MPRI 1-22 Introduction to Verification October 24, 2012

Home Assignment 1:
Alternation-Free p-Calculus

To hand in before or on November 7, 2012.
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Electronic versions (PDF only) can be sent by email to (schmitz@Qlsv.ens-cachan.fr),
paper versions should be handed in on the 7th or put in my mailbox at LSV, ENS
Cachan.

This assignment is concerned with the p-calculus, which can be seen as an extension
of CTL with fixed point computations. We consider the model-checking problem for the
alternation-free fragment and show that it can be solved in linear time (in the product
of the sizes of the model and of the formula).

The numbers in the margins next to exercises are indications of time and difficulty.

1 Modal pu-Calculus

1.1 Definitions and Basic Properties

Syntax. In addition to the usual set AP of atomic propositions, we also employ a
countable set of variables X. A p-calculus formula is a term ¢ defined by the abstract
syntax

pu=T|plaz|-p|eVe|dp|pz.p (p-formulee)

where p ranges over AP and x over X. A formula that does not use any “ux.@” operator
is called a modal formula, while a formula of the form ux.p is called a least fixed-point
(Ifp) formula, where x is bound by the p operator. The notions of free variables FV ()
of ¢ and of closed formulae are defined as usual. An lfp formula px. is well-formed if
and only if z is in FV(y) and appears only positively in ¢, i.e. under the scope of an
even number of negations. We only consider well-formed formulae in the following.

The syntax can be extended with dual operators: L def =T, o AY def =(mp V ),
O & =0=p, and vz.p & —(pz.(—p[x/—z])) where -z is substituted for z in ¢ (this
ensures that x also appears positively in —(p[z/—z])). Unsurprisingly, a p-formula of
form vx.p is called a greatest fized-point (gfp) formula.
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Semantics. Given a Kripke structure 9 = (S, T, I, AP, {)—where as in the lectures S
is a set of states, T'C S x S'is a transition relation, I C S is a set of initial states, and ¢
is a labeling function from S to 2P —and a valuation v from FV () to 2%, a p-calculus
formula ¢ defines a satisfiability set [p], C S by induction over the structure of ¢:
[Tl %5,
def
[p]. = {s € S|pel(s)},
def
[[x]]’U :e v(x) ’
def
[=elo = S\ [ew
def
[V b]y = [elo U Y] ,
def —
[O¢lw =T 1([[90]]1)) )

[ua.olo E (WX C S| X 2 [¢lopox)} -

If p is a closed formula and s a state of a structure 91, then 90 satisfies ¢ in s, written
M, s =@, if s € [¢] (using the empty valuation).

Exercise 1 (Example). Consider the Kripke structure below with AP def {p}:

0 {r}

e

What are the satisfiability sets of the formulee Op, vy.p AQy, and px.vy.((pAQOy) vV Ox)?
Hint: Detail your computations: for instance, what is [-p V Qylj,—~y) depending on
Y g {q07 (Jl} ¢

Exercise 2 (Fixed-Point Semantics). Another viewpoint on the semantics is that, as
both satisfiability sets of formulae and valuations of variables ranges over 2°, one can see

the semantics of a modal formula ¢(z) with a free variable z as a function f:2% — 25:

if v is a valuation of FV(p) \ {z}, f(X) & [elofzsx]- We focus here on a modal for-

mula appearing inside a fixed-point formula px.o(x) or ve.p(z), i.e. the well-formedness
restriction applies.

1. Show that this function f is monotonic for the inclusion ordering over 25.

2. Justify that f has a both a least and a greatest fixed-point verifying [uz.¢], = lfp f
and [vz.¢], = gfp f. Hint: use the Knaster-Tarski Theorem; what is the name of
a set X wverifying X DO f(X)?

3. Show that, if S is a finite set of cardinal n, then f™(0) = 1fp f and f™(S) = gfp f.
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1.2 Alternation

Thanks to the dualities, any p-formula can be put in negative normal form (nnf):

pu=T|Llp|-plzleVelene|Op|Op|pz.e|ve.e

A p-formula ¢ in nnf is alternation free if, for all Ifp subformulee ux.1y of ¢, if vy.7)' is a
direct (i.e. not under the scope of another binding operator) gfp subformula of ¢, then
x € FV(¢'), and conversely, for all gfp subformule vz.¢) of ¢, if py.y)' is a direct lfp
subformula of ¢, then = ¢ FV(¢’). For instance, pz.(vy.p AOy) V Oz is alternation-free,
but pz.vy.((p AOy) V Ox) is not.

Exercise 3 (CTL). We want to prove that, for any CTL formula ¢, there exists an
equivalent closed alternation-free p-formula ¢, where equivalence means that for any
Kripke structure 91 and state s, 9, s = ¢ if and only if M, s = ¢’

1. Show that, if p = ¢/, then EX ¢ = ¢¢'.
2. Show that, if ¢ = ¢/, then EF ¢ = px.¢' vV Q.

3. Complete the proof.

2 Model-Checking for the Alternation-Free Fragment

Given a total and finite Kripke structure 9 = (S,T,1, AP, ¢)—totality means that
T(s) # 0 for all s in S—and a closed alternation-free p-formula ¢, we want to compute
[] in time O(|9M]-|¢|). This generalizes the linear-time algorithm seen in class for CTL.

The idea in the following exercise is to define a deduction system working over pairs
(s,1) where s is a state of 9 and ) a subformula of ¢, s.t. a pair (s,%) can be deduced
in the system if and only if 9, s = 1.

In order to avoid confusions, we assume that each variable z bound by a ux.p or
vz.p operator is written with a subscript x,. This amounts to having distinct variable
names for each occurrence of a p or v operator, and then an occurrence of a variable x,
denotes unambiguously an occurrence of x bound by upz.p. For instance, the formula
px.(px.p VvV Ox) V Oz would be rewritten as px,.(uzy.p V Oxy) V Oz, where ¢ denotes
(pxy.pVOxy) V Oxy) and 1) denotes pV Qx,,—do not let the recursivity bother you, this
is just a convenient notation.

Exercise 4 (LFP of a Modal Formula). We begin with a particular case of an alternation-
free closed formula, where it is of the form px,. with ¢ a modal formula—i.e. without
fixed point operators.
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Given 9t and ¢, we construct the following deduction system ©, over S x Sub(y):

G ottt (AP,
((;,;;)) ()
Sor7s .
<(ss,/2>¢)) ST (0u)

S (Sélé)w (om¥) 1) @)

1. Show that ©,, is sound, i.e. that if (s, ) can be deduced, then M, s |= px,.p.
2. Show that ©, is complete, i.e. that if M, s = px,.¢, then (s,¢) can be deduced.

3. Explain why ®, can be used to compute [px,.¢], in time linear in the product of
the sizes of M and . Hint: This is a consequence of a well-known result.

Exercise 5 (General Case). Let us now turn to the full model-checking algorithm:

1. Define a sound and complete “anti-”deduction system 2, for model-checking for-
mulee of the form vax,.¢ where ¢ is a modal formula: (s, ¢) can be deduced in ©,,
if and only if M, s = vr,.@.

2. Complete the proof: add rules for Ifp and gfp subformulee, and provide an algorithm
in time O(|9M| - |¢|) for the model-checking problem.
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