advances in algorithmics of hypergraph
transversals (although NP-complete...)

o Link SAT /hypergraph transversals...
0

X 2
. S
to X 7

(—x1 V =xg) A (X3 V —ixq)

5]

o Refined algorithmics
o lots of experimentations to do...
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JUST THE BEGINNING...ON THE PRACTICAL SIDE

@ Recent algorithmical advances in algorithmics of hypergraph
transversals (although NP-complete...)

o Link SAT /hypergraph transversals...
0

X 2
. S
to X 4

(=1 V=xg) A (mxa Voxe) A (mxg V oix)

(51

o Refined algorithmics

o lots of experimentations to do...
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THE PRODSIMPLICIAL STRUCTURE OF TRACE SPACES

@ A prod-simplicial space is just a space made up of simplices,
and products of simplices, glued together along their faces
(natural generalization of cubical and simplicial sets)
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THE PRODSIMPLICIAL STRUCTURE OF TRACE SPACES

@ A prod-simplicial space is just a space made up of simplices,
and products of simplices, glued together along their faces
(natural generalization of cubical and simplicial sets)

o Example:
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THE PRODSIMPLICIAL STRUCTURE OF TRACE SPACES

Each matrix of C represents a prod-simplex, product of one
n-simplex per line, n=number of 1 per line minus 1...

Recall:

~

[ |
to

01
= (1)

product of 2 0-simplices = point!
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THE PRODSIMPLICIAL STRUCTURE OF TRACE SPACES

Each matrix of C represents a prod-simplex, product of one
n-simplex per line, n=number of 1 per line minus 1...

o D(X)(0,1) = {(111)}
o C(X)(0,1) = {(110), (101), (011)}

(011) (101)

(110)

=
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THE PRODSIMPLICIAL STRUCTURE OF TRACE SPACES

Each matrix of C represents a prod-simplex, product of one
n-simplex per line, n=number of 1 per line minus 1...

e C(X)(0,1) = {(110), (101), (011)}

@ and common faces are meet of

matrices
(081)
(011) (101)
(0% (110) 0

=
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THE PRODSIMPLICIAL STRUCTURE OF TRACE SPACES

Each matrix of C represents a prod-simplex, product of one
n-simplex per line, n=number of 1 per line minus 1...

o C(X)(0,1) = {(110), (101), (011)}
= @ connected, not simply-connected

(reflecting the fact that
m(X) =17Z)

=

ECOLE
] POLYTECHNIQUE

E Goubault



A MORE INTRICATE EXAMPLE

0 to
1

0

0

ECOLE
] POLYTECHNIQUE

E Goubault



A MORE INTRICATE EXAMPLE

e C(X)(0,1) =
1 10 1 01
{(1 1 0)’(1 1 0>’ }
(011) (101) (011) (101)
(110) (110)

E Goubault



o




JUST THE BEGINNING...ON THE THEORY SIDE

@ The transversal matroid:

o general notion of dependence
o —combinatorics (Tutte polynomial)
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JUST THE BEGINNING...ON THE THEORY SIDE

@ The transversal matroid:

e general notion of dependence
o —combinatorics (Tutte polynomial)

o Generalization to looping programs (see ESOP 2012)

(linked to “generalized CFG" for static analysis)
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JUST THE BEGINNING...ON THE THEORY SIDE

o Generalization to looping programs (see ESOP 2012)

0,1 1,0
X N
o Mo =0 9
to 0 S 1

The (1,1)-delooping:

t
l
to

€S9
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JUST THE BEGINNING...ON THE THEORY SIDE

e Generalization to looping programs (see ESOP 2012)

*

t
0,1 1,0
0 = )y, )
o [ S —
t1 t1
0 0
to to
Mo=(0 1) Mi=(1 0)
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JUST THE BEGINNING...ON THE THEORY SIDE

o Generalization to looping programs (see ESOP 2012)

The (2,2)-delooping:
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JUST THE BEGINNING...ON THE THEORY SIDE

@ Generalization to looping programs (see ESOP 2012)

*

t

0,1 1,0
o Y /”“ONQ

(plus some relations in fact...)

— it

My 7 My 7
Mo My My M
= (MO *1 Mo) *0 (Ml*l?) Cg]
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JUST THE BEGINNING...ON THE THEORY SIDE

e Generalization to looping programs (see ESOP 2012)

My 7

My My
= (Mo *1 Mo) *Q (Ml*l?) ]
(Mo 0 My) x1 (Mo*o?) SSO Ry

My ?
My My

COLE
POLYTECHNIQUE

E Goubault



JUST THE BEGINNING...ON THE THEORY SIDE

e Generalization to looping programs (see ESOP 2012)

Mo 7

Mo My
= (Mo *1 Mo) *Q (Ml*l?) (Ml *0 Ml) *1 (MO*O?()Q
(MO *Q Ml) *1 (Mo*o?) JLJ ¢

My ?
M, M

COLE
POLYTECHNIQUE

E Goubault



JUST THE BEGINNING...ON THE THEORY SIDE

e Generalization to looping programs (see ESOP 2012)

My ?
Mo My

= (Mo *q Mo) *Q (Ml*l?) (Ml *Q Ml *1 Mo* @
(Mo o My) *1 (Mox0?) = (My %1 Mo) %o ( M1*C3@J o

POLYTECHNIQUE

My ?
My My
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THANKS FOR YOUR ATTENTION!

http://acat.lix.polytechnique.fr
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