Brief Announcement: Coupling for Markov Decision Processes - Application to Self-Stabilization with Arbitrary Schedulers

Laurent Fribourg

LSV, CNRS & ENS de Cachan, 61 av. du Prés. Wilson 94235 Cachan cedex, France

Stéphane Messika

Department of Computer Science Ben Gurion University of the Negev P.O.B 654 Beer Sheva 84105 Israel

Categories and Subject Descriptors: F.2.2 [Nonnumerical algorithms and Problems].

General Terms: Algorithms, Theory, Verification. Keywords: Randomized Distributed Algorithms, Correctness, Verification, Rates of Convergence, Fault Tolerance.

In [5], the method of coupling has been applied to the proof of self-stabilization of randomized distributed algorithms: A randomized distributed algorithm A is seen as a Markov chain (Xt)_{t≥0} on a set Ω of configurations; the self-stabilization property of A (i.e., the convergence of A towards a closed subset L of Ω) follows from the existence of a coupling process (Xt, Yt)_{t≥0} where Xt and Yt are faithful copies of A, and coalesce in finite expected time. Furthermore, the coalescence time (or coupling time) gives an upper bound on the “hitting time”, i.e. on the expected time for A to reach L. The idea has been enhanced by using the pathcoupling technique of Bubley-Dyer [2], allowing to focus on a set S of adjacent pairs (for a certain metric δ) instead of considering the whole space Ω × Ω. More precisely, suppose that, for all (x, y) of S, the following contraction condition E[δ(Xt+1, Yt+1)|(Xt, Yt) = (x, y)] ≤ αδ(x, y) holds for some 0 < α < 1, where (Xt, Yt) is a (partial) coupling for A. Then A is self-stabilizing w.r.t. L, and the hitting time is bounded by δmax/(1 − α).

We now want to extend this result to the case where the randomized distributed algorithm A is given not under the form of a Markov chain, but under the form of a Markov decision process. In other terms, at each step t, there is now a certain number of positions of machines that are enabled, i.e., subject to possible actions of the algorithm. In this context, a scheduler is a mechanism that selects the subset of enabled machines that are activated at step t. Given a scheduler, the algorithm A can be seen as a Markov chain as before. But we would like to prove now that, under any scheduler, A self-stabilizes. Furthermore, we would like to find an upper bound on the hitting time over all schedulers (including “malicious” ones, i.e. those selecting, at each step, the positions where actions hinder the progress towards L as much as possible). The coupling-based result of [5] can be extended as follows. Suppose that, for all scheduler σ, there exists a scheduler τ such that:

∀ (x, y) ∈ S: E[δ(X^σ_{t+1}, Y^τ_{t+1})|(X^σ_t , Y^τ_t ) = (x, y)] ≤ αδ(x, y)

Copyright is held by the author/owner.

PODC’05, July 17–20, 2005, Las Vegas, Nevada, USA. ACM 1-59593-994-2/05/0007.

for some 0 < α < 1, where (X^σ_t , Y^τ_t ) is a (partial) coupling of faithful copies of A under schedulers σ and τ. Then A is self-stabilizing under arbitrary scheduler. Note that the kind of coupling that we will use involves faithful copies of different Markov chains (X^σ_t )_{t≥0} and (Y^τ_t )_{t≥0}. Note also that the scheduler τ of the right component is determined from the scheduler σ of the left one. A further enhancement of this result will exploit an extension of coupling, variable-length coupling: a variable-length coupling, denoted by (X^σ_t , Y^τ_t , T ), is a random variable taking values in Ω^∗ × Ω^∗ ×N, where T is a stopping time (see [6]; cf [3, 4]). By converting the variable-length couplings into fixed-length couplings (T = constant), such couplings can be defined for all (x, y) ∈ Ω^2. Theorem 3 of [6] becomes in our context: Suppose that there exists 0 < α < 1 such that, for all scheduler σ, there exist a scheduler τ and a variable-length partial coupling (X^σ_t , Y^τ_t , T ) satisfying:

∀(x, y) ∈ S E[δ(X^σ_{t+T} , Y^τ_{t+T} )|(X^σ_t , Y^τ_t ) = (x, y)] ≤ αδ(x, y) and let M := max_{(x,y)∈S,σ∈Σ}T . Then there exists a fixedlength full coupling (X^σ , Y^τ , M) satisfying:

∀(x, y) ∈ Ω^2 E[δ(X^σ_{t+M} , Y^τ_{t+M} )|(X^σ_t , Y^τ_t ) = (x, y)] ≤ αδ(x, y) It follows that, if M is bounded, A is self-stabilizing w.r.t. L (for arbitrary scheduler σ), and the hitting time HL satisfies: HL ≤ Mδmax/(1 − α).

Even in the case where there is no good natural upper bound M on the stopping time T , Hayes and Vigoda [6] explain how to define a truncated version of the (partial) coupling, which allows us to extend the above result for unbounded stopping times. Using this technique, we are able to prove the self-stabilization of the algorithm of [1] under arbitrary scheduler.

References

[1] J. Beauquier, M. Gradinariu and C. Johnen. Memory Space Requirements for Self-Stabilizing Leader Election Protocols. PODC’99, pages 199–208, 1999.

[2] R. Bubley and M. Dyer. Path coupling: A technique for proving rapid mixing in Markov chains. In FOCS’97, pages 223–231, 1997.

[3] A. Czumaj and M. Kutylowski. Delayed path coupling and generating random permutations. Random Structures and Algorithms, 17(3-4):228–259, 2000.

[4] M. Dyer, L.A. Goldberg, C. Greenhill, M. Jerrum, and M. Mitzenmacher. An extension of path coupling and its application to the Glauber dynamics for graph colorings. SIAM J. Comput., 30(6):1962–1975, 2002.

[5] L. Fribourg, S. Messika, and C. Picaronny. Coupling and Self-stabilization. In DISC 2004, LNCS 3274, pages 201–215. Springer, 2004.

[6] T.P. Hayes and E. Vigoda. Variable Length Path Coupling.

SODA 2004, pages 103–110. SIAM, 2004.